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Two Boltzmann equations for neutrinos

Standard model, T ≪ TEWPT , known Boltzmann equation
for massless neutrinos (antineutrinos) (V.S. 1987, Silva et al.1999,
Oraevsky & V.S. 2002):

∂f (νa,ν̄a)(k,x, t)

∂t
+ n

∂f (νa,ν̄a)(k,x, t)

∂x
± [Ee(x, t) + n×Be(x, t)]

×∂f (νa,ν̄a)(k,x, t)

∂k
= J (νa,ν̄a)(k,x, t), unit velocity n =

k

k
,

where Ee(x, t) = GF

√
2caV [−∇δn(e)(x, t)− ∂tδj

(e)(x, t)],

Be(x, t) = GF

√
2caV∇× δj(e)(x, t),

δj
(e)
µ = (δn(e), δj(e)), δn(e) = ne − nē, δj

(e) = je − jē, GF = 10−5/m2
p

- Fermi constant, caV = 2ξ ± 0.5, ξ = sin2 θW = 0.23.
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The neutrino (antineutrino) four-current,

j(νa,ν̄a)µ (x, t) =

∫

d3k

(2π)3
kµ
εk

f (νa,ν̄a)(k,x, t), εk = k,

is conserved,

∂

∂xµ
j(νa,ν̄a)µ (x, t) = 0,

due to the Lorentz form of Boltzmann equation,
and zero contribution of the collision integral,

∫

d3kJ
(νe)
coll = 0
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New Boltzmann equation accounting for
the Berry curvature Ωk = ±k̂/2k2

(M. Dvornikov & V.S. 2016)

∂f
(νa)
k

∂t
+

1√
ω

(

ṽ + Ẽe ×Ωk + (ṽ ·Ωk)Be

) ∂f
(νa)
k

∂x

+
1√
ω

(

Ẽe + ṽ ×Be + (Ẽe ·Be)Ωk

) ∂f
(νa)
k

∂k
= J (νa)(f

(νa)
k ),

Here ω = (1 + Be · Ωk)
2, ṽ = ∂εk/∂k, Ẽe =

Ee − ∂εk/∂k, where modified neutrino spectrum

εk = k[1−Ωk ·Be(x, t)].
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Neutrino number density and
neutrino 3-current density

n(νa)(x, t) =

∫

d3k

(2π)3
√
ωf

(νa)
k ,

j(νa)(x, t) =

∫

d3k

(2π)3

(

ṽ + Ẽe ×Ωk + (ṽ ·Ωk)Be

)

f
(νa)
k

obey a new anomaly at T ≪ TEWPT

∂j
(νa)
µ (x, t)

∂xµ
= ∂tn

(νa) +∇ · j(νa) = −C(νa)(Ee ·Be) 6= 0

C(νa) = [4π2(1 + e−µνa/T )]−1
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Neutrino asymmetry evolution at T ≪ TEWPT

(new result)

d(nνa − nν̄a)

dt
= − 1

4π2

∫

d3x

V
(Ee ·Be),

where using Maxwell equations jem = −eδj(e) = ∇×
B, Ḃ = −(∇ × E), ∇ · E = −eδne, (∇ · B) = 0, the
effective (weak) fields take the form :

Ee(x, t) = A∇2E(x, t), Be(x, t) = A∇2B(x, t)

A = GF

√
2caV /e, e =

√
4πα ∼ 0.3
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Toy model. In the Fourier representation

d(nνa − nν̄a)

dt
=

A2

8π2

∫

d3k

(2π)3
k4

∂

∂t
h(k, t)dk, (A)

for the monochromatic magnetic helicity spectrum h(k, t) = h(t)δ(k−
k0), where k0 = r−1

D , rD = vT/ωp is the Debye radius, h(t) =

V −1
∫

d3x(A ·B) is the magnetic helicity density, one gets the con-

servation law:

d

dt

[

(nνa − nν̄a)−
αa
ind

2π
h(t)

]

= 0, (AA)

where αa
ind = [e

(νa)
ind ]

2/4π is given by the induced charge of neutrino
in plasma (V.S. 1987, Nieves & Pal, 1994):

e
(νa)
ind = −GF c

a
V (1− λ)/

√
2er2D.
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This conservation law is analogous to the known conservation
law for the chiral magnetic effect (CME) in the case of charged
(right & left)electrons:

d

dt

[

(neR − neL) +
α

π
h(t)

]

= 0. (B)

From the conservation law (AA) for neutrino asymmetry nνa −
nν̄a ≈ ξνaT

3/6, assuming zero initial ξνa(T0) = 0 one gets neutrino
asymmetry parameter ξνa = µνa/T

ξνa(T ) = −5.7(caV )
2 × 10−15

(

T0

mp

)4(
T0

T

)3

, (C)

or for T0 = 1 GeV, T = O(MeV), ξνa = −7.3(caV )
2×10−6, while

for T0 = 10 GeV ≪ TEWPT ≃ 100 GeV one gets

ξνe(T = MeV) = 73!!! for νe, ceV ∼ 1
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Continuous (Kolmogorov’s) spectrum of magnetic energy den-

sity. For the initial ρ̃B(k̃, η) = Ck̃nB , nB = −5/3 we solve 3
self-consistent equations in conformal variables

∂

∂η
h̃(k̃, η) = −2k̃2

σc

h̃(k̃, η) +
4Π̃

σc

ρ̃B(k̃, η), (1)

∂

∂η
ρ̃B(k̃, η) = −2k̃2

σc

ρ̃B(k̃, η) +
Π̃

σc

k̃2h̃(k̃, η), (2)

where Π̃ = 2αµ̃5/π, µ̃5 = (µeR − µeL)/2T is governed by CME in
Eq. (B) accounting for chirality flip, Γ̃f ∼ m2

e

∂µ̃5

∂η
+

6α

π

∫

dk̃
dh̃(k̃, η)

dη
= −Γ̃f µ̃5. (3)
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The solution of Eq. (A) in conformal variables,

dξνa
dη

=
3A2

4π2a2

∫

k̃4
d

dη

[

h̃(k̃, η)

a2

]

dk̃

using Eqs. (1-3) for the maximum initial helicity h̃(k̃, η0) =
2ρ̃(k̃, η0)/k̃ gives a negligible growth of (negative) neu-
trino asymmetry for the ZERO INITIAL ξνa(η0) = 0,
in plot built for ξνe(T ).
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Figure 1: Asymmetry of the electron neutrino in the hot universe plasma for
the Kolmogorov′s initial spectrum, nB = −5/3
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On the other hand, modifying Boltzmann equation in hyper-
charge fields at T > TEWPT ,

∂f (νa,ν̄a)(k,x, t)

∂t
+ n

∂f (νa,ν̄a)(k,x, t)

∂x
± gL [EY (x, t) + n×BY (x, t)]

×∂f (νa,ν̄a)(k,x, t)

∂k
= J (νa,ν̄a)(k,x, t),

where gL = g
′

yL/2, yL = −1 is the hypercharge for the left dou-
blet La = (νa la)

T , g
′

= e/ cos θW , or switching on Berry curvature
in spectrum, εk = k(1− gLΩ ·BY ), we recover well-known Abelian
anomaly in hypercharge fields (not using Feynman’s triangle dia-
gram!):

d(nνa − nν̄a)

dt
= − g2L

4π2

∫

d3x

V
(EY ·BY ) = − g

′2

16π2

∫

d3x

V
(EY ·BY )
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Conclusions

• The neutrino current is not conserved both before EWPT and
after it. This happens (even after neutrino decoupling) due to the
Berry curvature in momentum space.

• If before EWPT at T > TEWPT ≃ 100 GeV the asymmetry
grows due to Abelian anomaly up to ξνa ∼ 10−10 (we found such
anomaly through Boltzmann equation modified due the Berry cur-
vature), after EWPT neutrino asymmetry grows too even for zero
initial ξνa(η0) = 0.

• Nevertheless, the effect after EWPT is negligible and , of
course, asymmetry obeys well-known BBN limit | ξνa |< 0.07 (Dol-
gov et al., 2002).
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Faraday equation in electroweak plasma

Anomalous MHD (AMHD) Faraday equation takes the form

∂B

∂t
= α∇×B+ η∇2B,

where α = Π2/σcond- magnetic helicity parameter coming from the

Chern-Simons (CS) term in effective Lagrangian LCS = Π2A·B (M.Dvornikov

& V.S., 2014)

α(T ) =
αemGF

√
2T 2F (ω/T )

6πσc

[ξνe − ξνµ − ξντ ],

ξνa
= µνa

/T - the neutrino asymmetry parameter, a = e, µ, τ ;
η = (σcond)

−1 -the magnetic diffusion coefficient, σcond = σcT ≈ 100T is
the electric conductivity in hot plasma. The dynamo solution for k =| α | /2η

B(k, t) = B0 exp

[
∫ t

t0

(| α | k − ηk2)dt
′

]

=⇒ B0 exp

[

∫ t

t0

(

α2(t
′

)

4η(t′)

)

dt
′

]
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Lower bound on neutrino asymmetry

Assuming magnetic field amplification due to neutrino asymmetries,
denoting Ξν = ξνe

− ξνµ
− ξντ

, one gets the lower bound

∫ t

t0

[

α2(t
′

)

4η(t′)

]

dt
′

> 1 =⇒ Ξ2
ν >

103
√

g∗/106.75

[(T0/GeV)3 − T/(GeV)3]
,

or in cooling universe, T ≪ T0 ≡ TEWPT = 100 GeV,

| Ξν |> 1

32

(

g∗

106.75

)1/4

(A)

From (A) after equilibration ξνe
∼ ξνµ

∼ ξντ
due to neutrino oscillations

at T ∼ O(MeV) when g∗ = 10.75, one obtains finally

V.S. (2016) =⇒ 0.0173 <| ξνe |< 0.07 ⇐= Dolgov et. al. (2002)
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Cosmological bound
on Dirac neutrino magnetic moment

Using BBN bound on excess of neutrino species, ∆Nν < 0.3, arising due to

Dirac neutrino spin oscillations via the magnetic moment µ
(D)
νe

, νeL ↔ νeR, one
claims to restrict conversion rate comparing that with the Hubble parameter,

ΓL→R

H
=

〈PR→L〉ΓW

H
≤ 1, where 〈PR→L〉 =

1

2

(2µ
(D)
ν B⊥)

2

(2µ
(D)
ν B⊥)2 + V 2

, (∗)

V is the neutrino potential obeying V ≫ 2µ
(D)
ν B⊥, ΓW = 4G2

FT
5 is the weak

interaction rate. From (∗) one gets (P. Olesen, K. Enqvist & V.S., 1992):

µ(D)
ν ≤ 6.5× 10−34µB

BCMF (tnow)/1 G
≤ 6.5× 10−18µB,

where we use the lower bound (from γ-ray-observations by Fermi satellite) ,

BCMF (tnow) > 10−16 G at scales L ∼ Mps, (A. Neronov, I. Vovk, 2010).
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