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C()) INTRODUCTION AND OVERVIEW

The investigation of the energy spectra of hydrogen muonic molecules is important
for muonic catalysis of nuclear fusion reactions. A calculation of fine and hyperfine
structure of muonic molecular ions as well as of higher order QED corrections allows us
to predict the rates of reactions of their formation and other parameters of the uCF cycle.

Note that there are several different approaches to the classification of bound states
In mesomolecular ions. One of them originates from adiabatic approach and involves a
pair of two quantum numbers J and v, where J is rotational quantum number and v is
vibrational quantum number.

One can introduce so-called “binding energy™:
m. ...
S Z)(in eV),
where M, is reduced mass of tu, n is principle quantum number of such bound state. For
(0,0), (0,1), (1,0) and (1,1) states n=1, while for the (-1)~"parity metastable P-state n=2.
For a given total energy of a particular state of a mesomolecular ion the sign of binding
energy defines whether the state is bound or not.

Shinding — _ZRy(Etotal +
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CS) PURPOSE

The aim of this work is to study the energy spectrum of three-particle
dtu muonic molecular ion on the basis of variational approach.

Tasks:

1. Analylical calculation of diagonal and off-diagonal matrix elements of
Kinetic energy, potential energy and overlap for all basis functions;

2. Writing computer code to solve bound state problem for three particles using
stochastic variational method with correlated Gaussian basis;

3. Calculation of the energy of the ground and excited states, including weakly-
bound states, of dtu muonic molecular ion on the basis of variational
method.
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CS) GENERAL FORMALISM

Let us consider a system of N particles. The Schrodinger equation in Jacobi

coordinates has the form:
o - HY=EV¥
NP+ B _ _ _
H = Z_Zm Tem ZVU- Vij two-body interaction potentials
i=1

i i<j

In variational method the wave function of the system is presented as follows

Y= ZCiW(X’ A)

An upper bound for the energy of ground and excited states is given by the lowest
eigenvalue of the generalized eigenvalue problem:

HC = E,BC
Hi = (X, A)H [y (X, A))
By =W (X, A) [y (X, A))
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CS) GAUSSIAN BASIS FUNCTIONS

In variational approach with correlated Gaussian basis wave functions have the form:
LP(Xi A) - GA(X)(9L (X)’

GA(X) _ e—xAX/Z ,
N-1N-1

iAX:ZZiji-xj.

i—1 j-1
X = (X,,...,X,_,) — Jacobi coordinates

X, — center of mass coordinate

The angular part of the basis wave function has the following form:

0L (x) =LY, (x)Y,, (x2)],, Yy (Xo)],, - Jum -

The diagonal elements of the (N-1)x(N-1) dimensional symmetric, positive definite
matrix A correspond to the nonlinear parameters of Gaussian expansion, and the off-
diagonal elements connect different relative coordinates thus representing the
correlations between particles.
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CS) JACOBI COORDINATES

We use the following order of particles:
12 3

tdu

The Jacobi coordinates are related to the relative .7 p 4?.
particle coordinates as follows:

p=rn—r, 2 1
=AM rm, N

m, +m,
R=0

For the interparticle coordinates:

,=nL—-r=p

m
m, +m,

m

My =0, —F=A———
m, +m,
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CS) GAUSSIAN BASIS FUNCTIONS

The wave function of the ground state (L=0):

1 2 2 ;
A +Ap +2A,(ph)] Wave function of ground state (0,0) and
— 2 !
Yo (P2, A)=¢e excited state (0,1)

In the case of three nonidentical particles in P-state (L=1, where L is total angular
momentum of particles) there are three possible wave functions:

L Aup? A2 A, (ph)]

v (P A A)=¢ ? (€p)

1, Wave functions of (1,0) and (1,1) states
_E['Allp +AR A +2 A, (p-2)]

Vulp, A, A)=¢ (€h)

1 2, L2242 A, (p-
w,(p, A A)=¢e 2 et Ao (e[pxA]) Wave function of (—1)“*" parity state

First two wave functions have "normal" spacial parity (—1)" while the third one has the
"odd" parity (—1)"*. We investigate both of these cases.

The wave function of the excited state with total orbital angular momentum L = 1 is a
superposition of ¥, and ¥;.
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CS) KOROBOV'S (EXPONENTIAL) APPROACH

The variational exponential expansion for arbitrary L, using the relative coordinates (r;,
[, and ry,) is given in the form:

" _ _ _
Wio= ZZCHYLO (N T ) eXP(—ar 1y, —agity —agry,)
1=0 i=1
where c; are linear parameters and ag'l) are nonlinear parameters. The notation Y.y~ ()
IS customary:

Yo (6y) = X2y [y, (0,)Yy0, (0]

For L = 1, there are two systems of angular functions:

Yoo (Fa,F) =K. - : '
181( 2 M) * where k is the unit vector along the Z axis.
Yo (M M) =K1y

In these expressions, Kk is again the unit vector along the Z axis. The formulas for
averaging the matrix elements over the orientations of the Z axis are:

§ (a-b)dQ, =4r(a-b)

i § @-k)(b-k)(c-k)(d-k)de, =i—g[(a-b)(c-d)+(a-c)(b-d)+(a-d)(b-c)]
§(a-k)(b-k)ko = (@)
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GROUND STATE L=0

LA+ AR 2 A, (ph)]

Vo (P, A)=¢ ?
Kinetic energy operator:

T=—-V —V,;
214 211,
where:
m,m (m, +m,)m
1 = 12 Ly = 1 273
m, +m, m, +m, +m,

Matrix elements of kinetic energy:
detB*® "2u, 7 2w, *
et ) .

|2° = A122 B, -2A,A,B, + A11(8122 + (An — B11)822)
|go = A122 Bzz _2A22A12 BlZ + A22(8122 + (Azz — BZZ)Bll)
Bi = A + A

<¢|T|g>"=
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GROUND STATE L=0

Potential energy operator:

v =& €& n €&
m m
Pl M 5 M
m, +m, m, +m,

Matrix elements of potential energy:

<¢ |V|p>=ep,l) +eel? +eely

. m13 23 m13 23
| — 8v2rx ':113'23 B, + Bzz( ) 2812
12_rdetB m, +m, m, +m,

22 13,23
m i)
[~ 25 F13 B _p - 2B Mea

IOO . 8 272' 12 22 m1+m2

13,23 /F13 23 (BzzF13 23 F13 23)2)

Overlap matrix elements:

8
< 00
al " detB™®
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CS) EXCITED STATE L=1

~STAuP? AP 2y (9]

wio(p,h, A)=e (ep),
1 2 2
—[ALP + PR AT +2 A, (p-2)]
Va(p,h A)=¢€ ? (€h).
Matrix elements of kinetic energy:
< ¢,|-|¢ | ¢>10,o1,11,(01410):_ 67 ’ {h2 |10,01,11,(0u10) n h_z |/110,01,11,(01410)}’

(detB)""* “2p, * 2
I, =5A,B,[By, + (A, —B,,)B,]-2A,B,, (B, +5A,B,, — B,,By,) + A (2B, +38B,,By,),
1° =5A2B% + A,,B,,(-10A,B,, +3B% —3B,,B,,) + A% (2B% +3B,,B,,),
1% =5A%B’ + A,B,,(-10A,B,, + 3B}, —3B,,B,,) + A} (2B}, +3B,,B,,),
1% =5A,,B,[B% +(A,, —B,,)B,]1-2A,B,(B% +5A,,B,, — B,,B,,) + A} (2B% +3B,,B,,),
11 = ALB,, —2A,A,B, + A,[B2 +(A, - B,)B,,], I} = A2B,, —2A,,A,B,, + A,[B2 + (A, — B,,)B,],
|40 — _B [-2A,B,, (4A, +B,,) +5A,B% +5A3B,, 1~ By, (A, — B,,)(5A,B,, —2A,B,)),
| %9 =5A°B,,B,, — A,(2A,B,,B,, +8A,B% +3B,,B,,B,, —3B.,) +5A2,B,,B,,.
Overlap matrix elements:

67°B 127° 677°B
<d >01: 11 < ' >11: < ' >(OJJ10):_ 12 .
Al (detB)5/ 2 Al (detB)5/ 2 Ak (de’[B)5/2
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CS) EXCITED STATE L=1

Matrix elements of potential energy:

< ¢r |V | ¢ >10 ,01,11,(01110) __ —e e2 Ifg ,01,11,(0110) +e e3 IJ:_L;) ,01,11,(01110) +e e3 I ;:(3) ,01,11, (0ﬂ10)

|1o _ 4\/_72_3/2 /Bzz |1o _ 2\/§7z3/2(3522|:113’23—(F213’23) )
12 (detB)2 v 11323 (F113,23)3/2[822F113,23_(F213,23)2]2’

101 _ 2\27" (3B,;B, —By) 10t _ 227" g {2\/F113’23 +

12 (522)3/2 (detB)2 171323 T [BZZF13,23 B (F213,23 2712
(3B F13 23 (F13 23) ) (m13 232 4F13 23 m13 23
22 -+ ’
(F%)* m, F5% my,
|11 g \/_ 7[3/2 |11 _ 3 \/E 7[3/2 | o) _ A \/_ 71_3/2 BlZ
12 » 113,23 RV
/ B, (detB) /F113,23 [822 F113’23 _ (F13,23)2]2 / B, (detB)

o) _ _ 2\/57?3/2 {2 F213,23 13 23 (3822 F13 23 (F13 23) )}

13,23 [B,, F5% _(FRE)T /?13,23 + m12 (FEZ)2

m13 23 mLs23 mLs23

F13,23 B + B 2 ZB 21 F13 23 B ZB 21 .

1 11 22(m +m) + 12m1+m 12 F 22m1+m2
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CS) EXCITED STATE WITH (-)"* PARITY

1 2 2
——[Ap"+ALA+2 A, (p-h)]
vy (p, M A)=¢e ? (e[px1r])

Matrix elements of kinetic energy:

2 2 2
<g0'|T|§0>11=— 607z h |1 h |1

detB3'5{2,ul ’2u, i+

I,lol = A122 Bll B 2A11A12 BlZ + A11(|3122 + (Au B Bll) Bzz)’
Iil — A122822 o 2A22A12812 + A22(8122 + (Azz o B22)|311)-

Matrix elements of potential energy:

<@ |V]p>=egl;, +ee;l;+eely,
e 8\/_72'1 5 i 8\/572’1'5
e \ By, (det B)* 1523 /F113,23 (B, F13% _ (FB3)2)?

Overlap matrix elements:

127°

<d | o>t
ar detB*°
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C‘)) THE PROGRAM

O For the numerical calculation of energy levels of three-particle Coulomb bound
states the code in MATLAB is written. The program uses stochastic variational
approach with random optimization procedure for nonlinear variational parameters;

O The program is based on the Fortran program by K.Varga and Y.Suzuki;

O A number of changes were made compared to the Fortran program, including the
ability to calculate states with nonzero L, more convenient variational parameters
generation and various optimization changes;

O The main results of the calculation include energies of ground and excited states
along with variational wave functions for each state. The program is capable of
calculating L=0 and L=1;

O We are now working on improved calculation of (1,1) state and the ability to
calculate various QED corrections such as relativistic and vacuum polarization
corrections.

K. Varga, Y. Suzuki Computer Physics Communications 106 (1997) 157-168
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C()) RESULTS AND COMPARISON

Bound state energy (0,0) tdu : Bound state energy (0,1) tdu :
-0.53859497048 (svm) -0.48805628731 (svm)
-0.53859497088 (Korobov) -0.48806535340 (Korobov)
-0.53859497170 (Frolov) -0.48806535421(Frolov)
Bound state energy (1,0) tdp : Bound state energy (1,1) tdu :
-0.52319145028 (svm) -0.48197043950 (svm)
-0.52319145093 (Korobov) -0.48199152659 (Korobov)
-0.52319145200 (Frolov) -0.48199152705 (Frolov)

L+1

Bound state energy L=1, (-1) "parity tdu :

-0.12386781229 (svm)
-0.12386781255 (Korobov)

(all energies are in muon atomic units)

O A.M. Frolov, D.M. Wardlaw, Bound state spectra of three-body muonic molecular
ions. // Eur. Phys. J. D, 2011, v. 63, p. 339-350.

yn. MockoBckoe wocce, a.34, r.Camapa, 443086, Ten. : +7 (846) 335-18-26, hakc: +7 (846) 335-18-36, caitT: www.ssau.ru, e-mail: ssau@ssau.ru ) ’




S

CAMAPCKWUWN YHV/IBEPCUTET

SAMARA UNIVERSITY

THANK YOU
FOR YOUR ATTENTION

yn. MockoBckoe wocce, a. 34, r. Camapa, 443086
Ten.: +7 (846) 335-18-26 , dakc: +7 (846) 335-18-36
CanT: www.ssau.ru, e-mail: ssau@ssau.ru



