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Introduction. Common 4-dim theories.

Internal symmetries in common 4-dim theories

S[φ(x)→ ĝ φ(x) ] = inv , ĝ = eit̂α , (1)

ĝ ∈ G− internal symmetry group ,

φ(x) ∈ V − internal space (of representation) .

Conserved currents and numbers/charges in common 4-dim theories

=⇒ ∂µj
µ = 0 , jµ =

∂L
∂(∂µφ)

t̂ φ ,

Q =

∫
j0 d3x = const . (2)
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Introduction. Extra spatial symmetries in KK-like theories.

Isometries of extra space

ds2 = gµν(x)dxµdxν + kmn(y)dymdyn , (3)

∇m ξn(y)−∇n ξm(y) = 0 . (4)

Exta spatial symmetries in Kaluza-Klein theories

S[ Φ(x, y → y′) ] = inv , y′m = ym + ξm(y)α , (5)

ĝ = eiα ξm∂
m
∈ G− isometry group ,

Φ(x, y) = φn(x)Yn(y)− extra coordinate decomposition .
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Introduction. Conserved numbers in KK-theories

In terms of higher-dim theory

=⇒ ∂aJ
a = 0 , Ja =

∂L
∂(∂aΦ)

ξb∂bΦ− ξaL , (6)

Q =

∫
J0
√
|g|
√
|k| d3x ddy = const . (7)

In terms of effective 4-dim theory

=⇒ ∂αj
α = 0 , jα =

∂L4

∂(∂αφn)
(t)nmφ

m , (8)

(ti)
n
m =

∫
Yn(ξa∂a)Ym

√
|k| ddy ,

Q =

∫
j0
√
|g| d3x = const . (9)
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Violation of KK-symmetries in early Universe and lepton assymmetry

Quantum fluctuations lead to the production of particles and antiparticles after the
end of inflation (on a reheating stage).

Symmetry of extra space will lead to the conservation of some internal momentums
(effective numbers/charges) in particle production processes.

However, if 1/r0 < H, the fluctuations of the metric will distort the extra space, and
consiquently break its symmetry. As a result, some initial accumulation of the
numbers/charges will occur during inflation.

After the inflation (in low-energetic physics) relaxation of the metric occurs and
symmetry is restored. The corresponding numbers are conserved again.
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Violation of KK-symmetries in early Universe and lepton assymmetry

Compact 2-dim apple-like manifold have U(1)–symmetry associated with polar
rotational isometry. We can interpret this symmetry as leptonic.

Unlike the one-dimensional compact extra space, a 2-dim manifold has a non-zero
Ricci scalar and can be perturbed. This creates a mechanism for breaking the lepton
number.

Such configurations considered in the framework of warped extra dimensions. It is
developed in different works including ours: arxiv:0706.0676, arxiv:2006.01329,
arxiv:hep-th/0302067, etc.
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Problems of realization of asymmetry accumulation mechanism

The fermionic field cannot exist in the form of coherent oscillations due to the
Fermi-Dirac statistics. We need to introduce a bosonic (say, scalar) field in which
momentum will accumulate. And a Yukawa coupling.

Field states φnl with non-zero angular
momentum l along the coordinate ϕ have a large
mass M ∼ n/r0, with n > 0. It is into these
states that the angular momentum will
eventually pass.

However, to observe low-energy lepton
asymmetry, we need to have massless
(ground-level n = 0) states with a nonzero
angular momentum l.

The idea of possible such configurations is used
in work arxiv:0706.0676 for other purposes. It is
based on compact extra spaces with an excess of
angle.
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Splitting of the ground fermionic KK-level in spaces with angle excess

Angle profuse extra space

ds2 = gµν (xα) dxµdxν − r2(θ)
(
dθ2 + b2 sin2 θ dϕ2

)
, (10)

Higher-dimentional fermionic action

SΨ =

∫
d6X

√
|G| iΨhB

Ã
ΓÃ∇BΨ , (11)

where ΓÃ is flat 8× 8 (in 6-dim) gamma matrices

Γν =

(
γν 0
0 −γν

)
, Γθ =

(
0 −1
1 0

)
, Γϕ =

(
0 i
i 0

)
, (12)

and hB
Ã

is the frame field:

gAB = hA
Ã
hB
B̃
ηÃB̃ . (13)

You can find a detailed derivation of fermion splitting
in the paper arxiv: 0706.0676.
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ηÃB̃ . (13)

You can find a detailed derivation of fermion splitting
in the paper arxiv: 0706.0676.
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Splitting of the ground KK-level of fermions in spaces with angle excess

Kaluza-Klein decomposition

Ψ
(
xA
)

=
∑
j

Yj(θ, ϕ)Ψj(x) =
∑
nl

eilϕ
(

Y +
nl(θ)ψnl(x)

Y −nl (θ)ξnl(x)

)
, (14)

where the Y +
nl and Y −nl is the eigenfunctions are computed from Dirac equation:

ihB
Ã

Γ̂Ã∇BΨ = ihνµ̃Γ̂µ̃∇νΨ + ihnm̃Γ̂m̃∇n︸ ︷︷ ︸
mass operator

Ψ = 0 . (15)

Limitation on the number l comes from the normalization condition:∫
|Ynl|2

√
|k| d2y < +∞ =⇒

n=0
l = −db/2e, ..., 0, ..,+bb/2c ∈ Z . (16)

Low-energy (n=0) effective 4-dim action

S =

∫
d6X

√
|G| iΨhB

Ã
ΓÃ∇BΨ ∼

∫ √
−g d4x

+1∑
l=−1

(
iψlγ

µ∂µψl + iξlγ
µ∂µξl

)
. (17)
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Fermion splitting in extra space with angle profuse

Correspondence of currents

JmΨ =
∂L

∂(∂mΨ)
∂ϕΨ = iΨhm

Ã
ΓÃ∂ϕΨ =⇒

jµψ =
∂L4

∂(∂µψl)
tll′ψl′ = i

∑
l

l ψlγ
µψl , tll′ =

∫
Yl ∂ϕYl′

√
k d2y = ilδll′ , (18)

U(1)-number

Take the angle profuse parameter b = 4 for example.
Then we have triplet splitting: l = −1, 0,+1.

QΨ =

∫
J0

Ψ

√
|G| d3xd2y =

∫
j0ψ
√
|g| d3x =

=

∫
i(ψ†+1ψ+1 − ψ†−1ψ−1)d3x = Nψ+1

−Nψ−1
= const . (19)
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Momentum (lepton number) transfer from a scalar field to fermions

Scalar field action and interaction

The Lagrangian of the scalar field and its interaction with the fermion field can be
chosen as simple as possible:

SΦ + Sint =

∫
d6x
√
|G|
[

1

2
∂MΦ∂MΦ + fΦΨ̄Ψ

] ∫
d2y
−−−−→ (20)

∫
d2y
−−−−→ Sint =

∫
d4x
√
|g|
[
Φnn

′ ll′ ψ̄nlψn′l′ + ...
]
, (21)

�
Φ0001

ψ1

ψ̄0

Internal momentum (leptonic number) conservation

Q =

∫
J0
√
|G| d3xd2y = QΨ +QΦ = Nψ+1

−Nψ−1
+QΦ = const . (22)
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Conclusion

From the Kalula-Klein viewpoint, internal symmetries are effective and are associated
with the geometric symmetry of the compact extra space in the higher-dimensional
space-time. This also applies to the U(1)-lepton symmetry.

At high energies in the early Universe (H > 1/r0), extra space symmetry can be
broken by metric fluctuations. Violation of the symmetry leads to the establishment
of non-zero initial values of symmetry-associated charges (numbers). In the case of
leptons, we get the non-zero U(1)-lepton number accumulated.

The accumulated charges (numbers) are then conserved due to symmetry restoration.
However, in the usual case, the charge is realized in massive KK-modes with l 6= 0,
which is stable due to the momentum conservation. Such a mechanism is suitable for
generating stable massive dark matter particles, but is not suitable for explaining the
low-energetic lepton assymetry.

It is possible to avoid this limitation in the extra space model where the massless
fermionic KK-level splits into a multiplet. This splitting becomes possible in extra
spaces with an angle profuse b > 4. The massless components of the triplet can carry
internal momentum l = ±1 - that is, carry an effective 4-dim charge (number), in our
case - leptonic.

But this charge cannot accumulate in the fermion field. Due to Fermi-Dirac statistics,
fermions cannot exist in the form of coherent oscillations in which charge (number) is
accumulated. Therefore, we need to introduce an interaction with a scalar field.
Then, the condensate of the scalar field carrying the internal momentum (lepton
number) will decay into leptons, forming a lepton asymmetry.
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Thanks for you attention!

Any questions?
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