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Main problem

Measurement

(folding)
True distribution Measured

—: > distribution
firue (X) fmeas (V)
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Spectrum unfolding
(deconvolution)



Main problem
(sampling)

v, =) Ryt
J
T :(‘L'l,’L'z,...,‘L'k) — true distribution

U :(Ml, Uy seeos Mn) — measured distribution

Mu =v =(v,,V,,...,V,)



Unfolding

“Naive” method

v =Rt

T — true distribution vV =Uu
U — measured distribution Rt =u
Mu =v @




Unfolding

Maximum likelithood estimation

M

L@ =[Gy, @) =[Te™ e

True distribution (spectrum) estimation: — R M

(the same as in “naive” method)

Properties: consistent and unbiased estimator, minimal error
for unbiased estimators class.

Problems: unstable for [l fluctuations, too large statistical errors.

Conclusion: biased estimators (add systematic bias).



Unfolding methods ideas

1. Correction by multiplicative coefficients
(for measured spectrum)

2. Bayesian methods
(D Agostini methods + modifications)

3. Metods based on regularization

1. Tikhonov's regularization + SVD (Kartvelishvili, Hoecker)

2. Tikhonov’s regularization , bias limitation + L-curve (Schmitt)
3. regularization based on entropy



Bayesian method
(D Agostini)

(Cl’ C2 yoooy Ck ) — causes — patrticle is in the given energy interval (bin)

(El, E2 yeeoy En ) — effects — particle is detected in the given energy
interval (bin)

Rij :P(Ei | Cj) — migration matrix

Basic idea
P(E, |C))P(C))

Y P(E;|C)P(C,)

Mji :P(Cj |E;) =

T =Mu



Iterative bayesian method

D Agostini
Rij :P(Ei | CJ) — migration matrix ( g )

€; :Z P(Ei |Ck) — efficiency
k

1. Initialization: P(Cj) :PO(CJ-)
2. Iteration: v = R,P(C))

g giZRikP(Ck)

k
f:MM P(Cj):fj/ka
k

3. Evaluate errors, repeat step 2 if necessary.

G. D'Agostini. A multidimensional unfolding method based on Bayes' theorem
9 Nuclear Instruments and Methods in Physics Research A, 362:487498, Febr. 1995.
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Methods based on
regularization

Rt =u <= L(tr) =(Rt- w)'(Rt- u)— min

d(r) =L(r)+a -S(r)— min

S (‘L’) — regularization function

94

Tasks:

— regularization coefficient

* choose S,

* choose optimal .



SVD Unfolding
®d(7) =L(t)+o -S(r) — min

5(7) :Z (T, - 21, +7,,,)" =(C7)' (C71)

T __
Solution RT =1 system by SVD USV' T =u
T T
z=V' 1, d=U
R =USV' : u
U, V — orthogonal matrices Sy =d = z —i
S — diagonal matrix S..
11
Solution of new system SVD T =V7zZ
d s’

I

—_— l
z, =— —

11




SVD Unfolding
®d(7) =L(t)+o -S(r) — min

5(7) :Z (T, - 21, +7,,,)" =(C7)' (C71)

Extras:
1. Renormalization of the original system
L .. 2
2. Choose regularization coefficientas & =Sy,

where S,, — last «large» singular value s

A. Hoecker and V. Kartvelishvili SVD Approach to Data Unfolding
(Nucl. Instrum. Meth. A 372 (1996) 469 [arXiv:hep-ph/9509307])

12
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d(r) =L (r)+a ‘L,(t)+ A -L,(r) — min

L (7) =L(7)
L2 (‘L’ ) — regularization function (smoothness)

L3 (‘L’) — bias limitation

Regularization coefficients choosing
1. L-curve
2. Correlation coefficient minimization

TUnfold
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Testing on proton’s

_ _ energy spectrum
Software implementation

ROOT (5.28, 5.34)
TUnfold

RooUnfold 1.1.1
Tunfold

SVD unfolding
Bayes unfolding

Data

Exponential spectrums (spl and sp2) are generated
1. Exponential parameters -1 and -2
2. Generative and measure energy values
3. Migration matrix constructed by sp2
4. Migration matrix applied for spl
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Problems

. Migration matrix construction

Condition R. >0,5 (Blobel)
Possibility of using for another distribution (spectrum)

. Binning

The effect of extreme (additional) bin

Irregular binninig

Different binning for true/measured spectrum

The effect of binning on the quality of the unfolding

. Methods particular features

Bayesian methods: number of iterations
Regularization methods: coefficient

. General

Unfolding quality estimation (comparision)
Using methods for several measured values



Migration matrix
Different binning

hist_ mc1_prob o hist_mc1_prob
,_Q 6 Entries 180 6 1.6 _— Entries 594
i Meanx 1.012 = Mean x 0.95347
B Meany 0.9774 1 4; Meany 0.9201
14 RMS x 0.3577 L Ol RMS x 0.3232
L RMSy 0.37055 B RMSy 0.3454 5
1.2— E 1.2_*
i 0.4 B
1— 1j
0.8 0.8
0.6 0.6
0.4 0.4—
02~ 0.2
S LT T 0 ol b b b b b by | 0
02 04 06 08 1 12 14 16 02 04 06 08 1 12 14 16
gen r

gen

Wide bins, max Rig = 1.6Gv Short bins, max Rig = 1.6Gv
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Results

Wide bins TUnfold (ROOT)

hist_data_LCURVE

50000 Entries 29

B [t Mean 0.9247

L L RMS 0.3019
40000/ = True

. é T
Measured
10000;

0 i | ‘ | \ | L1 ‘ L 1 1 ‘ L1 | [ ‘ [ | [ |
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

I CURVE



Short bins
hist_data_LCURVE
Entries 51
25000 + Mean 0.9264
" RMS  0.306

20000

15000

10000

5000
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L I\|\I\|\II‘II\|I\I‘\\I‘

0.4 0.6 0.8 1 1.2 1.4 1.6
f cuRVE

—

Results
TUnfold (ROOT)

Method is
sensitive to binning



Wide bins

Results

SVD unfolding (RooUnfold)

Unfold Response

60000
55000
50000
45000
40000
35000
30000
25000
20000
15000
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hist_mc1_recgen

Entries 12

Mean 0.8992
— RMS 0.3307

0.2 04

06 0.8 1 1.2 14 16

rqen

K reg =2

small
regularization

|:> Right choose regularization



Wide bins

Results
SVD unfolding (RooUnfold)
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Um:old Response hist_mc1_recgen | 'se hist_-.nc1_|
Entries 12 Entries

o0 el il

45000;— N

4000057 S L e I

35000§f

30000§f ]

25000§f ——— e

20000;— ,,,,,,,,,,,,,,,,,,,,,,,,

15000§f

10000i\‘\\\‘\I\|\\\‘\\\‘II\|\\\‘\\\| ﬁ\‘\\\\\|\\\\\\\\\\\\\\
02 04 06 0.3 1 1.2 14 16 .4 06 0.8 1 1.2 14 1.

Fgen I
K_reg=5 K_reg =12
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Short bins

Results

SVD unfolding (RooUnfold)

cl

Fle Edt Vew Optons Took Hep
Unfold Response hist_mc1_recgen
Entries 22
r Mean 0.9577
40000 — RMS—0.3279
s000—
30000
25000;—_ __________________
20000—
15000|—
10000
5000—
| S A | A
0.2 04 0.6 0.8 1.2 14 1.6
r
gen

Same behavior



Different bins

Results

SVD unfolding (RooUnfold)

Fie Edt Vew Optons Took

Hep
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Unfold Response

50000

45000

40000

35000

30000

25000

20000

15000

10000 —

hist_mc1_recgen

Entries 12
Mean 0.9537
RMS 0.3356

K reg=12

r

|:> Stable for binning



o Results
Wide bins

Bayes unfolding (RooUnfold)

<]

Unfold Response hist_mc1_recgen
Entries 12

Mean 0.9492
— RMS 0.3368

50000

45000

40000

35000 ) ]
° iterations = 1

30000

25000

20000

15000

| ‘ | | | ‘ | 1 | | | | | ‘ | | | ‘ | | | | 1 | | ‘ | | | ‘
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
rgen
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Wide bins

Results

Bayes unfolding (RooUnfold)

1<l
Eik.

50000

45000

40000

35000

30000

25000

20000

15000

10000

Unfold Response hist_mc1_recgen
Entries 12
— Mean 0.9537
= —— RMS  0.3357
; ______________
S L Iterations = 10
E— S ———
;\ | | | | ‘ | | | ‘ | | | ‘ | | | | | | | ‘ | | | ‘ | | | ‘
0.2 04 0.6 0.8 1 1.2 1.4 1.6
rgen




Wide bins

Fik Edit Mew

Cptions

Took

Results

Bayes unfolding (RooUnfold)

H=lp

Unfold Response

50000

45000

40000

35000

30000

25000

20000

15000

10000

hist_mec1_recgen

Entries 12
Mean 0.9541
RMS 0.3351

25

iterations = 100

|:> Need to measure the quality



Results

Short bins Bayes unfolding (RooUnfold)
Unfold Response Ei::;?:_recg;;
35000f—
3oooo§
25000;
- iterations = 1
20000;
15000;
10000;
5000;
o ST IR R BRI RN B

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

rgen




Results

Short bins Bayes unfolding (RooUnfold)

L& <
5

= Edt View Optons Took

Unfold Response hist_mc1_recgen
Entries 22

Mean 0.9578
RMS__ 0.3281

40000

35000

30000

25000 iterations = 100

20000

15000

10000

5000

] ‘ T — | [— ‘ I — | T — | I — | [ — | I — |
0 02 04 0.6 0.8 1 1.2 1.4 1 .6

gen

lterations convergence

|:> depends on binning




Conclusions

Methods features

* Bayesian method
perceptible dependence on iterations and
some dependence on binning
+ can be used for several measured parameters (2D)

* SVD unfolding
regularization coefficient choosing

* TUnfold
perceptible sensitivity to binning

28



Thank you for your
attention!

Olga Dunaeva
Yuri Bogomolov
Andrey Mayorov



Idea of extending for several

parameters
Unpack the matrix in a one-dimensional array 1
1
0
1[11/0
4
41211 >
2
0|21
1
0
Then possible to use Bayesian method 2
because it's based on just probabilities 1

(to detect the event in some bin)

Other methods use the information about nearest bins

29



High energy

Migration matrix
L —

File Edt Vew Optons Took Help
hist mc1_prob
Entries 81
El]l]l] Mean x 305.9
- Mean y 350.4

900 RMS x

RMS y

2791

800
700
600
500
400
300
200

100

n | - L1 1 L1 |
100 200 300

1 1 1 1 |
400

L1 L1 | L1
500

L1 1 |
600

1 L1 1 1 | L1 1 1 | L1 1 1
700 800 900 1000
r

gen

High energy (10-1000 GeV)




Results

TUnfold (RooUnfold)

|_:-'.|I C'1
Fie Edit VYew Optons Took Help
Unfold Response hist mc1_recgen
Entries 9
= Mean 89.07
RMS 147.8
105 E_
105 __mL......._____,______
: e —— log-
- scale
e |
I
104 —
—III|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII
100 200 300 400 500 600 700 800 900 1000
r
gen

Aplied to cosmic rays spectrum (-2.7)



Results
Bayes unfolding (RooUnfold)

e &
Fie Edit View Optons Took Hep
Unfold Response hist_mc1_recgen
Entries 9
= Mean 27.92
i RMS 7.8
10"
1 06 =B
10°

7

1 iteration = 10

10°

102
10

1

b P P b b b P B P
100 200 300 400 500 600 700 800 900 1000
rgen




Results
SVD unfolding (RooUnfold)

& cl o X
Fie Edit ¥ew Optons Took Help
Unfold Response hist_mc1_recgen

Entries 9
— Mean 27.92
107 RMS 7.808

108

10°

10*

K reg =

10°

102

10

I_IIIII|'|] IIIIIIﬂ] IIIIIm] IIIIIm| IIIIIm| [ TTTTI

L1 | Ll 1 1 | N | | | - | L1 1 1 | L1 1 1 | Ll 1 1 | Ll 1 1 | Ll 1 1 I | -
100 200 300 400 500 600 700 800 900 1000
r

gen




Results

Fie Edit Vew Optons Took Hep

hist_diff
Entries 9
0.1
TUnfold
0.05

SVD

-0.05
0.1
-0'15_III|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII
100 200 300 400 500 600 700 800 900 1000
rgen

High energy (10-1000 GeV), cosmic rays



Unpacked migration matrix

Migration matrix for Azimuthal and Zenith angle

50
100
140
200
250
300
350
400

450

a00 i
all 00 150 200 250 300 350 400 450 500

Use 36 bins for azimut and 14 bins for zenit angle
gives migration matrix 504x504
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