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             DGLAP                              vs                           BFKL

2

dfi
d log μ2

=
αs

2π [Pqq ⊗ fi + Pqg ⊗ fg]
dfg

d log μ2
=

αs

2π [Pgq ⊗ ∑
i

fi + Pgg ⊗ fg]

DGLAP evolution

Bjorken limit     

  s → ∞; pT → ∞; x ∼

pT

s
∼ 1

kTn ≫ kTn−1 ≫ . . . ≫ kT2 ≫ kT1

[αs log Q2]n

BFKL kinematics (LLA):  Regge-Gribov limit 

  


 ;


   c    

s → ∞; pT − finite; x ∼
pT

s
→ 0

pT ≫ ΛQCD

∂fg
∂ log 1/x

= K ⊗ fg = ωfg

xn ≫ xn−1 ≫ . . . ≫ x2 ≫ x1

kTn ∼ kTn−1 ∼ . . . ∼ kT2 ∼ kT1

[αs log(1/x)]n

ωmax = αIP(0) − 1
LL BFKL  provides too large intercept





NLL BFKL:            


αLL
IP (0) ≈ 1.5

αNLL
IP ≈ 1.2

[JETP Lett. 70 (1999) 155-160]

S.J. Brodsky, V.S. Fadin, V. T. Kim, 
L.N. Lipatov, G.B. Pivovarov

BFKL evolution

https://link.springer.com/article/10.1134/1.568145
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Mueller-Navelet dijets
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[Nucl. Phys. B 282 (1987) 727]A. H. Mueller and H. Navelet

MN jet pair is a pair of jets with 
  above    most 

separated in rapidity 
pT pT min

Δy = |y1 − y2 |

σMN
 GeV
pTmin > 35

Δy < 9.4

 TeVs = 2.76

[JHEP03(2022)189]CMS

https://www.sciencedirect.com/science/article/abs/pii/055032138790705X?via=ihub
https://link.springer.com/article/10.1007/JHEP03(2022)189
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RATIOS of X-sections with VETO
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[Nucl. Phys. B 282 (1987) 727]
σMN

σBorn
MN К factor

- impossible to measure σBorn

“Exclusive” cross section: events with just one pair of jets with  
 above pT pT minσexcl

“Exclusive” with veto  - “exclusive” events with Veto on 
additional jets with  above pT pT veto

σexcl
veto

RMN =
σMN

σexcl
MN “K-factor”

RMN
veto =

σMN

σexcl
veto

MN “K-factor” with veto

A. H. Mueller and H. Navelet

  were measured in pp by CMS at 7 TeV RMN

[JHEP03(2022)189],      and     were measured in pp by CMS at 2.76 TeVσMN RMN RMN
veto

[Eur. Phys. J. C 72 (2012) 2216]

https://www.sciencedirect.com/science/article/abs/pii/055032138790705X?via=ihub
https://link.springer.com/article/10.1007/JHEP03(2022)189
https://link.springer.com/article/10.1140/epjc/s10052-012-2216-6
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NLL BFKL for MN dijets (1)
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dσ
dy1dy2d2 ⃗pT1d2 ⃗pT2

= ∑
ij

∫ fi(x1, μF)fj(x2, μF)
d ̂σij(x1x2s, μF, μR)
dy1dy2d2 ⃗pT1d2 ⃗pT2

NLL BFKL

f eff(x, μF) =
CA

CF
fg(x, μF) + ∑

i=q,q̄

fi(x, μF),Large :Δy

d ̂σgg

dy1dy2d2 ⃗pT1d2 ⃗pT2
=

xJ1xJ2

(2π)2 ∫
d2 ⃗q1

⃗q2
1

V1( ⃗q1, x1, ⃗pT1, xJ1)

× ∫
d2 ⃗q2

⃗q2
2

V2(− ⃗q2, x2, ⃗pT2, xJ2)

× ∫C

dω
2π i ( x1x2s

s0 )
ω

Gω( ⃗q1, ⃗q2),

Φ( ⃗q, ⃗pT, xJ, ω) ≡ ∑
i

∫
1

0
dx fi(x, μF)( x

xJ )
ω

Vi( ⃗q, x, ⃗pT, xJ),

Φ1,2(n, ν, ⃗pT1,2, xJ1,2, ω) = αs(μR)[c1,2(n, ν) + ᾱs(μR)c(1)
1,2(n, ν)]

dσ
dy1dy2d | ⃗pT1 |d | ⃗pT2 |dϕ1dϕ2

=
1

(2π)2 [𝒞0 +
∞

∑
n=1

2 cos(nϕ)𝒞n]
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NLL BFKL for MN dijets (2)
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NLL BFKL
dσ

dy1dy2d | ⃗pT1 |d | ⃗pT2 |dϕ1dϕ2
=

1
(2π)2 [𝒞0 +

∞

∑
n=1

2 cos(nϕ)𝒞n]

𝒞n =
xJ1xJ2

| ⃗pT1 | | ⃗pT2 | ∫
+∞

−∞
dνe(Y−Y0)ᾱs(μR)χ(n,ν)α2

s (μR)c1(n, ν)c1(n, ν)[1 + ᾱs(μR)( c̄(1)
1 (n, ν)
c1(n, ν)

+
c̄(1)

2 (n, ν)
c2(n, ν)

+
β0

2Nc ( 5
3

+ ln
μ2

R

| ⃗pT1 | | ⃗pT2 |
+ f (ν))) + ᾱ2

s(μr)ln
s
s0 {χ̄(n, ν) +

β0

4Nc
χ(n, ν)( −

χ(n, ν)
2

+
5
3

+ ln
μ2

R

| ⃗pT1 | | ⃗pT2 |
+ f (ν))}]

where

Y = y1 − y2 = ln
xJ1xJ2s

| ⃗pT1 | | ⃗pT2 |
and Y0 = ln

s0

| ⃗pT1 | | ⃗pT2 |

BFKLP 

- transform to MOM scheme;


- choose scale to make  terms vanish β0

[JETP Lett. 70 (1999) 155-160]

https://link.springer.com/article/10.1134/1.568145
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RESULTS of NLL BFKLP for MN dijets @ 2.76 TeV
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The BMS equation
Banfi-Marchesini-Smye (BMS) (2002)




Soft gluons, large , energy ordering;


Large angle emission, Sudakov and non-global logarithms;





 ;                     ;                     


 ; 

Pout(Q, Eout) = ∑
n

∫
dσn

σT
Θ(Eout − ∑

out

qti)

Nc

∂τPab(τ) = − (∂τRab)Pab + ∫in

dΩq

4π
wab(q)[Paq(τ)Pqb(τ) − Pab(τ)]

τ = ∫
Q

Q0

dqt

qt

αs(qt)CA

π
Q0 = Eout wab(q) =

1 − cos θab

(1 − cos θaq)(1 − cos θqb)

Rab(τ) = ∫
Q

Eout

dqt

qt
ᾱs(qt)∫out

dΩq

4π
wab(q) ≈ τfab

8

[JHEP 08 (2002) 006]

https://iopscience.iop.org/article/10.1088/1126-6708/2002/08/006
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INTER-JET   Veto

at large  limit, and in one-gluon exchange,


color flows as  and  


Nc

1 → 4 2 → 3

dσveto

dΔyd2pT
=

q,q̄,g

∑
ij

∫
ymax(pT,Δy)

ymin(pT,Δy)
dyx1 fi(x1, pT)x2 fj(x2, pT)

1
π

d ̂σveto
ij

d ̂t

d ̂σveto
qq′￼

d ̂t
=

1
16π ̂s2

(hA( ̂s, ̂t, ̂u)P14P23+hA( ̂s, ̂u, ̂t )P13P24)

9

yin =
Δy
2

− Rjet yin = − log tan( θin

2 )

hA( ̂s, ̂t, ̂u) = g4 CF

Nc ( ̂s2 + ̂u2

̂t 2 )
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BMS vs ATLAS @ 7 TeV
Y.Hatta et al. (2013)  
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[Phys. Rev. D 87, 054016]

p⊥min = 70 GeV
p⊥veto = 20 GeV

s = 7 TeV

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.87.054016
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Modifications of the BMS approach (1)
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Born x-section   NLL BFKL x-section⇒

Peff =
1

f eff(x1)f eff(x2) [( CA

CF )
2

fg(x1)fg(x2)Pgg +
CA

CF (fg(x1) ∑
i=q,q̄

fi(x2) + fg(x2) ∑
i=q,q̄

fi(x1))Pgq

+( ∑
i = q
j = q

fi(x1)fj(x1) + ∑
i = q̄
j = q̄

fi(x1)fj(x1))Pqq + (∑
i = q
j = q̄

fi(x1)fj(x2) + ∑
i = q̄
j = q̄

fi(x1)fj(x2))Pqq̄]

Pgg =
1
2 (P12P13P24P34 + P14P24P13P23)

Pgq =
1
2 (P24P12P34 + P24P14P23)

Pqq = P14P23

Pqq̄ = P12P34,

d ̂σij(x1x2s, μF, μR)
dy1dy2d2 ⃗pT1d2 ⃗pT2

Δy→∞ d ̂σgg

dy1dy2d2 ⃗pT1d2 ⃗pT2

Large Δy ̂s, ̂u ≫ ̂t

 can be averaged over  Pab f eff(x, Q)
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Modifications of the BMS approach (2)
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Notice that gluon is represented by two dipoles stretched above  Δy

d ̂σveto
qq′￼

d ̂t
=

1
16π ̂s2

(hA( ̂s, ̂t, ̂u)P14P23+hA( ̂s, ̂u, ̂t )P13P24)

each dipole connects its ends in color singlet state

so each dipole should emit  , 


then two of them emit 

∝ αsCF

∝ αs(CF + CF) = αs(CA + 1/Nc)

τ = ∫
Q

Q0

dqt

qt

αs(qt)CA

π
⇒ τ = ∫

Q

Q0

dqt

qt

αs(qt)CF

π
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Results for Ratios with Veto @  2.76 TeV
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As the left plot shows  does  overshot the emission.      should be usedCA CF
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Results for Ratios with Veto @  7 TeV

14

BMS emission is not enough 


BFKL is needed
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Summary

• The NLL BFKL calculation with BFKLP scale setting agrees MN x-section 
measurements at  TeV 


• BMS agrees to veto measurements when  is replaced with 


• BMS predicts not enough emission when there is no phase space for 
development of cascade ordered in  


• All this argues in favour of BFKL evolution


• The development of a BFKL based method for Veto calculation is needed

s = 2.76

CA CF

pT

15



THANK YOU!

16



BACKUP

17
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Mueller-Navelet dijets

18

[Nucl. Phys. B 282 (1987) 727]A. H. Mueller and H. Navelet

MN jet pair is a pair of jets with 
  above    most 

separated in rapidity 
pT pT min

Δy = |y1 − y2 |

σMN
 GeV
pTmin > 35

Δy < 9.4

 TeVs = 2.76

[JHEP03(2022)189]CMS

DGLAP generators

BFKL generators

• PYTHIA                         - LO + LL DGLAP+ color dipole

• HERWIG                       - LO + LL DGLAP + angular ordering

• POWHEG+PYTHIA    - NLO + LL DGLAP + color dipole

• POWHEG+HERWIG  - NLO + LL DGLAP + angular ordering

• SHERPA                        - L0 + N-Real + LL DGLAP

• HEJ                       - LL BFKL (parton level)

• HEJ+ARIADNE  - LL BFKL (hadron level)

https://www.sciencedirect.com/science/article/abs/pii/055032138790705X?via=ihub
https://link.springer.com/article/10.1007/JHEP03(2022)189
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RATIOS with Veto at LHC
Djet cross section ratios (“K factor”) at  TeVs = 2.76

19

 ГэВ
pT > 35
Δy < 9.4RMN =

dσMN /dΔy
dσexcl /dΔy

[JHEP03(2022)189]CMS
RMN

veto =
dσMN /dΔy
dσexcl

veto /dΔy

https://link.springer.com/article/10.1007/JHEP03(2022)189
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LL BFKL for MN dijets

20

ωmax = αIP(0) − 1
LL BFKL  provides too large intercept





NLL BFKL:            


αLL
IP (0) ≈ 1.5

αNLL
IP ≈ 1.2

[JETP Lett. 70 (1999) 155-160]

S.J. Brodsky, V.S. Fadin, V. T. Kim, 
L.N. Lipatov, G.B. Pivovarov (BFKLP)

dσ
dy1dy2d2 ⃗pT1d2 ⃗pT2

= ∑
ij

∫ fi(x1, μF)fj(x2, μF)
d ̂σij(x1x2s, μF, μR)
dy1dy2d2 ⃗pT1d2 ⃗pT2

LL BFKL

d ̂σgg

d2pT1d2pT2
= [ CAαs

p2
T1 ]fg(Δy, pT1, pT2)[ CAαs

p2
T2 ]

d ̂σgg

dp2
T1dp2

T2dϕ
=

C2
Aα2

s

4πp3
T1p3

T2
∑

n

ein(ϕ−π) ∫
∞

0
dνeω(n,ν)Δy cos(ν ln

p2
T1

p2
T2 )

d ̂σgg

dp2
T1dp2

T2
=

C2
Aα2

s

2p3
T1p3

T2 ∫
∞

0
dνeω(n,ν)Δy cos(ν ln

p2
T1

p2
T2 )

f eff(x, μF) =
CA

CF
fg(x, μF) + ∑

i=q,q̄

fi(x, μF),

ω(n, ν) =
2CAαs

π [ψ (1) − Reψ( |n | + 1
2

+ iν)]

d ̂σij(x1x2s, μF, μR)
dy1dy2d2 ⃗pT1d2 ⃗pT2

Δy→∞ d ̂σgg

dy1dy2d2 ⃗pT1d2 ⃗pT2

Large Δy

dσ
dy1dy2d2 ⃗pT1d2 ⃗pT2

= ∫ f eff(x1, μF)f eff(x2, μF)( CF

CA )
2 d ̂σgg(x1x2s, μF, μR)

dy1dy2d2 ⃗pT1d2 ⃗pT2

̂s, ̂u ≫ ̂t

https://link.springer.com/article/10.1134/1.568145
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Calculation of ratios of x-sections with veto in the BMS approach

veto to inclusive

inclusive x-section:


qq’ scattering with one gluon exchange


if consider only 
Δy > 0

ℛ(Δy, pT) =
dσveto /dΔyd2pT

dσincl /dΔyd2pT

dσincl

dΔyd2pT
=

q,q̄,g

∑
ij

∫
ymax(pT,Δy)

ymin(pT,Δy)
dyx1 fi(x1, pT)x2 fj(x2, pT)

1
π

d ̂σij

d ̂t

d ̂σqq′￼

d ̂t
=

1
16π ̂s2

hA( ̂s, ̂t, ̂u) hA(s, t, u) = g4 CF

Nc ( s2 + u2

t2 )

d ̂σqq′￼

d ̂t
=

1
16π ̂s2

(hA( ̂s, ̂t, ̂u) + hA( ̂s, ̂u, ̂t ))

21
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BMS vs ATLAS @ 7 TeV (2)
Y.Hatta et al. (2013)  
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[Phys. Rev. D 87, 054016]

p⊥min = 70 GeV
p⊥veto = 20 GeV

s = 7 TeV

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.87.054016
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