MMHUCTEPCTBO HAVKHU U BBICIIIETO OBPA3BOBAHMSI POCCUIICKOM (I)EILEPAL[I/II/I
CDE)IEPAJIBHOE TOCYOAPCTBEHHOE ABTOHOMHOE OBPA3OBATEJIBHOE YUPEKIEHHWE

BBICIIIET'O OBPA3OBAHUSA « HAITMOHAJIBHBIN NCCJIEJOBATEJIbCKUM SIIEPHBIN
VHUBEPCUTET «MUDPUN» (HUAY MUDN)

WHCTUTYT AAEPHOU ®UIUKU U TEXHOJIOTUM KAGEIPA Nod(0 « DU3UKA
9JIEMEHTAPHBIX YACTHII»

OTYET
O HAYYHO-VCCJIEJIOBATEJIECKOM PABOTE

BETA-®YHKIIUA CUTMA-MO/IEJIEN C TPEXMEPHBIM
IIPOCTPAHCTBOM ITOJIEM B PA3HBIX CXEMAX
IIEPEHOPMHUPOBRH

Hay4HbIli pyKOBOIUTEIb
K.(.-M.H., goir., PhD. M. H. AnpumoB

CryneHt A. B. Ilosisakos

Mocksa 2023



1 OcHOBHBIE oIpeneJIeHus

2 Bo3MmyleHHe METPUKH

BakJo4yeHune

CIIMCOK JINTEpaTyphbl

Mpuaoxenue

COJ/IEP;KAHHUE



BBEJIEHUE

B HesmmHeHbIX O(n) cUrMa-MoeJIsiX IoJie ONMMChIBAETCS KaK ToueyHasi YacTU-
11a, ABMKYIIyIOCA 10 (n — 1)-MepHOMY MHOroob6paswuto. /lanHas pabora nocssiieHa
H3y4yeHue TOro, kak uaMeHnsiercs 3-QpyHknus B O(4) curMa-mMo[iesy IIpyu BO3MYyIeHU!
MEeTPUYECKOT0 TeH30pa. JlaHHbIe BBIYMCJIEHNS IPOJIeJIaHbl B TaKeTax x Tensor U xPert B
Wolfram Mathematica.

Curma MofieJi MOTYT OKa3aThCs JIYUIlle IPYTUX U3BECTHBIX Teopuil. Harmpumep,
JIMHEeWHasi CUTMa MOoJIeJIb IIPOIIle ¥ TOUHEee 03BOJIsSIeT BLIYUCIUTh 3aPsAI0BbINA PainyC
IIEOHOB W KAOHOB, a TaK K€ MaCChl IEOHOB M HEKOTOPHIX HYKJIOHOB, YeM XUpasbHasi
TEOpUA BO3MYIIeHus [|1]].

1. OCHOBHBIE OIIPEJAEJIEHUA

B O(n) curma MoeJsisix paccCMaTpUBAETCS PUMOHOBO MHOT00Opasue, AelicTBUe
B KOTOPOM 3aIMChIBAETCS KaK

S(G) = / Goy(2)0, X 0" X d" .,

rje © — KoopJuHaTa Ha MHOrooopasuy, a GG;; — MeTpU4eCKUI TeH30p, AJ1s1 KOTOPOU BbI-
IIOJIHAETCA ypaBHeHWe peHopM-Trpynisl (PT) [2].

Gij + ViV; + V,;Vi = —B,(G), (1)

4 @,; — IPOM3BOJHAsI METPUKHU 110 BPEMEHH UJIM TaK HA3bIBAEMBIl TOTOK

me Gij = g

Puyumn.
bera (pyHKIIUIO MOSKHO Pa3JI0KUTh 10 CTEIIeHAM h

B5(G) = B(C) + BP(G) + B(C) + .. )

rae i — mapameTp, aHaJOTUYHBIN TOcTOsTHHOM [T1aHka.

B cxemMe MUHUMaJ/IbHOI'O BbIYMTAaHUA (MS) U3BECTHEI CaeAyIoIINe BhIPpasKeHUA
[3] AJ151 IEPBBIX MOPSAIKOB [-(PyHKIUH.

5%‘(3‘1)(G) = Rij,
1
Bi(jz)(G> = §Riklijklm,
3)
1 1
52‘(3:‘3)(G) = gkailmnkajlmn — 1—6viRklmnijklmn_
1 3

k pmagn; kmnp pl
- §Rimnl€ijq R™MP — gRikljR PR mnp-+

B carydan, korma MHOTooOpa3ue TpexMepHoe TeH30p PuMaHa MOYKHO BBIpa3UTh
yepe3 TeH30p PUT4YM, MeTpUUeCKUl TEH30P U CKAJISAPHYIO KPUBU3HY CJIEAYIOIIUM 00-
pasom.

1
Riju = GRiy, — G Ry — Gy Ry + G Ry + §R(G11ij — GuGj). (4)
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Torga 6era pyHrnum (3) MOMKHO IPECTABUT KAK

BI(G) = Ry,

)

2,

B(G) = (R RM + R2> Gy + RiyR — R Ry,

3 7
9@ = (ZkaR“le - gRuR" R+ ZR3 - g(VkR)(VkR)JF
i (5)

11
(Vi Rkl)(va“)> Gij + ERZ»]-RMR’“Z — gR,ﬁ%%

1
+ = (ViRy)(VFR) — 3R R;' Ry + ngRij — (ViR (V')

»-J>I>—‘H>IH .nu—n

(ViR*")(V;Ru) + 6(ViR)(VjR)-

2. BOSMYIIEHHUE METPURH

Hamra 3aaua BbISICHUTh Kak U3MeHsieTcs1 6eTa (pyHKIIUS MPU Iepeorpeesie-
HUU MeTpUKH. [IycTh MeTpuKa rpeobpasyeTcsi caeayonmmM o0o6pasom

~ 0 1 2 3
Gij =Gy +GP +GP +GD+GP + ... (6)

rue GEJL ) — no6aBka c pasMepHOI XapaKTepUCTUKOM .

3ameTuM, 4TO OeTa (PyHKIMA BbIPaskaeTCs TOJNbKO Yepes TeH30p Puuun R;;, CKa-
JIADHYIO KPUBU3HY R, MEeTPUYECKUAN TeH30p (;; U KOBapUAHTHbIE IIPOU3BOAHBIE V.
Mertpuke G;; IPUIKMCHIBAETCS pasMepHasi XapakTepucTukali ', orciona G umeer pas-
MEPHYIO XapaKTepUCTUKRY h. KoBapuaHTHas npon3BoaHas ¥ TeH30p Puuuuy nmeror Hy-
JIEBYIO pa3MepHYIO XapaKTpucTuky h° = 1, a CKaJApHas KpUBU3HA, OyIy4Yy CBEPTKOM
TeH30pa PU44yn U MeTpUUeCKOro TeH30pa UMeeT pa3MepHOCTS fi.

MO’KHO 3aMETUTB, UTO €CJIM TEH30P COCTOUT U3 N CUMBOJIOB R U Ny CUMBOJIOB
V, TO ero pa3amepHas XxapakKTepucrtuka paBssa Np + %Nv — 1.

Bo-nepBbIX 13 3TOro HaOJIIOIEHUA MOYKHO CliesiaTh BBIBOJ, YTO ﬁff ) (G) nmeer
pasMepHYIO XapaKTePUCTHUKY i“ !, BO-BTOPBIX MOYKHO IIEPEYUCIUTh BCE BO3MOYKHBIE
Tensopsl nopankah’ , h' uh?

lo — {Gi]’R, RZJ}
L ={Gi;R? Ginklel, Gi; VR, GiijVleh Ri;R, (7)
V?Rij, RyR;', V;V;R,V;V"Rj, V¥V, Rji.}.
KousinyecTBO TEH30pOB IIOPAAKA }? cMmIKoM BEJIMKO, II03TOMY UX CITUCOK BBIHECEH B

IIpuaosxkenue. BO3SMOKHO B TaHHOM CIIMCKE KaKye-TO TEH30phl HE YYTEHbI UJIU Ha-
000pOT BBITIMCAHbI JINHEUHO 3aBUCUMBIE.

Torna [obaBKu K METPUKe GE]-L) MOKHO IIPEJICTABUTh KaK JUHEHHbIe KOMOWHA-
UM TEH30POB [, AJI KPATKOCTH BBITHUILIEM TOJILKO GZ(.;)) u GS.)
G = ciGyR + 2Ry,
Gz(jl‘) = 3Gy R* + c4Gij Ry RM + ¢5G 3V’ R + ¢6Gi;V*V! Ry + 1 Ry R+ (8)
+ C8V2Rij + CQRilel + ClOViVjR + chZ-VkRjk + Cl2vkviRjk.
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Cromomibio nakeToB x [ensor U xPert B Wolfram Mathematica 13 ypaBHeHUA pEHOPM-
rpynnsl (I]) 6611a BErYmCIeHa 6eTa (QYHKIMA IPU HOBOI MeTpuke ()

8 (G) = Ry,
1
Bz(f)(G) = —Rijk + (1 + Cg)Ginklel + (1 — CQ)RUR — 5Gin2_ (9)
1 1
- §CQVJ'VZ'R + §CQGijv2R — CQGijvklekl.

3 o
dopmMmyia o1 BZ.(J.)(G) OKa3aJlaCh C/IUIIKOM I'POMO3IKOH, II09TOMY OHA IIOMeEIlleHa B
IIpuaosxenwue.

SARJIIOYEHHE

B pamkax 1aHHO HccIe0BaTe/IbCKON pad0ThI ObLJIO PACCMOTPEHO TOHATHE HeJlu-
HeiiHON nHTerpupyemoii O(4) curma mMonenau. OCHOBHBIM OOBEKTOM HCCJIeHOBAHUSA
CTaJI0 M3yYeHHe IepBhIX TPeX MOPAIKoB 6era-pyHknun u3 P’ ypasaennus (), a Tax
’Ke X BHJI IIPU BO3MYIIeHH: MeTpuKH (B, §), KoTopsle 65111 mosTydeHs! ¢ ToMonIsio
IakeToB x Tensor U xPert B Wolfram Mathematica.
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ITPUJIOKEHUE

CIIUCOK TeH30pOB mopsiaKa h’

ly = {G;R®,G;jRRu R, Gij Ry RE R, G;;RV°R, G;;V,RV'R,
GijRimV'V" R, Gi;(V'R1n)(V™R), G, RV'N™ Ry, Gii RV Ry,
Gij(VPR™)(V,Rim), Gij RPN R, Gii (V, RP™) (V! Ry,
Gij(V'R™) (VY Ri), Gii V'V VYV 1, GV N VPV Ry,
RijR?, Rij Ry R™, RijV?R, (VP Ryt ) (V,RY), RV Ry, Ry, R R,
Ry V*V'Ri, (V' Ri)(VFRy)), (VPR (V' Ry)), (V'V R Ry,
(ViR)(V;R), RV,V;R, (V;Ry)(V,;R*"), R\yV,V,;R" V., V;V*R
ViV,V'V*Rp, (ViR (VFR), (ViV*R;)R, (ViR) (VY Ry),
(ViV*R;1)R, (ViR)(V*Rj1.), (ViV*R)Rji, (ViRj1,) (V,R*),
(ViRj) (Vo R™), (ViV, Ry ) R, (Vi R) (Y, Rj1.), (ViV,R*) Ry,
ViViV2RY, Ry V;V R, (V*Ry)(ViR), Ry V; Vi RY (Vi Ry) (V;R™), Ry RV R}

52(]3)<G) = (Cl + Cg)RikleRkl + (C7 — C4)Rinklel + (—201 — C9 + 204)Ginkaklle+

1
-+ 262RikRij + (Cl + 2C3)GURMRMR — (% + 2C2 + Cg) RUR2 -+ §CQGin3+

DN | —

+ =(c1 — & + 312 + o + 2¢11) RMV,V Ry + (¢1 — ¢ — ¢7)Ri; Vi Vi RM —
— (Cl + (&) + 203)GinVleRkl — <C5 + cﬁ)GiijVlVQRkl—l—

—_

+ —(201 (02 — 1) — 362 + 30% — 603 — C7)RVZV]R+

+

1
(2c10 + c11 + c12 — C5)vivjv2R - 5(2010 +c11 +ci2 + C6)Vz‘vjvklekl+

1
(02 + Cr + Cog — Clcg)Rjkvika + +§(CQ + Cr + Cg — Clcz)Riijka

1
a1t =(cr — ¢ +3e2 + CQ)) Rklvilejk+

+

+

2

612+8
2

+
A
+

1
) RV R + §chﬁvlij;+

+

(C% —1 + 2(4610 + 11+ ¢ — 264 - 269))V2‘Rklvj'Rkl+
3
4
1
(cr — e1(1+ ¢2)) VRV R* + 5(c7 —c1(1 4 ¢2)) VRV R;*—

+
_|_

n 02—1(1 +26)) — ¢z — c7> V:RV,R+

+
==

1 1
clchVkV,-Rjk — 56102RkajRik + 50102RV2RU+

_|_
e i N B el NS N B e N B O B N T Bl NI N N Il R Bl )

1
(C7 — C1 — 262 - 205)RijV2R + 5(01 + co + 20% + QCg)GinV2R+
+ = (c] +2(2c10 — c11 — c12 + ¢7) — c1(2 4 2)) ViR, VF R+

2
+ = (cf +2(2c10 + ¢7) — c1(2+ ¢2))V; R VF R — (2c8 + %) ViR V' R+
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+ (1 + 01(4 + 02) — C% — 2(610 + 267 + Cg))kakaR—F

— s =

1
+ Z ( g - 5 - 61(2 + 02) —4dcg — 205> Gl]kaka—F

_|_

+
RPN = /N =N =
DO | =

1
(c1 — &+ 3c11 + 3c1a + o) ViR VIR, + 5(cl + g+ c1g — ) RMV VY, Ry +

+

1
(1 — C% + c11 + ¢ + CQ)VjRiklekl + 5(0% —C11 — C12 — 208>kaijlekl+
1
(Cl — 4)6 -2 + Cy — 66) Gijkalekl + 5(0? — C12 + 2cg)RleleR@-j—

1
C1 + Cg + Cg + 012)Rj""VleRil — 5(61 + Cg + @)RﬁV;Vkle

—~

_l_

1 1
(Cg -+ 012)RjkV2Rik + §CgRikv2Rjk -+ 5(05 + CG)GijVQVQR—F

_I_

1
(Cl + 268 + c9 + 2611 + 2012)ViRlelek + 5(61 + 208 + Cg)Vijlleik—i—
1
+ (201 -+ 262 — 264 + 306)GinklvmVlem + 5(402 + 405 + CG)GZ'ijZVQRkl—f—

1
+ (1 4+ 1+ 2c9 — ¢y + 2¢5 + 056) Gijvaklvakl + (CQ + CG)Gijlekmvakl—f—

1
+ 1(20% + 8C8 — 461 — 469 — 1)lejklezk + (CQ + Cg)Gijkaklvalm‘i‘

1
+ <§Cl(02 — 2) +cy + Cy — 202 — %) GZJRMV’“VIR
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