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Abstract

We study some properties of kink solu-
tions of a model with non-polynomial
potential obtained by deforming the
well-known ϕ6 field model. We con-
sider the excitation spectrum of the
kink. We also discuss the properties of
the ‘kink+antikink’ system as a whole
that are not inherent to a solitary kink
or antikink.

The ϕ6 Model

Within the ϕ6 model [1] the dynam-
ics of a real scalar field ϕ(x, t) in (1 +
1) dimensions is described by the La-
grangian density
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with the potential

V0(ϕ) = 1
2
ϕ2 1− ϕ22 . (2)

The model has kink solutions connect-
ing the vacua ϕ = 0 and ϕ = ±1. All
of them can be obtained by symmetry
transformations from the kink

ϕ
(0)
K (x) =

√√√√√(1 + tanhx)/2. (3)

Deformation Procedure

If the initial potential and kink are
V0(ϕ) and ϕ

(0)
K (x), respectively, then

the f -deformed potential:

V1(ϕ) = V0[f (ϕ)]
[f ′(ϕ)]2

(4)

and the deformed kink [2,3]:
ϕ

(1)
K (x) = f−1[ϕ(0)

K (x)]. (5)

Hyperbolic Deformation
of the ϕ6 Model

We apply the deformation procedure
to the ϕ6 model, using the deforming
function f (ϕ) = sinhϕ. As a result,
we obtain the sinh-deformed ϕ6 model:

V1(ϕ) = 1
2

tanh2ϕ(1− sinh2ϕ)2 (6)
with the kink solution

ϕ
(1)
K (x) = arsinh

√√√√√√√√√√√√
1 + tanhx

2
. (7)

Why is this model
interesting?

•Non-polynomial potential
•Asymmetric kinks

(a) two-bounce escape window, the initial velocity
0.0456

(b) three-bounce escape window, , the initial velocity
0.0441

Figure 1:Examples of resonance phenomena in the antikink-kink scattering

Stability Potential of the sinh-Deformed ϕ6 Kink

First of all, the stability potential of a kink can be obtained by adding a small
perturbation to the static kink. Then the linearized equation of motion leads to
the Sturm-Liouville problem

−
d2

dx2 + U(x)
ψ(x) = ω2ψ(x). (8)

The function

U(x) = d2V

dϕ2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣ϕK(x)
= 30 tanhx + 2sech4x− (16 tanhx + 45)sech2x + 34

(tanhx + 3)2 (9)

is the stability potential, which defines the kink’s excitation spectrum.
•The spectrum always has zero level, and all eigenvalues of the problem (8) are
non-negative.
•The stability potential of the ϕ6 kink does not have vibrational modes.
•We found that the stability potential of the sinh-deformed ϕ6 kink also does not
have vibrational modes.
• It would seem that it can be assumed that resonance phenomena associated
with resonant energy exchange between zero and vibrational modes are
impossible in the kink-antikink collisions in both models. However, this is not
quite true.
• In the antikink-kink collisions we observe escape windows, see figure 1.
Appearance of the escape windows indicates the presence of resonant energy
exchange between kinetic energy and (at least one) vibrational mode.
•The question is where is this vibrational mode hiding?

Stability Potential of the Antikink-Kink Pair

•The kinks of both models are asymmetric.
•This leads to the asymmetric stability potentials with different asymptotic
values at x→ ±∞.
•Such asymmetry means that closely placed kink and antikink can form a mutual
stability potential in the form of a potential well, in which, in addition to the
zero level, there will also be levels of the discrete spectrum (vibrational modes).
•Our idea is that the situation can be similar to that found for the ϕ6 [4].
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(a) kink-antikink zero mode
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(b) antikink-kink modes
Figure 2:Stability potentials and appropriately normalized eigenfunctions of the discrete spectrum

Conclusion

We have studied the sinh-deformed ϕ6

model wich is obtained from the well-
known ϕ6 scalar field theory. We have
shown that in this model there are no
vibrational modes in the kink excita-
tion spectrum. At the same time, in
our numerical simulations of collisions
of the sinh-deformed ϕ6 kink and an-
tikink at some initial velocities we ob-
served resonance phenomena — escape
windows. We suppose that these res-
onance phenomena may be a conse-
quence of the resonant energy exchange
between the translational modes of
kinks (their kinetic energy) and the vi-
brational modes of the antikink-kink
system as a whole. A more detailed
study of this issue is of great impor-
tance and is planned for the near fu-
ture.
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