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I.1 General scheme

Preliminaries

@ Thin shell = 3-dim hypersurface,
where the energy-momentum tensor is concentrated

Tw, =Su,0(X) = Dirac’s d-function

=

Here we will consider only timelike shells

@ Spherical symmetry — simplest generalization of a point mass
Main advantage — backreaction — self-consistency
Metric (u,v =0,1,2,3), (i,k=10,1) :

ds® = gy dxtdx” = yudx' dx* — r?(x)(d6? + sin? 0d¢?)
@ Conformal transformation
ds? = Q2ds% = 12 ('"y;kdxidxk — (d6? + sin? 9d¢2))

@ (24 2) — decomposition



1.2 Some formulae

e Riemann curvature tensor: R\
e Ricci tensor: Rl = RQAZ,
e Einstein tensor: Guw = Ruw — 3guwR
e Weyl tensor (completely traceless):
Cure = Rure+ %(Ruagy)\ + Rua8uo — Rurgvo — Ruogun)
+%R(gngg — 8uo&u))

e Bach tensor: B, = CMW;U;A + %R’\UCMAW

By =0, By =B, B)

i = 0



1.3 Conformal transformation
and (2 + 2) — decomposition

e Einstein tensor

G,LLU:G/U/_ r’ + r guw + 2

1
2 A v AUV
Buv = I 8uv, gM = ﬁgu sy tw="ruy M =8 Ilo

;" — covariant derivative with respect to g,

2rik  brr 2rf rPry\ .
G = ——15 4 'k+<1+ Ip_irzp ik

r r2 r

X

-2

i
1 . br R
G_GQ_—R_—2<—R+'>, R=
r r

R — scalar curvature of 2-dim space-time with the metric 7,
“|" — covariant derivative with respect to



1.4 Conformal transformation
and (2 + 2) — decomposition

e Bach tensor

B,ul/ = ﬁBlk
" 1 . 2_4
Bix = 5 Rip ik = Riik + —,— ik
A A2 3 1N



1.5 Gauss normal coordinates

ds®> = Q%d$%, ds% = —dn® + gjdx'dx

e Hypersurface X: n=20
e Extrinsic curvature tensor:
po 1 0gij
Y72 9n

e Spherical symmetry =
ds? = r2 <f”>/;kdxidxk — (d6? + sin? 0d¢2)>

ds2 = Fpedx' dx* = Foo(7, n)dT% — dn?

F00(7,0) =1 = 7 — “conformal proper time" on the shell
A 1 0A00 ~ ~ 0 1 9log Foo
00 2 On 00, 0 2  On

e 2 — dim scalar curvature: R= —ZRn +2K2



1.6 Energy-momentum tensor

1
O Smatter & 5 /ij vV —gdgh”dx

1
d Smatter - / T/ —868M" dx

y =Ty, Tv=rTy  Tw=/STm

\|>

I

o € 8,,6(n) + [Tul0(n) + T

S, — surface energy-momentum tensor
d(n) — Dirac’s d—function
©(n) — Heaviside step function
(1, ifn>0 (4)
@(”)_{ 0, ifn<0 (—)
02 =0, 0(n)=4d(n)
[.] = "jump” = [T.]= [-A/_,S;—f) - ?_;S;)]
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Il.1 Einstein Gravity = General Relativity

e Action integral
1
"~ 167G
e Equations of motion

(R — 2/\)\/ —8 dx + Smatter

(G — Nguw) = T

3G
e Spherical symmetry
r? 3'r2 871G -
(00) = *700 +—=+1= L Too
2 . ) 4tr 87TG A
(0On) = —*(rm—f— Kr)+ r2’" = —Ton
3, 2 ¥ %or 2 2Kr, 8nG .
= SR2o14 2400 AL,
(nn) 2 T3 Yoo r - 3 Aoor? r r2 "

. N .. 1 o G
(7r) $1+Kvn—K2+3<~r—27°° +Kr, n) LTrT+2/\r
Yoo 700



1.2 Einstein Gravity = General Relativity

Metric tensor is continuous =

{ (11 =0, rp=1[ra0(n) +r§;)
Finn = [r,n](s(n) + [r,nn]@(n) + r,(ni)

[500] = 0, K = [K]©(n) + K
K = [K1o(n) + [K lO(n) + K

No ¢’(n) = double layer is not allowed in GR!

Matching conditions on ¥ = Einstein equations on ¥ = Israel
equations:

(@2 = @7 :}‘/00(7-7 O) = 1)



1.3 Einstein Gravity = General Relativity

[f nl = 8”26 Soo
[rn] 2[",nn] = 87TG Too

Spn=0
rz[rn - *[Krn]

(K]~ 3[r.] = 4”G(Tré> )
(R o]~ K2+ 2([K ]~ [run]) = *2€ (T T)

r2

A

L

0 = { 28] 2 10— e
{
{



1.4 Einstein Gravity = General Relativity

e Shell radius:  p = r(7,0) = r|z

89— £(39+283) + [7g] =0

_[rN,n] = 427265;8 R

K] = 228(50 - )
First equation is the shell's conservation equation
Note: if [k]‘z #0 (and so 53 # 83) =
R is singular on the shell

e Introduce the invariant A = 5%r;r, =591 —r2 =

r7,,‘z =ovVp2—A, oc=+=1



1.5 Einstein Gravity = General Relativity

e Traceless shell in vacuum = 52 = —%30, 'Al'ﬁ) = T,g;) =0
$9=0
_[rN,n] = 4;—265/\8
~[K] = 45659

e Birkhoff theorem: A — p? (1 — 26m _ %p2

N N p
58 = const = Sy, miyn =0, Moy = 0 — from initial conditions

{ Tiny/ F.’2 — Aiy — oout V ﬁ2 — Aoyt = 47;72(;30

~[R] = 125650 # 0

P

e 0y, and oo,y — global geometry

e Solution: Ry, =2 = 2=-2K,+2K?> =
cosh?(n4(71))

R: —tanh(n+<p(7')), Yoo =
Or, yet another solution:

o ~ _ sinh®(nd(7))
K= coth(n + QO(T)), Yoo = 7sinh2(<p(fr))
In what follows we will need only the first one

cosh®(io(7))
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111.1 Weyl Gravity = Conformal Gravity

Action integral:

S B / CQ\/jng + Srnatter
C? = Curo CM29, Cure — Weyl tensor
1
CMV)\O’ = R,uuAa + E(R,uagl/)\ + RV)\gua - Ru)\gua - Ruagp)\)

1
+6R(gul/g)\0' - gmfgl/)\)

nw _ AN’ . . .
Cho = Cho conformally invariant

vAo

C2,/—g = C2/=g — conformally invariant in dim = 4

Equations of motion (= Bach equations): ‘80[08“” =Tw

Bach tensor: By, = CW\W;”;’\ + IR Curver

By =0, BA=0= T3=0 TA=0

A

> 1
B/JJ/ = @B;wv T/j,l/ =2 T,uu



111.2 Weyl Gravity

Conformal transformation and (2 + 2) — decomposition

e Spherical symmetry: B, = —r%éw, Bﬁ =0,B5=Bj= _O%OB/I
- R?—a_ 1 s
Bix = ( |‘p'Y/k Ri + 4’7ik> = %ﬂk

“|" — covariant derivative with respect to 7k

B =0 = B?=B3=-1B]

e R — scalar curvature of 2-dim space-time with the metric 7j,
contains second derivatives of the metric tensor
e We need no more equations
e No trace of the radius r
Gauss normal coordinate system:
Boo = 1 (Bt — Ron) 500 = 5 T
00 = ) 700 = gop 100

Bo,,:—f(R +KR) o= Ton
Bon = 2 (R’ V°°R+700KR> Rt — LTy,

= 6500 24 8ap



1.3 Weyl Gravity

e The double layer (= something proportional to ¢ (n)) can appear
only in R ,, — term in (00)- equation.

Since &'(n)) is not concentrated on ¥, its consideration requires
more generial technics.

Here we suppose that the doulble layer is absent.

e Energy-momentum tensor

A

Ty = 5,0(n) + [Tw]O(n) + ﬁg;>

Rl=0, R,=[RaO(n + R [R]=0
R on = [Ra15(n) + [Ran]O(n) + RE)
R=-2K,+K?> = [K]=0,[K,]=0

e The shell must be traceless! = Sf\‘ =0

—_—



111.4 Weyl Gravity

—[f:?,n] = 4040 S00
_[R,nn] 4a0 TOO

50[1‘ - 0
_[R,n] — 4&0 TOn
{ Snn - 0
_K[R,n] = & Tnn
~[Tg1=0

_[Rn] _ 3Q50
—KIS§]+ [T =0



111.5 Weyl Gravity
e The (traceless) shell in vacuum: 59 = Sy = const
—[R n] = 30 = const # 0
{ —K‘ = K(T 0)=0
e No trace of radius
e Introduce the invariant A = ﬁ"kR;Rk

On the shell
R,=6\VR—A, &=
Oin V R — Ain — Gout V R2 Aout = 750

4o
e Vacuum solution inside the shell.

No more gravitational source at n < Q!
R=42 = /”?:0 Ap=0 =

—OoutV —Dout = 4% So = const =

= const
outlE



111.6 Weyl Gravity

e Solution at R = +2
R=-2K,+2Kk>=2 = K= —tanh(n+ (1))

K‘): = K(1,00=0 = ¢(1) =0 = K = —tanhn
Foo— = cosh®n,  (Joo(7,0) = 1)

d33 = cosh?nd7? — dn?

e Solution at R = —2

R = —2[(7,7 +2K2=-2 = K =tanhn

R‘z = K(1,00=0 = ¢(r) =0 = K =tanhn

Foo = cos?n (Foo—(7,0) = 1)
d32 = cos’ndr? — dn?



111.7 Weyl Gravity

e Vacuum solution outside the shell (R # const)
ds? = Adn? — LdR?
A=L(R®—12R + G) = —Aou

Aout | b 160! 50

87%50 +16, if /i"z =

8%333 —16, if F?‘z =—
e What is the trajectory of the shell, p(7)?
It is completely arbitrary!
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IV.1 Weyl + Einstein

e Action integral
Weyl + Einstein

e Equations of motion
Bach + Einstein

e Spherical symmetry

Thin shell and no double layer

Matching conditions:

( §8—§(§8+§§)+?§:0

—200[R,] =5 32

—3r[r,,] = 47rG( + )
_|_

_2a0[R,nn] = ) [TO n 7\-22]
rlrmn] = —43€ ( Ag 252) + Tr[T])
| 1] - B0k« )



IV.2 Weyl + Einstein

e Traceless shell (53 +53) =0 in vacuum

50 =

_[Rm] _ 41;0 50
—r[r,] =0
dag[R pn] = KS?
r[r.nn] =0

—[8] = K5

N 3
[ra]=0 = [A]=0 = K=0 = |—[R,] = —5 = const
Qo

e The same as in the pure Conformal Gravity
e No trace of the trajectory p(7)
e But!



IV.3 Weyl + Einstein

e Vacuum equations

4 Bl . R2_4_
— 3% "Y/k_R|/k 2 ik

1
+ - G(2rr‘k+4r,rk+(2rr|,—rr/—i-r —Ar )’y,k)zo
6/

2R+ | = 4Nr?

e (Anti)De Sitter:
- A
R=2 A=-r’(1- §r2)
(Bach=0, Einstein=0)
e Metric in Gauss normal coordinates

d3? = cosh®ndr? — dn?

o r(r.n)=? = p(r)=r(r0)
e 4 equations for 1 function



IV.4 Weyl + Einstein

e The solution exists!

1

T coshn(Cy cos[T — 19] + Cosin[T — 79]) + do| sinhn|

A
G+G=3+d

e Trajectory: n =0, r(r,0) = p(7)

1 1
~ Gueos[r] + Gsin[r] — Cosin[r — 7o

p(7)

e But! Don't be afraid of this formula
The “genuine proper time"
dt =p(r)dr = t= [P -9~ =00

Co sin[T—0]

()
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The End

Thanks to all



