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I.1 General scheme

Preliminaries

@ Thin shell = 3-dim hypersurface,
where the energy-momentum tensor is concentrated

Tw, =Su,0(X) = Dirac’s d-function

=

Here we will consider only timelike shells

@ Spherical symmetry — simplest generalization of a point mass
Main advantage — backreaction — self-consistency
Metric (u,v =0,1,2,3), (i,k=10,1) :

ds® = gy dxtdx” = yudx' dx* — r?(x)(d6? + sin? 0d¢?)
@ Conformal transformation
ds? = Q2ds% = 12 ('"y;kdxidxk — (d6? + sin? 9d¢2))

@ (24 2) — decomposition



1.2 Some formulae

e Riemann curvature tensor: R\
e Ricci tensor: Rl = RQAZ,
e Einstein tensor: Guw = Ruw — 3guwR
e Weyl tensor (completely traceless):
Cure = Rure+ %(Ruagy)\ + Rua8uo — Rurgvo — Ruogun)
+%R(gngg — 8uo&u))

e Bach tensor: B, = CMW;U;A + %R’\UCMAW

By =0, By =B, B)

i = 0



1.3 Conformal transformation
and (2 + 2) — decomposition

e Einstein tensor

G,LLU:G/U/_ r’ + r guw + 2

1
2 A v AUV
Buv = I 8uv, gM = ﬁgu sy tw="ruy M =8 Ilo

;" — covariant derivative with respect to g,

2rik  brr 2rf rPry\ .
G = ——15 4 'k+<1+ Ip_irzp ik

r r2 r

X

-2

i
1 . br R
G_GQ_—R_—2<—R+'>, R=
r r

R — scalar curvature of 2-dim space-time with the metric 7,
“|" — covariant derivative with respect to



1.4 Conformal transformation
and (2 + 2) — decomposition

e Bach tensor

B,ul/ = ﬁBlk
" 1 . 2_4
Bix = 5 Rip ik = Riik + —,— ik
A A2 3 1N



1.5 Gauss normal coordinates

ds®> = Q%d$%, ds% = —dn® + gjdx'dx

e Hypersurface X: n=20
e Extrinsic curvature tensor:
po 1 0gij
Y72 9n

e Spherical symmetry =
ds? = r2 <f”>/;kdxidxk — (d6? + sin? 0d¢2)>

ds2 = Fpedx' dx* = Foo(7, n)dT% — dn?

F00(7,0) =1 = 7 — “conformal proper time" on the shell
A 1 0A00 ~ ~ 0 1 9log Foo
00 2 On 00, 0 2  On

e 2 — dim scalar curvature: R= —ZRn +2K2



1.6 Energy-momentum tensor

1
O Smatter & 5 /ij vV —gdgh”dx

1
d Smatter - / T/ —868M" dx

y =Ty, Tv=rTy  Tw=/STm

\|>

I

o € 8,,6(n) + [Tul0(n) + T

S, — surface energy-momentum tensor
d(n) — Dirac’s d—function
©(n) — Heaviside step function
(1, ifn>0 (4)
@(”)_{ 0, ifn<0 (—)
02 =0, 0(n)=4d(n)
[.] = "jump” = [T.]= [-A/_,S;—f) - ?_;S;)]
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Quadratic Gravity

e A.D. Sakharov (1967)

e Induced gravity, conformal anomaly, particle creation (L. Parker,
S. Fulling, Y.B. Zel'dovich, A.A. Starobinskii, ...).

e Lagrangian:

1

2N, 112% 2 _ —
(aRW,\UR + BRWR"™ + R 7167TG(R 2/\)) vV—g

e Singular hypersurface ¥ (n = 0 in Gaussian normal coordinates),
Tow = Suwd(n) + [Twl0(n) + TS,

e General matching conditions — Senovilla et al.



e Main difference from GR:

Scalar curvature R may have only a jump at X (no term

~ &(n) = 62(n)) in quadratic terms). The extrinsic curvature
tensor

10g,
K, = —-—2£
m 2 On
must be continuous on X:
[Kuv] = 0.

In the presence of the thin shell in T, (Su # 0) there is no
smooth transition from a quadratic gravity to General Relativity.
Instead — we may have the double layer (~ ¢’(n) term in the
second derivative of R).

Because of the absence of the corresponding counterpart in T,
(no mass dipoles), the double layer is of pure geometric origin. It
can be considered as the gravitational shock wave.



Il. Quadratic Gravity
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l1l. Weyl + Einstein gravity
e All the quadratic terms are combined in C2.
e Motivations:
We are interested in the creation of universe “from nothing”
(A. Vilenkin, ...) = extra symmetry.
We are interesting in particle creation during the cosmological
evolution =
(Nut)., = BC?
(fundamental result by Y.B. Zel'dovich and A.A. Starobinsky,
1977)
e Phenomenological description

Smatter = 5hydro + Screation
Shydro = _/E(N)v—ngJr/ /\o(U“Uu—l)\/jngJr/ Ao X ut'\/—gax
Screation = /)\1 ((NUM);‘u — BCz) /—gdx



If \1 = +ag + A\ =

o)
p
That is, the Weyl term

(Nu*).,\/—gdx = surface integral

—ao/C2\/—gdx is already there

1
Stot = /5)\1 C2\/—ng " 161G (R—2A)y/—gdx + 5hydro



e Field equations:

1
87TBMV[)\1] + 87T7G(GMV - /\g;uz) - Tuu

e Modified Bach tensor
. 1
B[Al] - ()\1 C,uau)\)’)\’a + E)\l C,u)\uch)\U

G, — Einstein tensor
8uv — metric tensor

hyd
T = T#},’ = (e + p)upty — pguv
e Conformal transformation:

ds? = g dxtdx” = Q*d$* = 0§, dx"dx”
. L
B = nglw? g = @gw

1 .
Buv[M] = o3 Buv[Mil

1 -~
Qz Tw

T



e Spherical symmetry:
0% =r?
ds? = r2 (&,-kdx"dx" — (d6? + sin? 9d¢>2))
i=0,1
d§22 = ’"y;kdxidxk; R - two-dim curvature
e Gauss normal coordinate system:
d33 = Hoo(T, n)d7? — dn®;  Foo(7,0) = 1.

n = 0 — time-like singular hypersurface ¥ (just the world-line)



e Field equations: (|| — covariant derivative with respect Jix)

gﬁ {(Al(ﬁ’ = 2))|% = (M (R = 2))j + M R~24_ 4’7/k}

1 2 2\
+87rG {r (1 4+ Aro)qi — 2r(rH,-k — rNg’Yik) + 4rir — rpr”’y,-k}
=T i,k=0,1
(trace)
6r“||P G
P 2 TG 4 %
2-R+—==4A +7(T[,’+2T22)



(00)

) B2
25 {—(Al(R —2))jjnnY00 + A1 al 2 4} +

1

816G {rP(1=Ar)00 + 37 + 200} = To

(0n)

4 = 1 _ A
—gﬂ(Al(R - 2))H0n + 87T7G {_2”\\0!7 + 4rr,,} = TOn



(nn)

4 - 3 R? —4
—3P {(/\1(R = 2))j00T" + A } -
87rG {r /\r +2r'y /00 —’y 0j2 _ 3r2} = 'AI'

(trace)
- 6 876G .
2= R+ 2(3%nj00 = fjan) = 4Ar? +L (TO+ Tn 4+ 272)

e Extrinsic curvature:



l1l. Weyl + Einstein gravity
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IV. Double layer:
Appears if [R]#0 (n=0) =
[K]=0
Only in (00) - equation
e Matching conditions:

30 {-1OaR = 2)0+ F(DaR =21} — ol = 88
SBIOR - 2)]= %

SBRD(R —2)] = 3

- G[r,,] =80+ 8n+28

SQ -7, 87 -7 (Senovilla)
(5§ = 57 = 0 in General Relativity).



f(7) — arbitrary function (where from?)

a10’'(n) + B1o(n) + ... = Bad(n) + ... =
67 n) (18 (n) + B1(n) + ..) = 6(7, n)(Bad(n) + ...

¢(7,0) #0

—(¢.n01 + pa1n + ¢B1) = ¢(1,0)52 =

—‘i;al VantBi=fr = f(r)
e But, it is not the end of the story:
(00) = Too
})=4"Too=T¢

— extra term ~ dgo,, = ~ K
to avoid such an ambiguity: K(7,0) =0 (!I1)



e Final version:
26 {~[(a(R = 2))a] + F(1)M(R - 2)] } = 5§ -
SR -2)]= %
S” =0, K=0
50 + 252

Tan G[r”]
e Continuity equation:

80— 2 (F (R~ 2]) — L(38 +28) + 78] = 0
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V. Toy model

e Universe is created from nothing.

Empty and with maximal symmetry.

Homogeneous and isotropic apace-time =

Weyl tensor is zero, C,,n, =0 = R=2.

Conformal to the (anti)de Sitter manifold.

e Subsequent evolution - fluctuations with R # 2 = particle
creation.

e No thin shells (~ §(n)) — only double layer (~ §’(n)) at the
boundary n = 0.

e Matching conditions become

28 {~1(a(R = 2))al + F(T)(R = 2)] } =0

AR -2)1 = 0
f(r) = fo = const

K=0



e Further simplification: pure Weyl gravity (G — o)
e The view from inside (n < 0)
e Energy-momentum tensor is necessarily traceless = ¢ = 3p,

c = M0N4/3
Y = NP3

N — invariant particle number density,
r — radius
At the boundary (n=0—0)

AM(R —2) = A= const matching condition

d\
y1l/3 = —4:;00,7_1 hydrodynamics

Y43 = —ﬁA(f? +2) Bach equations

Mo






e Three types of solutions:

l.R<-2= £A>0= dR/dr>0=
Y—-0=r—0

2. 2<R<2= 2A<0=dR/dT<0=
Y—>0=r—0

Punctured vacuum !

3. R>2= ZA<0= dR/dT <0 = R — +2
Y — const

Isotropization (Y.B. Zel'dovich)



V. Toy model
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The End

Thanks to all



