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@ We consider a multidimensional analogue of Melvin’s solution
associated with a simple Lie algebra G.

e The system is a static cylindrically-symmetric gravitational
configuration in D dimensions in presence of n Abelian 2-forms
and [ > n scalar fields where n is the rank of G.

o The solution is governed by n functions H4(p) obeying a set of
second-order ODEs with certain boundary conditions. It was
conjectured earlier that these functions should be polynomials
[Tvashchuk’2002].

o We obtain the polynomials corresponding to the rank-3 Lie
algebras Az, B3 and (3 and reveal some algebraic properties of
the solution such as symmetry and duality identities.

o We also find the asymptotic behavior of the solution as well as
2-form flux integrals and corresponding Wilson loop factors.
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The model

Let us consider a D-dimensional model governed by the action

1 n
§= [d°z\/lg| {R[Q] — hasg™ " Onrp®On e’ — 3 ZGZAS(W)(FS)Q} J
s=1

o g =gun(z)dzM @ dzV is a metric; |g| = | det(garn)]

o ¢ = (p*) € Rl is a vector of I scalar fields

o (hqp) is a constant symmetric non-degenerate [ x [ matrix

o F* =dA® = $F; ydz™ A d2N is a 2-form field, s = 1,...,n;
(Fs)2 = F]alMgFﬁ/legngngM2N2

o ), is a I-form on R: A\y(p) = Asa®, s=1,...,n;a=1,...,1



The general solution

Consider a family of exact solutions depending on one variable p and
defined on the manifold M = (0, +00) x M; x M.

e M is a one-dimensional manifold (say S* or R);
e My is a (D — 2)-dimensional Ricci-flat manifold.

The solution reads:

g= (f[ /(02 {wdp ®dp + (f[ H ) pdg  d + 92}
s=1

s=1

n

n
7A ! «@
F* =g, <H H, ) pdp Ade;  exp(p®) = [ [ HIN
/—1

s=1

where s =1,...,n; w = £1;
g' = do¢ ® d¢ is a metric on My; g2 is a Ricci-flat metric on Ms.



The general solution

The functions Hy(z) > 0, z = p?, obey the equations

d
dz<Hdz > PHH

P, = (1/4)K4q?, where g, are integration constants
hs = K 1

Hs(+0) =1

°
=
|
S0
V
o

+ AsaAsgh® 5 5,8 =1,..,n

(]

BSS/51+2_D

(h*F) = (hap)™ "5 AS = h* X
Agy = 2Bgy /By s is the Cartan matrix for a simple Lie
algebra G of rank n.
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Special cases

@ The solution under consideration is as a special case of the
fluxbrane (for w = +1, M; = S') and S-brane (w = —1)
solutions.

o If w = +1 and the Ricci-flat metric g2 has a pseudo-Fuclidean
signature, we get a multidimensional generalization of Melvin’s
solution originally describing the gravitational field of a
magnetic flux tube [Melvin’1964].

o Melvin’s solution (without scalar field) corresponds to D = 4,
n=1,M =S'(0<¢<2r), My =R2, gy = —dt @ dt + dé @ d
and G = A;.
o For w = —1 and g3 of Euclidean signature we obtain a
cosmological solution with a horizon (as p = +0) if M; =R
(—00 < ¢ < +00)
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The Polynomial Conjecture

According to a conjecture [Ivashchuk’2002], the solutions governed by
the Cartan matrix (Agy) are polynomials (the so-called fluxbrane
polynomials):

Hi(z) =1+ ZPS(k)zk
k=1

n

o ng=2 Z A% components of a twice dual Weyl vector in the
s'=1
basis of simple co-roots

o (A%") = (Asw)~" — the inverse Cartan matrix.
° Ps(k) are constants (Ps(l) = P;). Here Ps(ns) # 0. Below we will
use the rescaled variables ps = Ps/ns.
In previous works this conjecture was verified for some cases of the
classic Lie algebra series as well as for exceptional algebras G, Eg.
Here we analyze the solution in case of rank-3 Lie algebras As, Bj
and C3 in more detail.
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Case of the rank-3 Lie algebras

We deal with the solution for n =1 =3, w = +1 and M; = S*. We
put here hog = 64 and denote (Agq) = (AY) = As, s =1,...,3.

For G = A3, B3, (3 respectively we have:

@ The Cartan matrices

2 —1 0 2 -1 0 2 -1 0
A)=1-1 2 =1, -1 2 =2f,[-1 2 -1
0 -1 2 0 -1 2 0 -2 2

o The Dynkin diagrams:

*——0 *—— 9 o—6—=9
1 2 3 1 2 3 1 2 3

o The degrees of the fluxbrane polynomials H(z):
(77'17 nz, n3) = (37 47 3)7 (65 ]-07 6)7 (57 85 9)



The polynomials H(z) for the 3-rank Lie algebras

We can write the explicit form of the fluxbrane polynomials in case of
Lie algebras As, B3, Cs.

The case Az = si(4)

Hiy =1+ 3p1z + 3p1p2z® + p1papsz®
Hy = 1+ 4poz + (3p1pa + 3paps)2® + 4p1paps2® + p1paps2*
Hs =14 3p3z + 3p2p3z2 = P1p2p32’3




The polynomials H(z) for the 3-rank Lie algebras

The case Bs = so(7)

Hy =1+ 6p1z + 15p1paz® + 20p1papsz® + 15p1pap3e? + 6p1p3p32°
+pipsp32°

Hy =1+ 10pa2 + (15p1p2 + 30paps) 2° + (80p1paps + 40pap3) 2°
+ (50p1p3ps + 135p1pap3 + 25p3p3) 2* + 252p1p3p32°

+ (25pTp3p3+135p1p3p3 +50p1p3ps) 2° + (40pip3ps + 80p1p3ps) 2"

+ (30pipaps + 15p1psps) 2° + 10pipaps2” + pipopy="

Hjz =1+ 6p3z + 15papsz® + (10p1p2ps + 10p2p§) 2% + 15p1pop32*
+6p1p3p32° + p1p3pset
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The polynomials H(z) for the 3-rank Lie algebras

The case C3 = sp(3)

Hy =1+ 5p1z + 10p1p2z® + 10p1popsz® + 5pipspsz* + pipspsz”
Hy =1+ 8paz + (10p1ps + 18paps) 22 + (40p1paps + 16p3ps) 23

+70p1p3ps 2t + (16pTp3ps +40p1p3ps) 2° + (18pipips + 10p1p3p3) 2°

+8pipspse” + pipspse®

Hjz =1+ 9p3z + 36papsz® + (20p1p2ps + 64;0%]?3) 2%+ (90}9117%]93
+36p3p3) 2" + (36pip3ps+90p1p3p3) 2° + (64pip3p3 +20p1p3p3) 2°

+36ptp3ps’ + 9pipapss” + pipops’. J
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Symmetry and duality

o The asymptotical behaviour of the polynomials as z — oo:
3

3
H, = Hy(z, () ~ (H(zoz)””) = BB () vt =m
s=1

=1
o (v*!) are components of the integer valued matrix v(G):

1 11 2 2 2 2 21
v(Asz) = (1 2 1), v(B3) = (2 4 4), v(C3) = (2 4 2)
1 1 1 1 2 3 2 4

5:70-), g = A3
0%, G = B3,03

w

v(G) =AY G+ P(G))|, PG =(P)= {

e Here we introduced a permutation o : (1,2,3) — (3,2,1) of the
vertices of the Dynkin diagram. This is a generator of the
symmetry group G = {o0,id} = Zs of the diagram for Ag case.



Symmetry and duality

Define the dual ordered set of variables p;, i = 1,2, 3:

® D; = py(;) for the Aj case
e p; =p; for Bs and C5 cases

The following properties hold true:

Proposition 1 (the symmetry relations)

For all p; and z in case of G = A3

Ha(s)('z? (pz)) = Hs(zv (ﬁz))ﬂ s=1,2,3

Proposition 2 (the duality relations)

For all p; #£ 0 and z # 0 in case of G = A3, B3, Cs

HS(Zv (pl)) = Hgs(za (pi))Hs(z_lv (ﬁ;l)% s=1,2,3.
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The solution in case of rank-3 Lie algebras

The manifold: M = (0,400) x My x M.
o My =S (0< ¢ < 2m);
e My is a (D — 2)-dimensional Ricci-flat manifold.

The solution:

3 3
g= <H HSth/(D—Q)> {dp®dp+ (H Hs_2h5)p2d(ls®d¢+92}
s=1 s=1
3
F? = Bpdp N\ do; exp(goa):HHfs’\?; a,s=1,...,3

s=1
3
D-3 < - D-3
_As . — 2
Bqus <l1_11:Hl l>7 Ks_m—l—)\s, AsA] = KlAsl D—Q’

hs = K1 = (h,h, k), (h,h,2h), (h,h, h/2)
W—/ —_—— —

for Az for B3 for Cg



The fluxes

Consider 2-dimensional manifold Mz = (0, R) x S', R > 0.
o The flux integral over Mpg:

R R?H.(R?)
P(R)= | F*=2 S =drq Pyt
(B)= [ o [ dppbt = dma e

o The total flux is convergent: ®° = ®%(+o00) = 47msq;1hS

Any (total) flux ®* depends upon one integration constant g5 # 0
(while the integrand form F** depends upon all constants ¢, g2, q3)

— In case of D =4 and ¢ = —dt ® dt + dx ® dx the parameter g is
coinciding up to a sign with the value of the x-component of the
magnetic field on the axis of symmetry

o There exist (globally defined on R?) forms A%: dA® = F*.
The Wilson loop factors over circle Cr can be calculated:

W?3(Cr) =exp(i | A%) =exp(i®*(R)); lim W?*(Cgr) = exp(i®?)

Cr R—+o0

15/19



Asymptotic behaviour

The asymptotic relations for the solution for p — 400 read

3 D 2
gasz(Hp?) 2A{dp®dp+(1‘[p ) 222 dg @ de + g }
=1

s=1

3 3
Pas = Z hsAg (Z v np, + 2n,In ,0)
s=1 =1
Fy = asp; 'pyyp Pdp Ao, a;s=1,...,3

where we put 6 = o for G = Ag, and 6 = id for G = B3, Cj;
3

:ZhSVSl, A=2(D Zns s
s=1



Conclusions

o We have considered a generalization of the Melvin’s solution
associated to simple finite-dimensional Lie algebras of rank 3:
g = As, B3, Cs.

o Any solution is governed by a set of 3 fluxbrane polynomials
Hy(z), s=1,2,3.

@ The symmetry and duality identities for polynomials are proved,
which may be used in deriving 1/p-expansion for solutions at
large distances.

o Asymptotic behaviour of the solutions is also found.

e 2D flux integrals and corresponding Wilson loop factors are
calculated, their convergence is demonstrated.

@ Another possible application of the solutions considered is to
study cosmological analogues of such solutions with phantom
scalar fields.
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Thank you
for your attention!



