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Scalar fields in gravitational physics

Scalar fields in gravitational physics:

@ gravitational potential in Newtonian gravity

@ variation of “fundamental” constants

@ Brans-Dicke theory initially elaborated to solve the Mach problem
@ various compactification schemes

@ the low-energy limit of the superstring theory

@ scalar field as inflaton

o scalar field as dark energy and/or dark matter

o fundamental Higgs bosons, neutrinos, axions, ...

@ etc...
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Horndeski theory

In 1974, Horndeski derived the action of the most general scalar-tensor
theories with second-order equations of motion

[G.Horndeski, Second-Order Scalar-Tensor Field Equations in a
Four-Dimensional Space, 1JTP 10, 363 (1974)]

Horndeski Lagrangian:

Ly = v/=g (L2 + L3 + L4 + Ls) )
£2:G2(X7 ¢)7
£3:G3(X7 ¢) D¢7
L4=G4(X,$) R+ 0xG4(X, ) 015 VepVE,
L5=G5(X, ) G V"¢ — § 0xGs(X, 9) 045t VIGVESV )6,

where X = —1(V¢)?, and G (X, ¢) are arbitrary functions,

and &3 = 283,00, 6,07 = 3167,640%,
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Fab Four subclass of the Horndeski theory

There is a special subclass of the theory, sometimes called Fab Four (F4),
for which the coefficients are chosen such that the Lagrangian becomes

LF4 = \/—g(£J+EP+EG+£R—2A)
with

Li=Vi(0) GV V"o,

Lp=Vp(@) Puype VOV PV ¢,
Le=Va(9) R,
‘C’R:VR((b) (RHVOLﬂRuVaB - 4RHVR”V + Rz)

Here the double dual of the Riemann tensor is

1 5
2 wvySs poA nZ " u T
P = = 0L R = R g + 2R 0% — 2RI — ROLOY)

whose contraction is the Einstein tensor, P*%, = G*,.
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Fab Four subclass of the Horndeski theory

Fab Four Lagrangian:

Lea =v/—=9(Ly+ Lp+ Lg + Lg — 2A) J

@ The Fab Four model is distinguished by the screening property — it is
the most general subclass of the Horndeski theory in which flat
space is a solution, despite the presence of the cosmological term A.

@ This property suggests that A is actually irrelevant and hence there
is no need to explain its value.

@ Indeed, however large A is, Minkowski space is always a solution and
so one may hope that a slowly accelerating universe will be a
solution as well.
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Theory with nonminimal kinetic coupling

Action:

1 ‘
S = 5 / d'zv/=g [Mp R — (¢ guv + 1 G ) VOV ¢ — 2V (4)] + Sim

Field equations:
MGy =T +10,, + T
[eg"” +nG* |V, V.6 =V,

T =€ [V,udVid = 39:0(V$)’] = 91V (9),

Ou=—1V, 6 Vip R+ 2V V(L ORS) — L(VP)’ G v + V6V’ ¢ Ruavs
+Vu VG ViVad — ViV + gun [ — 2VVP 4V Vo + L(O0)’
~Va¢ Vag R*]

T30 =(p + p)UpuUs + pguv »

Notice: The field equations are of second order!
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Cosmological models: General formulas

Ansatz:

¢ = ¢(t)

a(t) cosmological factor, H = a/a Hubble parameter

ds® = —dt* + a®(t)dx?, |

Field equations:

o o 1.
3ME H? = §¢2 (e —9nH?) + V(¢),

M2,(2H + 3H?) = —%dﬁ [e +7 (2H +3H? + 4H<2§¢'f1)] +V(9),

%[(6 - 317H2)a3¢.5] = —a?’m;((f)
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Cosmological models: General formulas

Ansatz:

¢ = ¢(t)

a(t) cosmological factor, H = a/a Hubble parameter

ds® = —dt* + a®(t)dx?, |

Field equations:

o o 1.
3ME H? = §¢2 (e —9nH?) + V(¢),

M2,(2H + 3H?) = —%dﬁ [e +7 (2H +3H? + 4H<2§¢'f1)] +V(9),

d ; dV(¢)
—[(e = H2 3 — _ .3
Z(e=3nH)a?¢] = —a’— ”
V(¢) = const = b= # () is a scalar charge
= { _a3(6—377H2) S a SCalar cnarg
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Cosmological models: |. No potential V(¢) =0

Trivial model without kinetic coupling, i.e. =10

S= % / d*z/=g [MER - (V)] J
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Cosmological models: |. No potential V(¢) =0

Trivial model without kinetic coupling, i.e. =10

s =5 [ dov=gMaR - (Vo7

Solution:

1
t) = t'/3; t) = ——=Int
aO( ) ¢0( ) 2\/% ol

ds? = —dt* + 1*/3dx?

t = 0 is an initial singularity

Sergey Sushkov  Perturbations in Horndeski Cosmology 9/317



Cosmological models: Il. No potential V(¢) =0

Model without free kinetic term, i.e. ¢ =0

1
S = 9 /d4x\/jg [ME\R —1G" ¢ 9]
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Cosmological models: Il. No potential V(¢) =0

Model without free kinetic term, i.e. ¢ =0

1
S= 2 /d4x\/jg [MER — 1G"" §u6.0]

Solution:

a(t) = 2% $t)= —~—, n<0

~ 237y’

ds? = —dt* + t*/3dx?

t = 0 is an initial singularity
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Cosmological models: Ill. No potential V' (¢) =0

Model for an ordinary scalar field (¢ = 1) with
nonminimal kinetic coupling 7 # 0

1 .
S = 2 /d4w\/jg [MI%IR - (g" + 77GW)¢,M¢,V]
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Cosmological models: Ill. No potential V' (¢) =0

Model for an ordinary scalar field (¢ = 1) with
nonminimal kinetic coupling 7 # 0

1 .
S = 2 /d4w\/jg [MI%IR - (g" + 77GW)¢,M¢,V]

Asymptotic for t — oo:

alt) ~ a0(t) = /% 6(0) ~ do(0) = 57—t J

Notice: At large times the model with n # 0 has the same behavior like
that withn =0
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Cosmological models: Ill. No potential V' (¢) =0

Asymptotics for early times

The case 7 < 0:

t

2./3m|n|

dsi o = —dt* + t*/°dx”

~ #2/3. ~
at—>ONt/a D0 R

t = 0 is an initial singularity

The case 7 > 0:

Qoo N €T oo m CeTHVT

ds?,_. = —dt? + *Hntdx?

de Sitter asymptotic with H, = 1/,/9n
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Cosmological models: Ill. No potential V' (¢) =0

Plots of « =Ina incase n #0, ¢ =1, V = 0.

) g
,1< 07
1]
LUNSY ol -24
3]
-3 4]
5]

4 -6 : | ‘ ‘

-0 s . 0 5 10 -100 0 100 200 300
(a) n <0; (b) n > 0;
n =0;—-1;—-10; —100 n = 0;1;10;100
De Sitt toti (t) f = H !
e Jitter asymptotics. « = — = —
ymp VI In

Notice: /In the model with nonmnimal kinetic coupling one
get de Sitter phase without any potential!
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Cosmological models: IV. Cosmological constant

Models with the constant potential V (¢) = M3 A = const

5= /d4”’\/fg [Mg,(R — 2A) — [eg"” + nG* ¢ 4 1]
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Cosmological models: IV. Cosmological constant

Models with the constant potential V (¢) = M3 A = const

5= /d4m\/fg [Mg,(R — 2A) — [eg"” + nG* ¢ 4 1]

There are two exact de Sitter solutions:

l. a(t) = Hat, ¢(t) = ¢o = const,
3nH2 —1|'/*
N il

t,
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Cosmological models: IV. Cosmological constant

Plots of a(t) incase n >0, e =1, V = M3A

B e S T
(a) H} <a? < 1/9n (b) 1/9n < a? < 1/3n < H3
De Sitter asymptotics:
a1(t) = Hat (dashed),

as(t) = t/+/9n (dash-dotted),
as(t) = t/+/3n (dotted).

Sergey Sushkov Perturbations in Horndeski Cosmology 15 / 37



Role of potential

5= [aovmg (MBR g + 16" 16,0 — 2V (0)) J

a

What a role does a potential play in cosmological
models with the nonminimal kinetic coupling?
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Power-law potential V (¢) = Voo™

Skugoreva, Sushkov, Toporensky, PRD 88, 083539 (2013)

Models with the quadratic potential V (¢) = m?¢?

Primary (early-time) “kinetic” inflation:

1+ inm?)

1
Hi, o= ﬁ(

Late-time cosmological scenarios:
Oscillatory asymptotic or “graceful” exit from inflation

2 sin 2mt
Hyyoo v — |1 - 2208
Y’ { 2mt ]

quasi-de Sitter asymptotic or secondary inflation
1 1.2
V31
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Cosmological models: Power-law potential

Initial conditions Initial conditions

$o = Po $o = — oo

De Sitter asymptotics: Hi—, oo & 1/1/90(1 + 1nm?),

Hioo = 1//30 (1 + ,/%an).
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Screening properties of Horndeski model:

Starobinsky, Sushkov, Volkov, JCAP, 2015

The FLRW ansatz for the metric:

ds®> = —dt* + a(t) { + 72(d¥? + sin? ﬁdgog)] , ’

a(t) cosmological factor, H = a/a Hubble parameter

Gravitational equations:

s (o K\, 1 5 3 . 2 K
—3M}%1(H2+a—2>+§e¢2—5n¢2(3H2+a—2>+/\+p=o,

K

a2

)—%51/12—771[)2 <H+3H2—§+2Hﬁ>+A—p=0.

— M3, (2H +3H? + 3 m

The scalar field equation:

2 n () )0)

where ¢ = ¢, and ¢ = ¢(t) is a homogeneous scalar field
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Screening properties of Horndeski model

The first integral of the scalar field equation:

al <3n <H2 + ;) —5) Y =Q,

where () is the Noether charge associated with the shift symmetry

¢ = ¢+ ¢o.
Let Q = 0. One finds in this case two different solutions:
K A+p
GR branch: y =0 = H?+ A TTEA
_ , K ¢ n(A+p)—eM3
72 _ 2 _ Pl
Screening branch: H= + 2 3 = Y~ = 0 (= 3nK/a2)

NOTICE: The role of the cosmological constant in the screening solution
is played by £/3n while the A-term is screened and makes no contribution
to the universe acceleration.

Note also that the matter density p is screened in the same sense.
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Screening properties of Horndeski model

Let () # 0, then 0
al [317(1’-[2 + 352) —z—:] ’

and the modified Friedmann equation reads

P =

K 2le—3n(3H*+ &
3M1%1(H2+2>=Q [ i az)].z-i—A-i-p.
& 2a8 [e — 3n (H2 + K)]
Introducing dimensionless values and density parameters
. . €
H2:H02y7 Aa=23aoa, pCI‘:3M§1H§7 W:ma
A K Q? Qi Qs
Qo = D=, Gg= —F—5— = Per \ —1 oy
" T THGy T GnagHgpe T ( T
gives
the master equation:
QG 9 4 Uh-3y+l
y=Q+ -2+ -+ + In Qa22]
a a a ab [77 —y+ 722]
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Asymptotical behavior: Late time limit a — oo

GR branch:

QQ Qg Q4 (T] - 390) QG

1 2
:Q O — H~ A3
y=O0t gttt g s <a7>:> — A/

Notice: The GR solution is stable (no ghost) if and only if > €.

Screening branches:

Yy =n+-—5=+

QQ X :|: QQQS _ 06(77 — 390) :t ng +O 1
a? (Qo —n)a’ x a’® 2(Qp — n)2ab

= H?>—¢/3a

Notice: The screening solutions are stable (no ghost) if and only if
0< n < Qo.
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Asymptotical behavior: The limit a — 0

GR branch:

Q4 Qg D04 — 30 303056
I= + + Q4a? + Qa

+0()
Notice: The GR solution is unstable

Screening branch:

306 3030 5 30602+ 902

er:m Za 3" T+(’)(a),

1 4n? 4
y,_\/9>+27ﬂ6 (Qua® + Q3 a”) + O(a?)

Notice: Both screening solutions are stable
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Global behavior

y=Q+ 3+ 3+ 7+

QD Q3 U Qs [W — 3y + %2]
o " et gs[p—y+ %)’

N

b ;
8

0.0

Solutions y(a) for Qg = Qg =1, Q3 =0, Q3

25

=Q4=0andforn==6
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Global behavior

Qo Q3 Q4 Qe [7]—3y+ %]
y:QO+a72+a73+aT+—6 PRET)
a® [n—y+ 3]

B

02 A ————

Solutions y(a) for Qg =Qs =1, V=0, Q=0 =0,n=0.2
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Global behavior

y=Q+ 3+ +7+

QD Q3 QU Qs [W — 3y + %2]
ad  at 6 [n_y+ %2]2

2

Solutions y(a) for Qg = Qg =1, Q3 =5, Q4 =0, n = 0.2. One has Q2 = 0.
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Intermediate Summary

@ The nonminimal kinetic coupling provides an essentially new
inflationary mechanism which does not need any fine-tuned
potential.

@ At early cosmological times the coupling 7-terms in the field

equations are dominating and provide the quasi-De Sitter behavior
of the scale factor: a(t) o ef!»* with H,, = 1/,/9n.

@ The model provides a natural mechanism of epoch change without
any fine-tuned potential.

@ The nonminimal kinetic coupling crucially changes a role of the
scalar potential. Power-law and Higgs-like potentials with kinetic
coupling provide accelerated regimes of the Universe evolution.
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Perturbations

Scalar perturbations (Newtonian gauge):

ds® = —(1420)dt* + a”(t)(1 + 2®)d;;da’ da”
¢ = ¢o + ¢ = go(1 + ),
Ut x) <1, 2(t,x) <1, ot x) <1

Fourier trasformations: ¥(t,x) = [ dke™*¥(¢,k) and so on

Scalar modes:

—3H(¥ — HY) — ixy =4r {4')2@ — ¢3¢

+n <9H¢32\i: 18H?¢*® + ¢ U+ 9H $d¢ + 2= H¢6¢) ]
¥ — H® = 4 [—¢6¢ +1 (3H¢‘ & — 20 — 2Hdo6 + 3H ¢5¢)] ,

&+ U= —dny [q'bz(é —0)+2(6 + H<75)5¢]
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Perturbations

Scalar perturbations (Newtonian gauge):

ds® = —(1420)dt* + a”(t)(1 + 2®)d;;da’ da”
¢ = ¢o + ¢ = go(1 + ),
Ut x) <1, 2(t,x) <1, ot x) <1

Fourier trasformations: ¥(t,x) = [ dke™*¥(¢,k) and so on

Scalar modes:

—3H(¥ — HY) — ixy =4r {4')2@ — ¢3¢

+n <9H¢32\i: 18H?¢*® + ¢ U+ 9H $d¢ + 2= H¢6¢) ]
¥ — H® = 4 [—¢6¢ +1 (3H¢ & — 20 — 2Hdo6 + 3H ¢5¢)] ,
3+ 0 = —dmy [q52(<1> — ) +2(¢ + H<;5)6¢]

Notice: ¥ = —® if n = 0, but generally ¥ # —® |
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Perturbations in the inflationary epoch

On the inflationary stage at ¢ — —oo the unperturbed solutions are

a(t) = aieHn(t_ti)a (zb(t) = ¢ie_3H77(t_ti)7 H77 =

Scalar perturbations on the inflationary stage

1 K2

V=H,&— —— —
K 12H, a2

(TT + 39),

: 1 k2 "
= _— — a.: n(t*ti)
o=—H,(6¥ + 7®) + i, @ (79 + 39). a=ae
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Perturbations in the inflationary epoch

Limiting cases:

A. k/a < H, (modes outside the Hubble horizon)

Scalar perturbations of metric:

. k2
=H g o (T0+38),
' 1 k2 H,(t—t:)

\Il:%(ﬁlpi + &;)eHnlt—t) _ %(\I;i + B;)e SHn(t—ti)
—%(6\1@ + @)~ Mn(t=ti) 4 @(\p. + B;)e~GHn(t—to)
U =9(t;) <1, &; = ®(t;) <1, t=t; - beginning of inflation

Perturbs in course of inflation t > t;;: U = —® ~ e Mt ~ g1

NOTICE: Scalar modes k/a < H,, are exponentially decaying! J
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Perturbations in the inflationary epoch

B. k/a > H, (modes inside the Hubble horizon)

Scalar perturbations of metric:

d=—H, (6% + 7®)+

U=3(30; + &;) — 2(2W; + B;) exp [L (L)2 (L - L)}
2 2\3 ¥ i 12 \ &, a? T a? )|
2
—How 00+ S+ s [ () (- %),
Perturbs in course of inflation ¢ > ¢; (1/a? > 1/a?):

2
U, & — exp []12 (ﬁ) } >1

NOTICE: Scalar modes k/a > H,, are growing!
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Perturbations in the inflationary epoch

TENDENCY: During the inflation, modes with short wavelength are
stretching and come beyond the Hubble horizon. After they have gone
outside the Hubble horizon, they are exponentially decaying.

Examples of numerical analysis for scalar mode evolution:

0,010
0]

0,008
0,006 o
0,004
o PE—

[v.e] "0 [¥ @] \/7
o
-0,002 4
0,004

-0,006 4 =30
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Tensor perturbations

Tensor perturbations:

ds? = —dt* + a®(t)(6;; + hyj)dz'dz?
&-hij = 0, hii =0.

Two polarizations: h;; — h*, h*

Equation for tensor modes

(1+ 4mnd?)h + (3H + 471(20¢ + 3H¢'>2)) h+ ’;—2(1 — 4> )h =0
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Tensor perturbations during the kinetic inflation

Tensor perturbation on the inflationary stage:

(1 + 47r¢l?676Hn(t7ti)) h+3H, (1 - 47T¢12676H17(t7ti)) 3

k2
+25 (1 - 4mgfe® (=) p=g
a

a(t) = aieHn(t_ti)7 ¢(t) _ (j)ie_?’Hn(t—ti)

The case 47¢? < 1:
2

h+3H,h + a—zh =0
A. k/a < H,, (outside the Hubble horizon) = constant modes

B. k/a > H, (inside the Hubble horizon) = damping oscillating modes
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Tensor perturbations during the kinetic inflation

.. . 2
The case 47¢? > 1:  h—3H,h — ];—Qh =0

A. k/a < H,  modes outside the Hubble horizon

h— 3th =0 = hoxe*nt —  exponentially growing!

B. k/a > H,  modes inside the Hubble horizon

2
k’; ke Hnt/m,
a2

h—2-h=0 = hoxe® — constant modes
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Final conclusions

@ Long-wave scalar modes k/a < H, are exponentially decaying
during the kinetic inflation. Therefore, the large-scale structure of
the Universe keeps to be homogeneous and isotropic.

@ Short-wave scalar modes k/a >> H, are growing during the narrow
time interval when k/a = H,,. At this moment seeds for the
Universe structure (clasters, galaxies, etc) could be formed.
However, this is a regime of nonlinear perturbations, and hence one
needs a nonperturbative analysis.
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