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Деление атомных ядер
J. Phys. G: Nucl. Part. Phys. 47 (2020) 113002 Topical Review

Figure 1. Schematic illustration of the features most relevant to the fission phenomenon.
The red curve depicts (in a one-dimensional projection) the potential energy as a function
of the elongation; the ground state is at the lowest minimum, and the shape-isomeric
state is at the second minimum. From these states it is possible to tunnel through the
potential barrier. Tunnelling is also relevant for neutron or photon induced fission when
the resulting initial state lies below the fission barrier. If the initial state is excited above
the fission barrier, it may undergo a complicated shape evolution crossing the barrier
from above. Once the system finds itself beyond the barrier, it relatively quickly descends
towards scission. There it divides into two nascent fragments, which subsequently move
apart under the influence of their mutual Coulomb repulsion while gradually attaining
their equilibrium shapes and become primary fragments. Primary fragments then de-
excite by evaporating neutrons, radiating photons, and undergoing β decay.

In addition to an SF, fission can be induced by a variety of nuclear reactions. The fission-
induced processes include: neutron capture (responsible for energy production in fission reac-
tors), electron capture and beta decay, photofission, and reactions involving charged particles
and heavy ions. In all these processes, the fissioning nucleus is created in an excited state,
which may lie above or below the fission barrier.

Theoretical descriptions of fission induced by fast probes often assume the creation of
a compound nucleus at a given thermal excitation energy. However, as discussed later, that
assumption might be ill-founded for fast probes because the nuclear system may not have
sufficient time to thermalise before undergoing fission. This becomes increasingly important
at higher energies where pre-equilibrium processes play an increasingly significant role and
may lead to the emission of one or more nucleons before equilibrium is reached. Moreover, as
the excitation energy of the compound nucleus is increased, neutron evaporation competes ever
more favourably with fission and as a result, one or more neutrons may be evaporated before fis-
sion occurs (multi-chance fission). In addition, for non-thermalised systems one should develop
approaches using fixed energy rather than fixed temperature.

2.2. Important observables

When talking about fission observables, it is important to remember that what is often
considered ‘experimental’ is often the result of an indirect process, in which a quantity of

5

Рисунок 1 — Схематическое изображение особенностей, присущих процессу
ядерного деления (Michael Bender et al, — J. Phys. G: Nucl. Part. Phys., v. 47,
iss. 11, 113002, 2020).

Д. А. Ситьков (НИЯУ «МИФИ») Деформация атомных ядер 30 мая 2022 г. 2 / 13



Параметризация поверхности ядра

Поверхность ядра при деформации параметризуется в цилиндрической
системе координат.
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Рисунок 2 — Параметры, определяющие поверхность ядра.
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Рисунок 3 — Известные величины.
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Рисунок 4 — Величины, определяющиеся из системы уравнений.
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Параметризация поверхности ядра

Параметризация, представленная M. Mirea, — Romanian Reports in Physics,
v. 59, iss. 2, 2007:

ρ(z) =


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√√√√1 −
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, z ≤ z1
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d
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d
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ρ2(z) = b2

√√√√1 −
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a2

)2

, z ≥ z2.
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Параметризация поверхности ядра

Величины 1/d,R3, c3, z1, z2 определяются из нелинейной системы урав-
нений:

ρ(z) ∈ C [−a1, a2 + c2] — 2 уравнения;

ρ′(z) ∈ C (−a1, a2 + c2) — 2 уравнения;∫ a2+c2
−a1

ρ2(z) dz = 4/3 · a1b
2
1 + 4/3 · a2b

2
2 — 1 уравнение.
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Симметричная деформация ядра

Два симметричных осколка a1 = a2 = b1 = b2 = 1
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Рисунок 5 — Положение второго осколка c2 = 1,0

Д. А. Ситьков (НИЯУ «МИФИ») Деформация атомных ядер 30 мая 2022 г. 5 / 13



Симметричная деформация ядра

Два симметричных осколка a1 = a2 = b1 = b2 = 1

-2

-1

0

1

2

-1 0 1 2 3

±
ρ
(z
)

z

Рисунок 6 — Положение второго осколка c2 = 1,2
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Симметричная деформация ядра

Два симметричных осколка a1 = a2 = b1 = b2 = 1
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Рисунок 7 — Положение второго осколка c2 = 1,4
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Симметричная деформация ядра

Два симметричных осколка a1 = a2 = b1 = b2 = 1
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Рисунок 8 — Положение второго осколка c2 = 1,6
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Симметричная деформация ядра

Два симметричных осколка a1 = a2 = b1 = b2 = 1
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Рисунок 9 — Положение второго осколка c2 = 1,8
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Симметричная деформация ядра

Два симметричных осколка a1 = a2 = b1 = b2 = 1
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Рисунок 10 — Положение второго осколка c2 = 1,9
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Потенциал Вудса-Саксона

Для сферического ядра радиуса R :

V 0
WS(ρ) = − V0

1 + exp
[
ρ−R
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]

−V0
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Рисунок 11 — Потенциал Вудса-
Саксона. V0 — глубина потенциала, a —
параметр диффузности.
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Модифицированный потенциал Вудса-Саксона

Поле, в котором движутся
нуклоны:

VWS(ρ, z) = − V0

1 + exp
[
∆(ρ,z)

a

] .

(
ζ, ρ(ζ)

)
(z , ρ)

ρ

z

∆
(ρ
, z
)

Рисунок 12 — Связь потенциала и по-
верхности ядра.
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Двухцентровой осциллятор

Гамильтониан двухцентрового осциллятора:

Ĥ0 = T̂ + V (ρ, z).

Симметричный осциллятор:

ω(1,2)ρ = ω(1,2)z ≡ ω.
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Двухцентровой осциллятор

Потенциал:

V (ρ, z) =
mω2ρ2

2
+

mω2(z0 − |z |
)2

2
, ω = ω(z0)

Рисунок 13 — Эквипотенциальные поверхности двухцентрового симметрично-
го осциллятора при его деформации.
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Аналитическое решение

Соответствующее уравнение Шрёдингера Ĥ0Φ = EΦ:(
∇2 − m2ω2

ℏ2

(
ρ2 + z2 − 2|z |z0 + z2

0
)
+

2mE

ℏ2

)
Φ(ρ, z , φ) = 0.

Разделяя переменные Φ(ρ, z , φ) = χ(ρ)ζ(z)v(φ), получаем квантовые
числа:

v(φ) → nφ — целое число,

χ(ρ) → nρ — положительное целое число,

ζ(z) → nz — не обязательно целое число.
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Аналитическое решение

Общий вид функции ζ(z):

ζ(z ≷ 0) = exp

(
−mω2

2ℏ
(
z ∓ z0

)2)×

×
[
C1,1′

√
mω

ℏ
(z ∓ z0) 1F1

(
1 ± nz

2
,
3
2
,
mω

ℏ
(z ∓ z0)

2
)
+

+ C2,2′ 1F1

(
−nz

2
,
1
2
,
mω

ℏ
(z ∓ z0)

2
)]

.
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Аналитическое решение

Из условий ζ(z) ∈ C 1(R), ζ(±∞) = 0 и равенства [Ĥ0, P̂] = 0 получим
уравнения на nz = nz(z0):[

ζ(z > 0) = ζ(z < 0)
]
z=0,[

dζ(z < 0)
dz

=
dζ(z > 0)

dz

]
z=0

,

C1 = −C ′
1, C2 = C ′

2 или C1 = C ′
1, C2 = −C ′

2,

C1

2Γ
(1−nz

2

) + C2

Γ
(
−nz

2

) = 0.
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Аналитическое решение

Энергия двухцентрового осциллятора (P. Holzer, U. Mosel, and W. Greiner,
— Nuclear Physics A, v. 138, iss. 2, 1969):

E (z0) = ℏω(z0) ·
(
nz(z0) + 2nρ + |nφ|+ 3/2

)
.

248 I,. ItOLZER et aL 

with C t arbitrary. Eq. (22) can only be satisfied, if we put 

n, = 2 n + l ,  n = 0 , 1 , 2  . . . .  (23) 

which are just the eigenstates of a harmonic oscillator for negative parity. The states 
of  positive parity can be treated similarly. 

In general, n~ is related to the energy by the equation 

E 
n.  = - -  - 2 r i p - I n ~ 1 - ½ ,  (24) 

hco 

or, equivalently 

E = h ~ o ( n . + 2 n , , +  In~,l +g-), (25) 
which can be obtained by solving (5); ~o depends on the eccentricity Zo. We may plot 
each energy level (25) as a function ofzo. The result is shown in fig. 3. It  is comparable 
with the well-known Nilsson diagrams in which the deformation plays the same role 
as the distance of the two centres in our case. In fact, if H(l t l2 )  is included in the 
solution, the Nilsson orbits should be reproduced for small Zo, e.g. zo/R << 1. We 
recognize in fig. 3 that at z o = 0 the harmonic oscillator levels are reproduced. On 
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Fig. 3. The  eigenvalues o f  the complete  Schr0dinger  equa t ion  are shown  as a funct ion  o f  Zo for the 
symmetr ic  case (2a). In  square  brackets  are given the q u a n t u m  numbers  [n_-, np, no] for the lowest 
levels. For  n= we have chosen always its value at zo ~= 0. These  eigenvalues have been calculated for the 

23s nucleus  9zU for which the  scission poin t  (two touching  spheres)  lies at zo = 6.3 fm. 

the other hand harmonic oscillator levels are appearing also for large separations z o 
with a different oscillator spacing and degeneracy with respect to parity. The explana- 
tion is the following: For large z o we are faced with the case of two separated spheres 
with vanishing interaction. Hence the two spheres can be considered as independent 
and each of them should produce the harmonic oscillator spectrum, corresponding to 
its oscillator frequency o)(A/2). The parity with respect to the origin of our coordinate 
system then becomes meaningless, because there is no overlap between the wave func- 
tions in the two fragments and therefore the parity has to be measured with respect to 

Рисунок 14 — Энергии двухцентрового осциллятора с квантовыми числами[
nz(z0 = 0), nρ, nφ

]
для ядра с A = 235, точкой деления z0 ∼ 6,3 фм.
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Заключение

В ходе проделанной работы:
изучена параметризация поверхности ядра ρ(z) при его
деформации;

исследована двухцентровая осцилляторная модель →
аналитические решения УШ с потенциалом V (ρ, z).

В дальнейшем планируется:
численное решение уравнений сшивки функции ζ(z) →
аналитический базис из СФ Φ(ρ, z , φ);
получение одночастичных ВФ и СЗ задачи с диагонализованным
потенциалом Вудса-Саксона VWS(ρ, z).
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