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Quadratic Gravity
Lagrangian

• Standard

L2 = α1RµνλσR
µνλσ + α2RµνR

µν + α3R
2 + α4R + α5Λ

Rµνλσ — Riemann curvature tensor

Rµν = Rλµλν — Ricci tensor

Rλλ = R — curvature scalar

• Rearranged

L2 = αC 2 + βGB + γR2 + α4R + α5Λ

C 2 = CµνλσC
µνλσ, Cµνλσ — Weyl tensor

Cµνλσ = Rµνλσ +
1

2
(Rµσgνλ + Rνλgµσ − Rµλgνσ − Rνσgµλ)

+
1

6
R(gµνgλσ − gµσgνλ)

C 2 = RµνλσR
µνλσ − 2RµνR

µν +
1

3
R2



GB — Gauss–Bonnet term

GB = RµνλσR
µνλσ − 4RµνR

µν + R2
α + β = α1

−2α− 4β = α2
1
3α + β + γ = α3

∣∣∣∣∣


α = 2α1 + 1
2α2

β = α2 − 1
2α2

γ = α3 + 1
3 (α1 + α2)

Total action

Stot = S2+Smatter, S2 =

∫
L2
√
−gd4x , Smatter =

∫
Lm
√
−gd4x

Energy-momentum tensor Tµν

δSmatter
def
= −1

2

∫
Tµνδgµνd

4x =
1

2

∫
Tµνδg

µνd4x

Field equations

α4Gµν −
α5

2
Λ = −1

2
Tµν [R])

Gµν = Rµν − 1
2Rgµν — Einstein tensor

Conservativity:
G ν
µ;ν = 0



• αC 2

Bµν =
1

8α
Tµν [C 2])

Bµν — Bach tensor

Bµν = C ;σ;λ
µλνσ +

1

2
RλσCµλνσ

Conservativity:
Bνµ;ν = 0

• βGB — no contribution

• γR2

Dµν =
1

4γ
Tµν [R2])

Dµν = R;µν − (R;λ;κg
λκ)gµν − R(Rµν −

1

4
Rgµν)

Conservativity:

Dνµ;ν = (R ;ν
;µ;ν − R ;ν

;ν;µ)− R;νR
ν
µ



Dνµ;ν = 0 (!)

• Conservativity in the bulk

• But (!)

• Singular hypersurface (Σ0)

Tµν = Sµνδ(n) + Tµν(+)Θ(n) + Tµν(−)Θ(−n)

n(xµ) = 0 — equation for Σ0

δ(n) — Dirac‘s δ-function
Θ(n) — Heaviside step-function



• Conservativity equation on singular hypersurface Σ0

Tµν
;ν = Sµνδ′(n)n,ν + Sµν;νδ(n) + Tµν(+)δ(n)n,ν + Tµν

;ν(+)Θ(n)

− Tµν(−)δ(n)n,ν + Tµν
;ν(−)Θ(−n)

Tµν
;ν(+) = Tµν

;ν(−) = 0 =⇒

Tµν
;ν = Sµνδ′(n)n,ν + Sµν;νδ(n) + [Tµν ]δ(n)n,ν

• Gauss normal coordinate system

ds2 = εdn2 + γijdx
idx j

Tµν
;ν = Sµνδ′(n) + (Sµν;ν + [Tµν ])δ(n)

• Integration: f (n, x i ) — arbitrary function with compact support

−(fSµν),n + f (Sµν;ν + [Tµν ]) = fcµ =⇒

b(x i )Sµn − Sµn,n − Sµν;ν + [Tµν ] = cµ

b(x i ) = − f,n
f

(n = 0) = b(µ)



{
(b(n) − K )Snn + Snp

|p + εKlpS
lp[T nn] = cn

(b(i) − K )S in − K i
l S

nl + S ip
|p + [T in] = c i

Klp — extrinsic curvature of Σ0, Klp = −1
2γ

ij
,n

• General Relativity Einstein Equations on Σ0=Israel Equations

ε([Kij ]− gij [K ]) = 8πGSij

plus
Snn = 0, Sni = 0

Klp

∣∣
Σ0

— ?

Example: “Vacuum burning” phenomenon
(V.A.Berezin, V.F.Kuzmin, I.I.Tkachev 1983, 1984)

• Spherically symmetric bubble with S0
0 = 0

Only surface tension S2
2 = S3

3

S0
0 = 0 =⇒ [K 2

2 ] = 0, KlpS
lp = 2K 2

2S
2
2 → O.K .



Quadratic Gravity

L2 = α1RµνλσR
µνλσ + α2RµνR

µν + α3R
2 + α4R + α5Λ

= αC 2 + βGB + γR2 + α4R + α5Λ

Tµν = Sµνδ(n) + Tµν(+)Θ(n) + Tµν(−)Θ(−n)

Unlike General Relativity:

• Field Equations

GR — 2nd order in derivatives of metric tensor gµν
QG — 4th order

• Singular hypersurface Σ0

GR — Sµν 6= 0 → δ-function in curvature

[Kij ] 6= 0

QG — δ2 in Lagrangian (generic case) forbidden



Lichnerowicz conditions

[gµν,λ] = 0

([Γλµν ] = 0 =⇒ [Kij ] = 0)

At most
[Rµνλσ] 6= 0 =⇒ [Klp,n] 6= 0

In the field equations we obtain both

δ-function = ”thin shell” and
δ′-function = ”double layer”

• Structure of the field equations on Σ0:

{ijpl}[Kpl ,n](δKij) + {lp}[Klp,n](δgnn) + {ijpl}[Klp,n|j ](δgin)

+{ij}(δgij) =
1

2
Sµν(δgµν)



Look !

•There is δKij in l.h.s. and no such structure in r.h.s.

• δKij is not an independent variation.

It depends on our choice of solutions in (±)-bulk regions as well as
δγij are

• But, there exists functional freedom.
Thus,

(δKij) = B i ′j ′

ij (δγij)

(δgij = δγij due to the use of Gauss normal coordinate system)

•The appearance of arbitrary tensor B i ′j ′

ij is the allusion to the
existence of δ′-function in the field equations

• Given the solutions in the bulk and the singular hypersurface Σ0

the {ij}-equations serve to determine B



Double layer equations


ε
{
αK lp + (2γ − 1

3α)Kg lp
}

[Klp,n] = 1
4S

nn

{
αg ilg ip + (2γ − 1

3α)g ijg lp
}

[Klp,n|j ] = 1
4S

ni

[Klp] = 0

The necessity of appearance of Snn and Sni was noticed and
emphasized by J.M.M.Senovilla (2015)

• The nonzero values Snn and Sni indicate directly to the
possibility of matter creation by the double layers



Example:

• Conformal gravity: L2 = αC 2

• Spherical symmetry

• Bubble with empty space-time inside.
Double layer as a boundary

• No mater fields — pure gravitation (S ij = 0).
Vacuum solution outside

• Search for the solution for double layer — no such solution.
Double layer is collapsing

• When collapsing, it radiates

• In the case of absent of the double layer, i. e., with only thin shell
(S0

0 6= 0, S0
0 + 2S2

2 = 0), the result is S0
0 = const.

And no creation of matter!

Thanks to all

The End


