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Induced Surface Tension EOS  

2. Number of equations is 2 and it does not depend on the number of different 
   hard-core radii!

Introduction
Novel Equation of State

Data analysis
Derivation

Extrapolation to high densities
Extrapolation to high densities is not unique )
equations for pressure and surface tension can differ
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new termpressure

induced surface tension

Advantages

V  and S  are  eigenvolume and eigensurface of hadron of sort kk k

1. It allows one to go beyond the Van der Waals approximation,  
   since it reproduces 2-nd, 3-rd and 4-th virial coefficients of the gas of hard  
    spheres for α = 1.245.

V.V. Sagun,  K.A.Bugaev, A.I. Ivanytskyi, D.R. Oliinychenko, EPJ Web Conf 137 (2017); 
!
K.A.Bugaev, V.V. Sagun, A.I. Ivanytskyi, E. G. Nikonov, G.M. Zinovjev et. al., Nucl. Phys. A 970 (2018) 133-155



Most Problematic ratios at AGS, SPS and 
RHIC energies

IST EOS:
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/dof ' 3.29/14 here, while

p
sNN dependences of ⇤/⇡

� and ⇤̄/⇡

� ratios are reproduced here with
�

2
/dof ' 11.62/12 and �

2
/dof ' 8.89/8 respectively. Compared to the fit qualities �

2
/dof ' 10.22/12

for ⇤/⇡

� and �

2
/dof ' 6.49/8 for ⇤̄/⇡

� obtained in [7] the present results are slightly worse, but still
they are rather good. The collision energy dependence of these ratios is shown in Fig. 7.

The other important finding is that the collision energy dependence of the factor �s for the IST EoS
is practically the same as for the HRGM of Ref. [7]. Thus, the factor �s demonstrates a low sensitivity to
the IST EoS, which means that the present model confirms an existence of a strangeness enhancement at
low collision energies, namely the peak of the factor �s is found at

p
sNN = 3.8 GeV as one can see from

Fig. 7.
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Figure 7: The fit results obtained by the IST EoS. Upper left panel:
p

sNN dependence of K

+
/⇡

+.
Upper right panel:

p
sNN dependence of ⇤/⇡

�. Lower left panel:
p

sNN dependence of ⇤̄/⇡

�.
Lower right panel:

p
sNN dependence of the factor �s.
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Conventional one  
component HRGM  
by PBM and Co: 
A. Andronic, PBM, 
J. Stachel NPA (2006), 
 PLB (2009)
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Note: RHIC BES I data  
have very large error 
bars and hence, are  
not analyzed!

Our IST EOS has 3 or 4  
more fitting parameters  

compared to usual HRGM!

KAB et al., Nucl. Phys.  
A 970  (2018)



Examples of Hadron Multiplicity Ratios 
for IST, Multicomponent and One component 

Van der Waals EoS (2018)

Blue bars     IST EoS 
Red bars      Multicomponent Van der Waals EoS 
Green bars  One-component Van der Waals EoS (a la P. Braun-Munzinger et al),

V.V. Sagun et al., Eur. Phys. J. A (2018) 54: 100

One-component Van der Waals EoS always gives the worst results!  



IST EOS Results for LHC energy 

In contrast to J. Stachel, A. Andronic, P. Braun-Munzinger and K. Redlich, J. Phys. Conf. Ser. 509, 
012019 (2014)  (anti)nuclei are NOT included into the fit! 

Radii are taken from the fit of  
AGS, SPS and RHIC data =>  
single parameter Tcfo=150+-7MeV

3.3 Results for ALICE energy

To fit the ALICE data [25, 26, 27, 28, 29, 30, 31] we use a di↵erent strategy. The reason is that the fit
quality is not sensitive to the values of the hard-core radii. In fact, even the HRGM with the point-like
particles provides a reasonable fit quality [10, 33]. Therefore, in order to avoid the unnecessary waste of
CPU time we adopted the new radii found in this work from fitting the AGS, SPS and RHIC data, then,
similarly to [3], we set all values of chemical potentials to zero, but the factor �s is fixed as �s = 1. Thus,
for the ALICE data we come up with a single fitting parameter, namely the CFO temperature which is
found TCFO ' 154± 7 MeV. Within the error bars this result is in agreement with the similar fits [3, 33].
The achieved description of the ALICE data is shown in Fig. 8. The fit quality �

2
2/dof ' 7.7/5 ' 1.54

of the ALICE data is slightly worse than the one found for the combined fit of the AGS, SPS and RHIC
data. From Fig. 8 one can see that the main part of �

2
2 is generated by only two ratios, i.e. p/⇡

+ and
⇤/⇡

+. Therefore, the combined quality of the AGS, SPS, RHIC and ALICE data description achieved in
the present work is

�

2
tot/dof ' 64.8/60 ' 1.08

Although the found CFO temperature for the ALICE data is rather low, but a priori it was not clear
what the upper boundary for this temperature has to be chosen. For example, the authors of Ref. [13]
claimed that they found the second minimum of �

2
/dof for the ALICE data which is located at the

temperature about 274 MeV. Of course, it is hard to believe that at such a high temperature the hadrons
may exist and that at such huge particle densities the inelastic reactions are frozen, but the question
about the high temperature minimum has to be clarified. The present model is perfectly suited for such
a task, since it is valid in the region where the EVM is inapplicable.

To demonstrate this we employ the multicomponent version of the Carnahan-Starling EoS known as
the MCSL EoS [34]. Such an EoS is well known in the theory of simple liquids [35, 36]. Similarly to
its one-component counterpart [20] the MCSL EoS rather accurately reproduces the pressure of hard
spheres until the packing fraction values ⌘  0.35 � 0.4 [34, 36]. As usual, the packing fraction of the

N -component mixture ⌘ ⌘
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4
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3
k⇢k is defined via the set of hard-core radii {Rk} and the corresponding

particle densities {⇢k}. In terms of these notations the MCSL pressure [34] can be cast as
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Using the system (29), (30) we can find out the applicability bounds of the IST EoS at high temperatures
by comparing the IST EoS pressure (1) with the MCSL pressure (29) which we calculate for the same set
of particle densities {⇢k} given by Eq. (21). The results for the compressibility Z = p/(⇢ T ) are given in

Fig. 9. Here the total pressure of the system is p, while the total particle density is ⇢ =
NP

k=1
⇢k. From the

left panel of Fig. 9 one can see that the IST EoS provides a 5% deviation from the MSCL EoS at T ' 280
MeV, i.e. in the region where the second minimum of �

2
/dof is observed in the work [13]. But we do not

observe any additional minimum in our model up to T = 600 MeV.
An entirely di↵erent situation is with the EVM. From the right panel of Fig. 9 one can see that

the EVM is not valid at high temperatures: the conventional HRGM with multicomponent hard-core
repulsion provides 5% deviation from the MCSL EoS at T ' 215 MeV, and, hence, such a model cannot
be used at higher temperatures because the HRGM EoS becomes too sti↵ even compared to the hard

13

Combined fit of AGS, SPS, RHIC and LHC data

χ  /dof = 9.1/10 =0.91 ! 2

Light (anti)nuclei are NOT included into fit

In all our fits  (anti)protons 
and (anti)Ξ-s do not show any 

anomaly compared to  
J. Stachel et.al. fit, 

since we have right physics! 
!

=> There is no proton yield 
puzzle in a realistic HRGM!

BUT the puzzle of light (anti)nuclei  remains unresolved!  

V.V. Sagun et al., Eur. Phys. J. A (2018) 54: 100

Compare with J. Stachel et al. fit quality for Tcfo = 156 MeV χ  /dof = 2.4 2  with our one!



ALICE Data on Snowballs in Hell:	

What are Hard-core Radii of Nuclei?

Mean radius of deuteron is large 1.1∛2 = 1.39 fm 

But hard-core radius of one nucleon is 0.365 +-0.03 fm 

=> the deuteron hard-core radius is 0.365 ∛A fm

 For all loosely bound nuclei  of A nucleons  

              the hard-core radius is 0.365 ∛A fm

deuteron

In J. Stachel, A. Andronic, P. Braun-Munzinger and K. Redlich, J. Phys. Conf. Ser. 509, 012019 (2014)  
model the (anti)nuclei have the same hard-core radius as baryons which is 
unphysical!



ALICE Data on Snowballs in Hell:	

Is Tcfo of Nuclei Same as of Hadrons?

 1. all loosely bound nuclei  are frozen together with hadrons =>

 2. all loosely bound nuclei  are frozen separately from hadrons =>
KAB et al., Europhys. Lett. 104  (2013)
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!  

Объем !  в точке ! MeV. !
При температуре ! MeV (слева от минимума) – почти такое же хорошее согласие: 
зеленые ромбики – теоретический результат с предыдущей картинки. 
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Remarkable improvement of  

the fit quality!  

But why are the (anti)nuclei 

frozen at so high temperature? 
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ALICE Data on Snowballs in Hell:	

Why Are They Thermalized?

Hagedorn mass spectrum of QGP bags  
is a perfect thermostat and 
a perfect particle reservoir! =>  
Hadrons born from such bags will be in a full equilibrium!
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Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

L. G. Moretto, K. A. B., J. B. Elliott and L. Phair, Europhys. Lett. 76, 402 (2006)	


M. Beitel, K. Gallmeister and C. Greiner, Phys. Rev. C 90, 045203 (2014)

Moreover, the analysis of micro canonical partition function of a 
system containing of 1 Hagedorn bag  and  N Boltzmann particles 
shows that at the end of mass spectrum (where it terminates) the 
temperature depends on the mass of particle and the mass of QGP 
bag:  a few heavier particles will be hotter than many light ones!  

L. G. Moretto, K. A. B., J. B. Elliott and L. Phair, Europhys. Lett. 76, 402 (2006)	


K. A. B., J. B. Elliott, L. G. Moretto and L. Phair, arXiv:hep-ph/0504011



Conclusions and Perspectives

1. IST EoS provides the most successful fit of hadronic 
yields from AGS to LHC energies

3. It seems that the light (anti)nuclei freeze-out at  
    higher temperatures than hadrons, if the correct  
    hard-core radii are used  

4. In fact, thermalization of light (anti)nuclei can be    
    naturally explained by the existence of QGP bags with    
    the Hagedorn mass spectrum 

2. For realistic HRGM there is no proton puzzle at    
    LHC energies!



Thank You for  
Your Attention!

Table 1. The summary of possible PT signals. The column II gives short description of the
signal, while the columns III and IV indicate its location, status and references.

No and Type Signal C.-m. energy
√
s (GeV) C.-m. energy

√
s (GeV)

Status Status
1. Hydrodynamic Highly correlated Seen at Seen at

quasi-plateaus in ent- 3.8-4.9 GeV [4, 5]. 7.6-9.2 GeV [4, 5].
ropy/baryon, ther- Explained by the shock

mal pion number/ba- adiabat model [4, 5].
ryon and total pion Require an explanation.

number/baryon. Sug-
gested in [11, 12].

2. Thermodynamic Minimum of the In the one component
chemical freeze-out HRGM it is seen

volume VCFO . at 4.3-4.9 GeV [13]. Not seen.
In the multicomponent

HRGM it is seen
at 4.9 GeV [14].

Explained by the shock
adiabat model [4, 5].

3. Hydrodynamic Minimum of the Seen at 4.9 GeV [4]. Seen at 9.2 GeV [4].
generalized specific Explained by the shock
volume X = ϵ+p

ρ2
b

at adiabat model [4, 5]. Require an explanation

chemical freeze-out.
4. Thermodynamic Peak of the trace Strong peak is seen Small peak is seen

anomaly δ = ϵ−3p
T4 . at 4.9 GeV [5]. at 9.2 GeV [5].

Is generated
by the δ peak Require an explanation

on the shock adiabat
at high density end of
the mixed phase [5].

5. Thermodynamic Peak of the bary- Strong peak is seen Strong peak is seen
onic density ρb. at 4.9 GeV [10]. at 9.2 GeV [10].

Is explained
by min{VCFO} [14]. Require an explanation

6. Thermodynamic Apparent chemical γs = 1 is seen γs = 1 is seen at
√
s

equilibrium of at 4.9 GeV [10]. ≥ 8.8 GeV [10, 13].
strange charge. Explained by ther- Explained by ther-

mostatic properties mostatic properties
of mixed phase of QG bags with

at p = const [10]. Hagedorn mass
spectrum [10].

7. Fluctuational Enhancement of Seen at 8.8 GeV [9].
(statistical fluctuations N/A Can be explained by
mechanics) CEP [9] or 3CEP

formation [10].
8. Microscopic Strangeness Horn Seen at 7.6 GeV. Can

(K+/π+ ratio) N/A be explained by the on-
set of deconfinement at

[15]/above [8] 8.7 GeV.

at these energies of collision was first formulated in [4, 5, 6]. In the works [7, 8] a very good
description of the large massive of experimental data on nuclear collisions was first achieved
with the Parton-Hadron-Sring-Dynamics (PHSD) model by assuming an existence of CSR PT
at about

√
sNN ≃ 4 GeV in a hadronic phase and a deconfinement one at

√
sNN ≃ 9− 10 GeV.

For a summary of signals of	

two QCD phase transitions 	

see 	

K.A. Bugaev et al.,  	

arXiv:1801.08605 [nucl-th]	

and references therein



Present Status of A+A Collisions

Recently the situation gets better!

In 2000 CERN claimed indirect evidence for a creation of new matter  

In 2010 RHIC collaborations claimed to have created a quark-gluon  
plasma/liquid  

However, up to now we do not know:

1.      whether deconfinement and chiral symmetry restoration (ChSR) 
2.                                            are the   same phenomenon or not?

1.

1.                               are they phase transitions (PT)  or cross-overs ?2.

1.                               what are the collision energy thresholds of their onset? 3.



Recently Suggested Signals of QCD Phase 
Transitions 2014-2018

During 2013-2017 our group developed 
                                                a very accurate tool to analyze data

KAB, D. Oliinychenko, A. Sorin, G.Zinovjev, EPJ A  49 (2013)

KAB et al., Europhys. Lett. 104  (2013)

KAB et al., Nucl. Phys. A 970  (2018)

The high quality description of data allowed us  
                               to elucidate new irregularities at CFO from data and  

                                                                            to formulate new signals of two QCD phase transitions

D. Oliinychenko, KAB, A. Sorin, Ukr. J. Phys. 58 (2013)

D. Oliinychenko et al., Ukr. J Phys.  59 (2014)

KAB et al., Phys. Part. Nucl. Lett.  12  (2015)

KAB et al., EPJ A 52  (2016)  No 6

KAB et al., Phys. Part. Nucl. Lett.  15  (2018)

KAB et al., EPJ A 52  (2016)  No 8

Most successful 
version of the 

Hadron Resonance 
Gas Model (HRGM)

First work on evidence of two 
QCD phase transitions



Recently Suggested Signals of QCD Phase 
Transitions 2016

Our results
1-st order PT of Chiral Symmetry Restoration in  

                 hadronic phase occurs at about √s ~ 4.3-4.9 GeV    
!

               and 2-nd order deconfinement PT exists at √s ~ 9 GeV  
                        
!

W. Cassing et al.,, Phys. Rev. C 93, 014902 (2016); 
Phys. Rev. C 94, 044912 (2016). 

!
1-st order PT of ChSR  in hadronic phase 

                 occurs at about √s ~ 4. GeV 
                   and 2-nd order deconfinement PT exists at √s ~ 10 GeV 

  
                              Hard to locate them due to cross-over in  
                              Parton-Hadron-String-Dynamics model! 

Giessen group results



Higher Virial Coefficients of IST EOS 

V.V. Sagun,  K.A.Bugaev, A.I. Ivanytskyi, D.R. Oliinychenko, EPJ Web Conf 137 (2017); 
!
K.A.Bugaev, V.V. Sagun, A.I. Ivanytskyi, E. G. Nikonov, G.M. Zinovjev et. al., Nucl. Phys. A 970 (2018) 133-155
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Novel Equation of State

Data analysis
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Higher virial coefficients
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=> IST EoS is valid for packing fractions  η < 0.22



HRGM Results for LHC energy 

Figure 6: Same as in Fig. 5, but for the center of mass collision energies
p

sNN = 130 GeV and
p

sNN = 200
GeV.

radii of baryons

R⇡=0.15 fm, RK=0.395 fm, R⇤=0.085 fm, Rb=0.365 fm, Rm=0.42 fm

�

2
1/dof = 57.099/55 ' 1.04

R⇡=0.10 fm, RK=0.395 fm, R⇤=0.11 fm, Rb=0.355 fm, Rm=0.40 fm =) �

2
/dof ' 0.95

Compared to the values found by the HRGM [7], i.e. the hard-core radii of baryons Rb=0.355 fm,
mesons Rm=0.4 fm, pions R⇡=0.1 fm, kaons RK=0.395 fm and ⇤-hyperons R⇤=0.11 fm, the hard-core
radii of the IST EoS Rb, Rm and RK are practically unchanged, while the pionic hard-core radius is
increased by 50% and the hard-core radius of ⇤-hyperons is diminished by 20%. From Fig. 4 one can
see that, despite the di↵erent hard-core radii of pions and ⇤-hyperons, the collision energy dependence
of the baryonic chemical potential and temperature at CFO are unchanged compared to the HRGM [7].
The sudden jump of the CFO temperature observed between the collision energies

p
sNN = 4.3 GeV

and
p

sNN = 4.9 GeV also remains unchanged. This is an important finding since such an irregularity,
analyzed for the first time in [8], led to a discovery of possible signals of the mixed phase formation in the
central nuclear collisions [8, 9].

Some typical results of the IST EoS fit are compared with the ones of HRGM in Figs. 5 and 6. As one
can see from these figures at the collision energies

p
sNN = 4.9 GeV,

p
sNN = 6.3 GeV and

p
sNN = 200

GeV the quality of the IST EoS fit is almost the same as the one achieved with the HRGM. At the collision
energies

p
sNN = 7.6 GeV and

p
sNN = 130 GeV one can find an improved description of the �-meson

to proton ratio and the K

+-meson to ⇡

+-meson ratio respectively, while at
p

sNN = 8.8 GeV we found a
slight worsening in the description of proton to ⇡

�-meson ratio and in the ratio ⇤/⇡

� (see Fig. 5). The fit
results for other collision energies obtained by the HRGM and by the IST EoS are hardly distinguishable
from each other.

We would like to mention that the IST EoS provides an improvement of the K

+
/⇡

+ description (the
Strangeness Horn) from �

2
/dof ' 3.92/14 in [7] to �

2
/dof ' 3.29/14 here, while

p
sNN dependences of

⇤/⇡

� and ⇤̄/⇡

� ratios are reproduced here with �

2
/dof ' 11.62/12 and �

2
/dof ' 8.89/8 respectively.
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Conventional  HRGM:

a12 = 4⇡
X

k

R2
k

pk

T
, (18)

a21 =
4

3
⇡

X

k

R3
k

⌃k

T
, (19)

a22 = 1 + 4⇡
X

k

R2
k↵k

⌃k

T
. (20)

Then the particle density of hadrons of sort k is given by

⇢k ⌘
@p

@µk

=
1

T
· pk a22 � ⌃k a12

a11 a22 � a12 a21
. (21)

The charge density of kind A (A 2 {B, S, I3}) of a hadron of sort k can be found by multiplying
(21) by the partial derivative @µk

@µA
= Ak.
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For a comparison the ideal gas fit results are also shown which correspond to

TCFO ' 151± 7 �2/dof ' 17/17 ' 1
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and theory in the units of estimated error.
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The upper panel shows the fit of the ratios, while the lower panel shows the deviation between data
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4 Analysis of Vovchenko-Stoecker model

Now we are ready to apply the IST EOS to the analysis of the ALICE data with the Vovchenko-
Stoecker (VS) prescription of Ref. [8] for the hard-core radii

Rk = R0


mk

m0

� 1
3

, (11)
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4 Analysis of Vovchenko-Stoecker model

Now we are ready to apply the IST EOS to the analysis of the ALICE data with the Vovchenko-
Stoecker (VS) prescription of Ref. [8] for the hard-core radii

Rk = R0
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9

Ideal gas 

Light (anti)nuclei are included into fit

χ  /dof = 13.58/17 =0.8 ! 2

χ  /dof = 2.4 2  with our one!

Similar to J. Stachel, A. Andronic, P. Braun-Munzinger and K. Redlich, J. Phys. Conf. Ser. 509, 012019 
(2014)  (anti)nuclei have the same hard-core radius as baryons which is unphysical! 

Compare J. Stachel et al. fit quality for Tcfo = 156 MeV  



Main Results for AGS, SPS and RHIC energies  

1. We confirm that there is a jump of T       between √s = 4.3 GeV and √s = 4.9 GeV    CFO

2. We confirm that there is a strangeness enhancement peak at √s = 3.8 GeV  

Only pion and  Λ hyperon radii are changed a bit, but no effect on T and µ_B   

IST EOS (without ALICE):

Figure 6: Same as in Fig. 5, but for the center of mass collision energies
p

sNN = 130 GeV and
p

sNN = 200
GeV.

radii of baryons

R⇡=0.15 fm, RK=0.395 fm, R⇤=0.085 fm, Rb=0.365 fm, Rm=0.42 fm

�

2
1/dof = 57.099/55 ' 1.04
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mesons Rm=0.4 fm, pions R⇡=0.1 fm, kaons RK=0.395 fm and ⇤-hyperons R⇤=0.11 fm, the hard-core
radii of the IST EoS Rb, Rm and RK are practically unchanged, while the pionic hard-core radius is
increased by 50% and the hard-core radius of ⇤-hyperons is diminished by 20%. From Fig. 4 one can
see that, despite the di↵erent hard-core radii of pions and ⇤-hyperons, the collision energy dependence
of the baryonic chemical potential and temperature at CFO are unchanged compared to the HRGM [7].
The sudden jump of the CFO temperature observed between the collision energies

p
sNN = 4.3 GeV

and
p

sNN = 4.9 GeV also remains unchanged. This is an important finding since such an irregularity,
analyzed for the first time in [8], led to a discovery of possible signals of the mixed phase formation in the
central nuclear collisions [8, 9].

Some typical results of the IST EoS fit are compared with the ones of HRGM in Figs. 5 and 6. As one
can see from these figures at the collision energies

p
sNN = 4.9 GeV,

p
sNN = 6.3 GeV and

p
sNN = 200

GeV the quality of the IST EoS fit is almost the same as the one achieved with the HRGM. At the collision
energies

p
sNN = 7.6 GeV and

p
sNN = 130 GeV one can find an improved description of the �-meson

to proton ratio and the K

+-meson to ⇡

+-meson ratio respectively, while at
p

sNN = 8.8 GeV we found a
slight worsening in the description of proton to ⇡

�-meson ratio and in the ratio ⇤/⇡

� (see Fig. 5). The fit
results for other collision energies obtained by the HRGM and by the IST EoS are hardly distinguishable
from each other.

We would like to mention that the IST EoS provides an improvement of the K

+
/⇡

+ description (the
Strangeness Horn) from �

2
/dof ' 3.92/14 in [7] to �

2
/dof ' 3.29/14 here, while

p
sNN dependences of

⇤/⇡

� and ⇤̄/⇡

� ratios are reproduced here with �

2
/dof ' 11.62/12 and �

2
/dof ' 8.89/8 respectively.
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IST EOS 

V.V. Sagun et al., NPA (2018) and arXiv:1703.00009 [hep-ph]

jump jump

CFO for IST ?

3. Why Tcfo at LHC is lower than at highest RHIC energy???


