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What do we know (‘soft sector”): We have created QGP (extended deconfined QCD matter)
- Hydrodynamics effectively describes most (“bulk”) of the collision (P. Houvinen’s talk)
- The role of fluctuations in the initial conditions is very strong but now largely understood
- No rapid changes in the physics neither with energy nor centrality 
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What do we want to learn/do (next)?
- Quantify QGP properties,
- CME, CMW, CVE ... in HI?
- QGP “chemistry” evolution
- hadronization mechanism 
- fast hadron structure 
- ...
All of the above questions can get insights from HI 
collisions, but this requires the detailed knowledge
of flow fields (including vorticity) as well as
EM fields 

What do we know (‘soft sector”): We have created QGP (extended deconfined QCD matter)
- Hydrodynamics effectively describes most (“bulk”) of the collision (P. Houvinen’s talk)
- The role of fluctuations in the initial conditions is very strong but now largely understood
- No rapid changes in the physics neither with energy nor centrality 
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What do we want to learn/do (next)?
- Quantify QGP properties,
- CME, CMW, CVE ... in HI?
- QGP “chemistry” evolution
- hadronization mechanism 
- fast hadron structure 
- ...
All of the above questions can get insights from HI 
collisions, but this requires the detailed knowledge
of flow fields (including vorticity) as well as
EM fields 

What do we know (‘soft sector”): We have created QGP (extended deconfined QCD matter)
- Hydrodynamics effectively describes most (“bulk”) of the collision (P. Houvinen’s talk)
- The role of fluctuations in the initial conditions is very strong but now largely understood
- No rapid changes in the physics neither with energy nor centrality 

J = �5B; �5 = Qe
2⇡2µ5

J = 1
⇡2µ5µ!

Chiral Magnetic Effect -
Electric current along B

Chiral Vortical Effect -
baryon current along ω

http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf


ICPPA-2, Moscow, October 10-14, 2016 page S.A. Voloshin

HIC, where we are, what is next?

2

What do we want to learn/do (next)?
- Quantify QGP properties,
- CME, CMW, CVE ... in HI?
- QGP “chemistry” evolution
- hadronization mechanism 
- fast hadron structure 
- ...
All of the above questions can get insights from HI 
collisions, but this requires the detailed knowledge
of flow fields (including vorticity) as well as
EM fields 

What do we know (‘soft sector”): We have created QGP (extended deconfined QCD matter)
- Hydrodynamics effectively describes most (“bulk”) of the collision (P. Houvinen’s talk)
- The role of fluctuations in the initial conditions is very strong but now largely understood
- No rapid changes in the physics neither with energy nor centrality 

STAR

T. Niida, IS2016

Probe into quark creation time?

6

Sensitive to the time evolution of
quark production
Also important input for theoretical
prediction of CME/CMW

CHARGE-DEPENDENT DIRECTED FLOW IN ASYMMETRIC . . . PHYSICAL REVIEW C 90, 064903 (2014)
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FIG. 1. (Color online) Time evolution of event-averaged components of the magnetic (left-hand side) and electric (right-hand side) fields
in the center of the overlap region of colliding Cu + Au (solid lines) and Au + Au (dotted lines) systems at

√
sNN = 200 GeV and b = 7 fm.

The distributions are averaged over 70 events.

quantify within PHSD these possible signals and to provide
robust predictions.

We use here the PHSD version where the creation of
electromagnetic fields and particle transport in these fields are
taken into account by means of the retarded Liénard-Wiechert
potentials [26]. Only the source of the spectator protons is
considered since this source is dominant at the initial stage
when target and projectile spectators are close to each other.
By the time of about 1 fm/c, after contact of the nuclei,
the electromagnetic fields drop down by three orders of
magnitude and become comparable with the field from the
participants [26]. This offers the very specific property of the
early electric field to check experimentally if electric charges
are already present at this instant.

The time evolution of transverse electromagnetic field
components is compared between asymmetric Cu + Au (solid
lines) and symmetric Au + Au systems (dotted lines) in
Fig. 1 where the left-hand side displays the magnetic field
components and the right-hand side the electric ones. The
maximal values of the magnetic field components 〈eBy〉 are
on the level of a few m2

π being comparable for both systems.

For the symmetric case the results are in agreement with our
earlier results in Ref. [26]. The electric field components also
agree with the earlier results for symmetric collisions [26]
but in the case of the Cu + Au reaction the 〈eEx〉 component
is by a factor of ∼5 larger than that for symmetric Au + Au
collisions at the same energy [26]. This strong electric field
eEx is only present for about 0.25 fm/c during the overlap
phase of the heavy ions and will act as an electric accelerator
on charges that are present during this time. Note that when
charges appear only later together with the formation of
soft partons (t ! 0.5 fm/c) there will be no corresponding
charge separation effect on the directed flow. In the case of
symmetric collisions it was noted that 〈Ex〉 ≈ 〈By〉 [26,37].
This approximate equality is broken for asymmetric Cu + Au
collisions where 〈eBy〉 > 〈eEx〉.

Figure 2, furthermore, shows the distribution in the strength
and direction of electric field components for off-central
Cu + Au and Au + Au collisions. This snapshot is made for
the time when both nuclear centers are in the same transverse
plane. This condition corresponds to different times for the
two systems considered, which is confirmed by a shift of the
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FIG. 2. (Color online) Event-averaged electric field in the transverse plane for a Cu + Au (left) and Au + Au (right) collision at 200 GeV
at time t = 0.05 fm/c for the impact parameter b = 7 fm. Each vector represents the direction and magnitude of the electric field at that point.

064903-3

PRC90.064903, 
Parton-Hadron String Dynamics 

Life time of E-field would be very short
No signal if there are no quarks (charges) when
E-field is strong
In other words, sensitive to the number of
quark & anti-quark at very early stage
(V. Voronyuk et al., PRC90.064903)
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Two-wave of quark production
    S. Pratt, WWND2014
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Chiral Magnetic Effect -
Electric current along B

Chiral Vortical Effect -
baryon current along ω
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HIC, where we are, what is next?

2

What do we want to learn/do (next)?
- Quantify QGP properties,
- CME, CMW, CVE ... in HI?
- QGP “chemistry” evolution
- hadronization mechanism 
- fast hadron structure 
- ...
All of the above questions can get insights from HI 
collisions, but this requires the detailed knowledge
of flow fields (including vorticity) as well as
EM fields 

What do we know (‘soft sector”): We have created QGP (extended deconfined QCD matter)
- Hydrodynamics effectively describes most (“bulk”) of the collision (P. Houvinen’s talk)
- The role of fluctuations in the initial conditions is very strong but now largely understood
- No rapid changes in the physics neither with energy nor centrality 

STAR

T. Niida, IS2016

Probe into quark creation time?

6

Sensitive to the time evolution of
quark production
Also important input for theoretical
prediction of CME/CMW

CHARGE-DEPENDENT DIRECTED FLOW IN ASYMMETRIC . . . PHYSICAL REVIEW C 90, 064903 (2014)
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FIG. 1. (Color online) Time evolution of event-averaged components of the magnetic (left-hand side) and electric (right-hand side) fields
in the center of the overlap region of colliding Cu + Au (solid lines) and Au + Au (dotted lines) systems at

√
sNN = 200 GeV and b = 7 fm.

The distributions are averaged over 70 events.

quantify within PHSD these possible signals and to provide
robust predictions.

We use here the PHSD version where the creation of
electromagnetic fields and particle transport in these fields are
taken into account by means of the retarded Liénard-Wiechert
potentials [26]. Only the source of the spectator protons is
considered since this source is dominant at the initial stage
when target and projectile spectators are close to each other.
By the time of about 1 fm/c, after contact of the nuclei,
the electromagnetic fields drop down by three orders of
magnitude and become comparable with the field from the
participants [26]. This offers the very specific property of the
early electric field to check experimentally if electric charges
are already present at this instant.

The time evolution of transverse electromagnetic field
components is compared between asymmetric Cu + Au (solid
lines) and symmetric Au + Au systems (dotted lines) in
Fig. 1 where the left-hand side displays the magnetic field
components and the right-hand side the electric ones. The
maximal values of the magnetic field components 〈eBy〉 are
on the level of a few m2

π being comparable for both systems.

For the symmetric case the results are in agreement with our
earlier results in Ref. [26]. The electric field components also
agree with the earlier results for symmetric collisions [26]
but in the case of the Cu + Au reaction the 〈eEx〉 component
is by a factor of ∼5 larger than that for symmetric Au + Au
collisions at the same energy [26]. This strong electric field
eEx is only present for about 0.25 fm/c during the overlap
phase of the heavy ions and will act as an electric accelerator
on charges that are present during this time. Note that when
charges appear only later together with the formation of
soft partons (t ! 0.5 fm/c) there will be no corresponding
charge separation effect on the directed flow. In the case of
symmetric collisions it was noted that 〈Ex〉 ≈ 〈By〉 [26,37].
This approximate equality is broken for asymmetric Cu + Au
collisions where 〈eBy〉 > 〈eEx〉.

Figure 2, furthermore, shows the distribution in the strength
and direction of electric field components for off-central
Cu + Au and Au + Au collisions. This snapshot is made for
the time when both nuclear centers are in the same transverse
plane. This condition corresponds to different times for the
two systems considered, which is confirmed by a shift of the

−15

−10

−5

 0

 5

 10

 15

−15 −10 −5  0  5  10  15

y 
[fm

]

x [fm]

−2

−1.5

−1

−0.5

 0

 0.5

 1

 1.5

 2

e 
E x

/m
π2

t=0.05 fm/c

−15

−10

−5

 0

 5

 10

 15

−15 −10 −5  0  5  10  15

y 
[fm

]

x [fm]

−2

−1.5

−1

−0.5

 0

 0.5

 1

 1.5

 2

e 
E x

/m
π2

t=0.05 fm/c

FIG. 2. (Color online) Event-averaged electric field in the transverse plane for a Cu + Au (left) and Au + Au (right) collision at 200 GeV
at time t = 0.05 fm/c for the impact parameter b = 7 fm. Each vector represents the direction and magnitude of the electric field at that point.

064903-3

PRC90.064903, 
Parton-Hadron String Dynamics 

Life time of E-field would be very short
No signal if there are no quarks (charges) when
E-field is strong
In other words, sensitive to the number of
quark & anti-quark at very early stage
(V. Voronyuk et al., PRC90.064903)
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Vorticity - a new player in the game.

J = �5B; �5 = Qe
2⇡2µ5

J = 1
⇡2µ5µ!

Chiral Magnetic Effect -
Electric current along B

Chiral Vortical Effect -
baryon current along ω
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What do we want to learn/do (next)?
- Quantify QGP properties,
- CME, CMW, CVE ... in HI?
- QGP “chemistry” evolution
- hadronization mechanism 
- fast hadron structure 
- ...
All of the above questions can get insights from HI 
collisions, but this requires the detailed knowledge
of flow fields (including vorticity) as well as
EM fields 

What do we know (‘soft sector”): We have created QGP (extended deconfined QCD matter)
- Hydrodynamics effectively describes most (“bulk”) of the collision (P. Houvinen’s talk)
- The role of fluctuations in the initial conditions is very strong but now largely understood
- No rapid changes in the physics neither with energy nor centrality 

STAR

T. Niida, IS2016

Probe into quark creation time?

6

Sensitive to the time evolution of
quark production
Also important input for theoretical
prediction of CME/CMW

CHARGE-DEPENDENT DIRECTED FLOW IN ASYMMETRIC . . . PHYSICAL REVIEW C 90, 064903 (2014)

−0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  0.05  0.1  0.15  0.2  0.25

e 
B/

m
π2

t [fm/c]

e Bx [CuAu]
e By [CuAu]
e Bx [AuAu]
e By [AuAu]

−0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.05  0.1  0.15  0.2  0.25

e 
E/

m
π2

t [fm/c]

e Ex [CuAu]
e Ey [CuAu]
e Ex [AuAu]
e Ey [AuAu]

FIG. 1. (Color online) Time evolution of event-averaged components of the magnetic (left-hand side) and electric (right-hand side) fields
in the center of the overlap region of colliding Cu + Au (solid lines) and Au + Au (dotted lines) systems at

√
sNN = 200 GeV and b = 7 fm.

The distributions are averaged over 70 events.

quantify within PHSD these possible signals and to provide
robust predictions.

We use here the PHSD version where the creation of
electromagnetic fields and particle transport in these fields are
taken into account by means of the retarded Liénard-Wiechert
potentials [26]. Only the source of the spectator protons is
considered since this source is dominant at the initial stage
when target and projectile spectators are close to each other.
By the time of about 1 fm/c, after contact of the nuclei,
the electromagnetic fields drop down by three orders of
magnitude and become comparable with the field from the
participants [26]. This offers the very specific property of the
early electric field to check experimentally if electric charges
are already present at this instant.

The time evolution of transverse electromagnetic field
components is compared between asymmetric Cu + Au (solid
lines) and symmetric Au + Au systems (dotted lines) in
Fig. 1 where the left-hand side displays the magnetic field
components and the right-hand side the electric ones. The
maximal values of the magnetic field components 〈eBy〉 are
on the level of a few m2

π being comparable for both systems.

For the symmetric case the results are in agreement with our
earlier results in Ref. [26]. The electric field components also
agree with the earlier results for symmetric collisions [26]
but in the case of the Cu + Au reaction the 〈eEx〉 component
is by a factor of ∼5 larger than that for symmetric Au + Au
collisions at the same energy [26]. This strong electric field
eEx is only present for about 0.25 fm/c during the overlap
phase of the heavy ions and will act as an electric accelerator
on charges that are present during this time. Note that when
charges appear only later together with the formation of
soft partons (t ! 0.5 fm/c) there will be no corresponding
charge separation effect on the directed flow. In the case of
symmetric collisions it was noted that 〈Ex〉 ≈ 〈By〉 [26,37].
This approximate equality is broken for asymmetric Cu + Au
collisions where 〈eBy〉 > 〈eEx〉.

Figure 2, furthermore, shows the distribution in the strength
and direction of electric field components for off-central
Cu + Au and Au + Au collisions. This snapshot is made for
the time when both nuclear centers are in the same transverse
plane. This condition corresponds to different times for the
two systems considered, which is confirmed by a shift of the
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FIG. 2. (Color online) Event-averaged electric field in the transverse plane for a Cu + Au (left) and Au + Au (right) collision at 200 GeV
at time t = 0.05 fm/c for the impact parameter b = 7 fm. Each vector represents the direction and magnitude of the electric field at that point.
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PRC90.064903, 
Parton-Hadron String Dynamics 

Life time of E-field would be very short
No signal if there are no quarks (charges) when
E-field is strong
In other words, sensitive to the number of
quark & anti-quark at very early stage
(V. Voronyuk et al., PRC90.064903)
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Two-wave of quark production
    S. Pratt, WWND2014
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Today:
- vorticity and anisotropic 
(directed) flow
- vorticity and global polarization  

Vorticity - a new player in the game.

J = �5B; �5 = Qe
2⇡2µ5

J = 1
⇡2µ5µ!

Chiral Magnetic Effect -
Electric current along B

Chiral Vortical Effect -
baryon current along ω
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Anisotropic flow: directed, elliptic,...

3

X

Z

XZ – the reaction plane

Picture: © UrQMD

On average, spectators deflect 
“outwards” !

  

d 3N
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Directed flow Elliptic flow
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6 Group publications, talks, and other references418
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Not explained by any model !
Error-bars at the level of  < 10-3 !

shows, on expanded scales, the mid-! region measured by
the main TPC, where v1 is resolvable below the 0.1% level.
Within the studied ! range, the sign of charged particle v1

is opposite to that of the spectators, and the v1 magnitude
increases from central to peripheral collisions. For 0%–5%
centrality, the slope dv1=d! changes sign above the
middle of the forward time projection chamber (FTPC)
pseudorapidity acceptance, and our results agree with the
pattern reported by PHOBOS over a broader ! range
[17,18].

The ratio hpxi=hpti is shown in Fig. 1 for the most
central data (0%–5%), in comparison to v1. Here, px refers
to the in-plane component of a track’s transverse momen-
tum, a quantity commonly used prior to the 1990s [10]. As
elaborated below, there is interest in the behavior of both
v1 and hpxi when v1ðptÞ changes sign.

To further examine v1, the 200 GeV Auþ Au data are
divided into bins of pt (Fig. 2). The upper and lower panels
show results from the main TPC and the FTPCs, respec-
tively. In the main TPC, v1ðptÞ crosses zero at 1< pt <
2 GeV=c for central and midcentral collisions. A zero-
crossing behavior in v1ðptÞ is necessarily exhibited by a
hydrodynamic calculation in which hpxi, presumably im-
parted during the passing time of the initial-state nuclei,
has been neglected and set equal to zero [19]. Because of
the poor momentum resolution of the FTPCs at higher pt,
we cannot test the zero crossing at forward !. It is note-
worthy that the observed hpxi, presented in Fig. 1, is far

from negligible, which contradicts the assumptions used in
the hydrodynamic calculations.
The observed v1ðptÞ dependence can be explained by

assuming that pions and baryons flow with opposite sign,
coupled with the measured baryon enhancement at higher
pt [20]. For example, taking linear functions [21] for pion
and baryon v1ðptÞ, we obtain a satisfactory description of
our data (see the solid curve in Fig. 2) with pion v1 slopes,
dv1=dpt ¼ %0:18& 0:02, %0:34& 0:02, and %0:52&
0:04, and baryon v1 slopes 0:56& 0:12, 0:86& 0:10, and
1:02& 0:12 for centralities 0%–5%, 5%–40%, and 40%–
80%, respectively. Note that the opposite v1 slope for pions
and protons, with the magnitude of proton slopes being
larger, in this case is consistent with calculations [22]
where the ‘‘wiggle’’ rapidity dependence of identified par-
ticles has been predicted to result from the interplay of
stopping and radial flow. Currently, we are unable to test
the wiggle effect in v1ðyÞ with identified particles due to
limited statistics and limited particle identification.
To study the energy and system-size dependence of v1,

Fig. 3 shows Cuþ Cu data compared to Auþ Au in the
centrality range 30%–60% for both 200 and 62.4 GeV.
There is a clear trend for v1ð!Þ to decrease with increasing
beam energy for both Auþ Au and Cuþ Cu. In the
studied pseudorapidity and centrality range, v1ð!Þ is,
within errors, independent of the system size at each
beam energy, despite the three-to-one mass ratio between
gold and copper. This remarkable feature holds for almost
all centrality bins studied, as shown in Fig. 4, and persists
even near mid-! (as shown in the upper panel), where
elliptic flow (v2) of charged particles in Cuþ Cu is con-
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FIG. 2 (color online). Charged particle v1ðptÞ in 200 GeV
Auþ Au for three centralities. The dashed curve and dotted
curve are hydrodynamic calculations for the labeled rapidities at
impact parameter 6.8 fm (15%–25% most central collisions). See
the text for an explanation of the solid curve. The plotted error
bars are statistical, and systematic errors (see Fig. 1) are within
10%.
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FIG. 3 (color online). Charged particle v1ð!Þ for midcentral
(30%–60%) Auþ Au and Cuþ Cu at 200 and 62.4 GeV. The
solid curves and dashed curves are odd-order polynomial fits to
guide the eye and demonstrate the forward-backward symmetry
of the data. The wider shaded bands are from AMPT for the
same conditions as the data. For clarity, 200 (62.4) GeV calcu-
lations are shown only at negative (positive) !. The plotted error
bars are statistical, and systematic errors (see Figs. 1 and 5) are
within 10%.
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FIG. 3. (Color online) Left panel: Charged particle v1 as a function of ⌘ for 200 and 62.4 GeV Au+Au and Cu+Cu
collisions [43]. Right panel: the same as the left panel, but with the x-axis shifted by ybeam.

C. System size and beam energy dependence of v1

The beam energy and system size dependence of v

1

have been studied at RHIC using data from two
colliding species at two beam energies. The left panel of Fig. 3 shows charged particle v

1

for mid-centrality
(30-60%) Au+Au and Cu+Cu collisions at

p
s

NN

= 62.4 and 200 GeV, measured by STAR [43]. A trend of
decreasing v

1

(⌘) is observed as beam energy increases for both Au+Au and Cu+Cu collisions. Across the
reported pseudorapidity range, v

1

(⌘) is independent of system size within errors at each beam energy. This
is a remarkable finding, given that the Au+Au system mass is three times that of the Cu+Cu system, and
given that neither the AMPT [60–62] nor the UrQMD [23, 24] models exhibit such a scaling behavior.

A di↵erent scaling behavior is presented in the right panel of Fig. 3. Here, the data in the left panel are
transformed into the rest frame of the beam nucleus, i.e., zero on the x-axis corresponds to y

beam

for each
of the two collision energies involved. Within errors, the measurements lie on a universal curve across about
three units of pseudorapidity. This behavior is known in the heavy-ion literature as limiting fragmentation,
and had previously been observed in Au+Au collisions as a function of beam energy by STAR [42] and
PHOBOS [41]. The term ‘limiting fragmentation’ was originally employed by Feynman [63] and Benecke et
al. [64] to describe the analogous phenomenon of the measured µ

+

/µ

� ratio in cosmic ray showers at sea
level being almost independent of muon energy.

D. Centrality dependence of v1

Fig. 4 shows v
1

as a function of collision centrality in 62.4 and 200 GeV Au+Au [43] from STAR and in
2.76 TeV Pb+Pb [55] from ALICE, for the mid-pseudorapidity region |⌘| < 1.3. Fig. 4 also shows v

1

(divided
by 6 in order to fit conveniently on a common scale) as a function of collision centrality in 200 GeV Au+Au
[43] from STAR at the forward pseudorapidity region 2.5 < |⌘| < 4.0.

Directed flow magnitude at mid-pseudorapidity increases monotonically going from central to peripheral
collisions at all three beam energies, and there is a strong trend for this magnitude to decrease with increasing
beam energy. A similar but stronger centrality dependence is observed at forward pseudorapidity, and the
magnitude also increases strongly from mid to forward pseudorapidity.

It has been pointed out by Caines [65] that many aspects of soft physics (defined as p

T

< 2 GeV/c)
in heavy-ion collisions at relativistic energies depend only on event multiplicity per unit rapidity; in other
words, for a fixed value of dN

ch

/d⌘, there is no significant dependence on beam energy, or on centrality, or on
the mass of the colliding system. This type of scaling is called “entropy-driven” soft physics. The directed
flow results for two beam energies and two colliding systems reported by STAR in Ref. [43] (see Fig. 3)
represented one of the first (and still few) violations of entropy-driven multiplicity scaling. In contrast, this
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Not explained by any model !
Error-bars at the level of  < 10-3 !

shows, on expanded scales, the mid-! region measured by
the main TPC, where v1 is resolvable below the 0.1% level.
Within the studied ! range, the sign of charged particle v1

is opposite to that of the spectators, and the v1 magnitude
increases from central to peripheral collisions. For 0%–5%
centrality, the slope dv1=d! changes sign above the
middle of the forward time projection chamber (FTPC)
pseudorapidity acceptance, and our results agree with the
pattern reported by PHOBOS over a broader ! range
[17,18].

The ratio hpxi=hpti is shown in Fig. 1 for the most
central data (0%–5%), in comparison to v1. Here, px refers
to the in-plane component of a track’s transverse momen-
tum, a quantity commonly used prior to the 1990s [10]. As
elaborated below, there is interest in the behavior of both
v1 and hpxi when v1ðptÞ changes sign.

To further examine v1, the 200 GeV Auþ Au data are
divided into bins of pt (Fig. 2). The upper and lower panels
show results from the main TPC and the FTPCs, respec-
tively. In the main TPC, v1ðptÞ crosses zero at 1< pt <
2 GeV=c for central and midcentral collisions. A zero-
crossing behavior in v1ðptÞ is necessarily exhibited by a
hydrodynamic calculation in which hpxi, presumably im-
parted during the passing time of the initial-state nuclei,
has been neglected and set equal to zero [19]. Because of
the poor momentum resolution of the FTPCs at higher pt,
we cannot test the zero crossing at forward !. It is note-
worthy that the observed hpxi, presented in Fig. 1, is far

from negligible, which contradicts the assumptions used in
the hydrodynamic calculations.
The observed v1ðptÞ dependence can be explained by

assuming that pions and baryons flow with opposite sign,
coupled with the measured baryon enhancement at higher
pt [20]. For example, taking linear functions [21] for pion
and baryon v1ðptÞ, we obtain a satisfactory description of
our data (see the solid curve in Fig. 2) with pion v1 slopes,
dv1=dpt ¼ %0:18& 0:02, %0:34& 0:02, and %0:52&
0:04, and baryon v1 slopes 0:56& 0:12, 0:86& 0:10, and
1:02& 0:12 for centralities 0%–5%, 5%–40%, and 40%–
80%, respectively. Note that the opposite v1 slope for pions
and protons, with the magnitude of proton slopes being
larger, in this case is consistent with calculations [22]
where the ‘‘wiggle’’ rapidity dependence of identified par-
ticles has been predicted to result from the interplay of
stopping and radial flow. Currently, we are unable to test
the wiggle effect in v1ðyÞ with identified particles due to
limited statistics and limited particle identification.
To study the energy and system-size dependence of v1,

Fig. 3 shows Cuþ Cu data compared to Auþ Au in the
centrality range 30%–60% for both 200 and 62.4 GeV.
There is a clear trend for v1ð!Þ to decrease with increasing
beam energy for both Auþ Au and Cuþ Cu. In the
studied pseudorapidity and centrality range, v1ð!Þ is,
within errors, independent of the system size at each
beam energy, despite the three-to-one mass ratio between
gold and copper. This remarkable feature holds for almost
all centrality bins studied, as shown in Fig. 4, and persists
even near mid-! (as shown in the upper panel), where
elliptic flow (v2) of charged particles in Cuþ Cu is con-
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FIG. 2 (color online). Charged particle v1ðptÞ in 200 GeV
Auþ Au for three centralities. The dashed curve and dotted
curve are hydrodynamic calculations for the labeled rapidities at
impact parameter 6.8 fm (15%–25% most central collisions). See
the text for an explanation of the solid curve. The plotted error
bars are statistical, and systematic errors (see Fig. 1) are within
10%.
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FIG. 3 (color online). Charged particle v1ð!Þ for midcentral
(30%–60%) Auþ Au and Cuþ Cu at 200 and 62.4 GeV. The
solid curves and dashed curves are odd-order polynomial fits to
guide the eye and demonstrate the forward-backward symmetry
of the data. The wider shaded bands are from AMPT for the
same conditions as the data. For clarity, 200 (62.4) GeV calcu-
lations are shown only at negative (positive) !. The plotted error
bars are statistical, and systematic errors (see Figs. 1 and 5) are
within 10%.
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FIG. 3. (Color online) Left panel: Charged particle v1 as a function of ⌘ for 200 and 62.4 GeV Au+Au and Cu+Cu
collisions [43]. Right panel: the same as the left panel, but with the x-axis shifted by ybeam.

C. System size and beam energy dependence of v1

The beam energy and system size dependence of v

1

have been studied at RHIC using data from two
colliding species at two beam energies. The left panel of Fig. 3 shows charged particle v

1

for mid-centrality
(30-60%) Au+Au and Cu+Cu collisions at

p
s

NN

= 62.4 and 200 GeV, measured by STAR [43]. A trend of
decreasing v

1

(⌘) is observed as beam energy increases for both Au+Au and Cu+Cu collisions. Across the
reported pseudorapidity range, v

1

(⌘) is independent of system size within errors at each beam energy. This
is a remarkable finding, given that the Au+Au system mass is three times that of the Cu+Cu system, and
given that neither the AMPT [60–62] nor the UrQMD [23, 24] models exhibit such a scaling behavior.

A di↵erent scaling behavior is presented in the right panel of Fig. 3. Here, the data in the left panel are
transformed into the rest frame of the beam nucleus, i.e., zero on the x-axis corresponds to y

beam

for each
of the two collision energies involved. Within errors, the measurements lie on a universal curve across about
three units of pseudorapidity. This behavior is known in the heavy-ion literature as limiting fragmentation,
and had previously been observed in Au+Au collisions as a function of beam energy by STAR [42] and
PHOBOS [41]. The term ‘limiting fragmentation’ was originally employed by Feynman [63] and Benecke et
al. [64] to describe the analogous phenomenon of the measured µ

+

/µ

� ratio in cosmic ray showers at sea
level being almost independent of muon energy.

D. Centrality dependence of v1

Fig. 4 shows v
1

as a function of collision centrality in 62.4 and 200 GeV Au+Au [43] from STAR and in
2.76 TeV Pb+Pb [55] from ALICE, for the mid-pseudorapidity region |⌘| < 1.3. Fig. 4 also shows v

1

(divided
by 6 in order to fit conveniently on a common scale) as a function of collision centrality in 200 GeV Au+Au
[43] from STAR at the forward pseudorapidity region 2.5 < |⌘| < 4.0.

Directed flow magnitude at mid-pseudorapidity increases monotonically going from central to peripheral
collisions at all three beam energies, and there is a strong trend for this magnitude to decrease with increasing
beam energy. A similar but stronger centrality dependence is observed at forward pseudorapidity, and the
magnitude also increases strongly from mid to forward pseudorapidity.

It has been pointed out by Caines [65] that many aspects of soft physics (defined as p

T

< 2 GeV/c)
in heavy-ion collisions at relativistic energies depend only on event multiplicity per unit rapidity; in other
words, for a fixed value of dN

ch

/d⌘, there is no significant dependence on beam energy, or on centrality, or on
the mass of the colliding system. This type of scaling is called “entropy-driven” soft physics. The directed
flow results for two beam energies and two colliding systems reported by STAR in Ref. [43] (see Fig. 3)
represented one of the first (and still few) violations of entropy-driven multiplicity scaling. In contrast, this

In Fig. 2, pion and proton v1ðyÞ are plotted together with
five model calculations, namely, RQMD [12], UrQMD
[28], AMPT [29], QGSM with parton recombination
[30], and slopes from an ideal hydrodynamic calculation
with a tilted source [11]. The model calculations are per-
formed in the same pT acceptance and centrality as the
data. The RQMD and AMPT model calculations predict
the wrong sign and wrong magnitude of pion v1ðyÞ, re-
spectively, while the RQMD and the UrQMD model cal-
culations predict the wrong magnitude of proton v1ðyÞ. For
models other than QGSM, which has the calculation only
for pions, none of them can describe v1ðyÞ for pions and
protons simultaneously.

In Fig. 3, the slope ofv1ðyÞ atmidrapidity is presented as a
function of centrality for protons, antiprotons, and charged
pions. In general, themagnitude of thev1ðyÞ slope converges
to zero as expected for most central collisions. Proton and
antiproton v1ðyÞ slopes are more or less consistent in
30%–80%centrality rangebut diverge in5%–30%centrality.
In addition, two observations are noteworthy: (i) the hydro-
dynamic model with tilted source (which is a characteristic
of antiflow) as currently implemented does not predict the

difference in v1ðyÞ between particle species [31]; (ii) if the
difference between v1 of protons and antiprotons is caused
by antiflow alone, then such difference is expected to be
accompanied by strongly negative v1 slopes. In data, the
large difference between proton and antiproton v1 slopes is
seen in the 5%–30%centrality range,while strongly negative
v1 slopes are found for protons, antiprotons, and charged
pions in a different centrality range (30%–80%). Both ob-
servations suggest that additional mechanisms than that
assumed in [11,31] are needed to explain the centrality
dependence of the difference between the v1ðyÞ slopes of
protons and antiprotons.
The excitation function of proton v1ðy0Þ slope

F (¼ dv1=dy
0 at midrapidity) is presented in Fig. 4. Values

for F are extracted via a polynomial fit of the form Fy0 þ
Cy03, where y0 ¼ y=ybeam for which spectators are normal-
ized at %1. The proton v1ðy0Þ slope decreases rapidly with
increasing energy, reaching zero around

ffiffiffiffiffiffiffiffi
sNN

p ¼ 9 GeV. Its
sign changes to negative as shown by the data point atffiffiffiffiffiffiffiffi
sNN

p ¼ 17 GeV, measured by the NA49 experiment [15].
A similar trend has been observed at low energies with a
slightly different quantity dhpxi=dy0 [32,33]. The energy
dependence of the v1ðy0Þ slope for protons is driven by two
factors: (i) the increase in the number of produced protons
over transported protons with increasing energy, and (ii) the
v1 of both produced and transported protons at different
energies. The negative v1ðy0Þ slope for protons around
midrapidity at SPS energies cannot be explained by transport
model calculations like UrQMD [34] and AMPT [29], but
is predicted by hydrodynamics calculations [8,9]. The
present data indicate that the proton v1 slope remains close
to zero at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV as observed at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 9 GeV
and

ffiffiffiffiffiffiffiffi
sNN

p ¼ 17 GeV heavy ion collisions. Our measure-
ment offers a unique check of the validity of a tilted expan-
sion at RHIC top energy.
In summary, STAR’s measurements of directed flow of

pions, kaons, protons, and antiprotons for Auþ Au colli-
sions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV are presented. In the range of
10%–70% central collisions, v1ðyÞ slopes of pions, kaons
(K0

S), and antiprotons are found to be mostly negative at
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In Fig. 2, pion and proton v1ðyÞ are plotted together with
five model calculations, namely, RQMD [12], UrQMD
[28], AMPT [29], QGSM with parton recombination
[30], and slopes from an ideal hydrodynamic calculation
with a tilted source [11]. The model calculations are per-
formed in the same pT acceptance and centrality as the
data. The RQMD and AMPT model calculations predict
the wrong sign and wrong magnitude of pion v1ðyÞ, re-
spectively, while the RQMD and the UrQMD model cal-
culations predict the wrong magnitude of proton v1ðyÞ. For
models other than QGSM, which has the calculation only
for pions, none of them can describe v1ðyÞ for pions and
protons simultaneously.

In Fig. 3, the slope ofv1ðyÞ atmidrapidity is presented as a
function of centrality for protons, antiprotons, and charged
pions. In general, themagnitude of thev1ðyÞ slope converges
to zero as expected for most central collisions. Proton and
antiproton v1ðyÞ slopes are more or less consistent in
30%–80%centrality rangebut diverge in5%–30%centrality.
In addition, two observations are noteworthy: (i) the hydro-
dynamic model with tilted source (which is a characteristic
of antiflow) as currently implemented does not predict the

difference in v1ðyÞ between particle species [31]; (ii) if the
difference between v1 of protons and antiprotons is caused
by antiflow alone, then such difference is expected to be
accompanied by strongly negative v1 slopes. In data, the
large difference between proton and antiproton v1 slopes is
seen in the 5%–30%centrality range,while strongly negative
v1 slopes are found for protons, antiprotons, and charged
pions in a different centrality range (30%–80%). Both ob-
servations suggest that additional mechanisms than that
assumed in [11,31] are needed to explain the centrality
dependence of the difference between the v1ðyÞ slopes of
protons and antiprotons.
The excitation function of proton v1ðy0Þ slope

F (¼ dv1=dy
0 at midrapidity) is presented in Fig. 4. Values

for F are extracted via a polynomial fit of the form Fy0 þ
Cy03, where y0 ¼ y=ybeam for which spectators are normal-
ized at %1. The proton v1ðy0Þ slope decreases rapidly with
increasing energy, reaching zero around

ffiffiffiffiffiffiffiffi
sNN

p ¼ 9 GeV. Its
sign changes to negative as shown by the data point atffiffiffiffiffiffiffiffi
sNN

p ¼ 17 GeV, measured by the NA49 experiment [15].
A similar trend has been observed at low energies with a
slightly different quantity dhpxi=dy0 [32,33]. The energy
dependence of the v1ðy0Þ slope for protons is driven by two
factors: (i) the increase in the number of produced protons
over transported protons with increasing energy, and (ii) the
v1 of both produced and transported protons at different
energies. The negative v1ðy0Þ slope for protons around
midrapidity at SPS energies cannot be explained by transport
model calculations like UrQMD [34] and AMPT [29], but
is predicted by hydrodynamics calculations [8,9]. The
present data indicate that the proton v1 slope remains close
to zero at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV as observed at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 9 GeV
and

ffiffiffiffiffiffiffiffi
sNN

p ¼ 17 GeV heavy ion collisions. Our measure-
ment offers a unique check of the validity of a tilted expan-
sion at RHIC top energy.
In summary, STAR’s measurements of directed flow of

pions, kaons, protons, and antiprotons for Auþ Au colli-
sions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV are presented. In the range of
10%–70% central collisions, v1ðyÞ slopes of pions, kaons
(K0

S), and antiprotons are found to be mostly negative at
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FIG. 11. (Color online) Beam energy dependence of v1(y) slope for p, ⇤, p̄, ⇤̄, K±, K0
S , and ⇡

± in 10-40% centrality
Au+Au collisions [46, 90].
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FIG. 12. (Color online) Beam energy dependence of the slope of v1(y) for net protons and net kaons in 10-40%
centrality Au+Au collisions, as reported by STAR [46, 90].

higher energies that are a focus of the present review, it can flag the softening, or drop in pressure, that
may accompany a transition to a di↵erent phase, notably Quark Gluon Plasma. For example, there may be
a spinodal decomposition associated with a first-order phase transition [92, 93], which would cause a large
softening e↵ect. However, interpretation of flow measurements is not straightforward, and it is known that
directed flow can also be sensitive to poorly-understood model inputs like momentum-dependent potentials
[91] in the nuclear medium. More theoretical work is needed to elucidate the quantitative connection between
softening signatures, like the beam energy dependence directed flow, and QCD phase changes.

During the period since publication of the STAR BES directed flow results in 2014, there have been several
theoretical papers [19, 20, 91, 94, 95] aimed towards interpretation of these measurements. The Frankfurt
hybrid model [96] used for the data comparison by Steinheimer et al. [94] is based on a Boltzmann transport

- slopes decreases with energy roughly as 1/y
- At lower energies significant particle/antiparticle difference
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FIG. 11. (Color online) Beam energy dependence of v1(y) slope for p, ⇤, p̄, ⇤̄, K±, K0
S , and ⇡

± in 10-40% centrality
Au+Au collisions [46, 90].
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FIG. 12. (Color online) Beam energy dependence of the slope of v1(y) for net protons and net kaons in 10-40%
centrality Au+Au collisions, as reported by STAR [46, 90].

higher energies that are a focus of the present review, it can flag the softening, or drop in pressure, that
may accompany a transition to a di↵erent phase, notably Quark Gluon Plasma. For example, there may be
a spinodal decomposition associated with a first-order phase transition [92, 93], which would cause a large
softening e↵ect. However, interpretation of flow measurements is not straightforward, and it is known that
directed flow can also be sensitive to poorly-understood model inputs like momentum-dependent potentials
[91] in the nuclear medium. More theoretical work is needed to elucidate the quantitative connection between
softening signatures, like the beam energy dependence directed flow, and QCD phase changes.

During the period since publication of the STAR BES directed flow results in 2014, there have been several
theoretical papers [19, 20, 91, 94, 95] aimed towards interpretation of these measurements. The Frankfurt
hybrid model [96] used for the data comparison by Steinheimer et al. [94] is based on a Boltzmann transport

- slopes decreases with energy roughly as 1/y
- At lower energies significant particle/antiparticle difference
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FIG. 13. (Color online) Beam energy dependence of directed flow slope for protons in 10-40% centrality Au+Au from
the STAR experiment, compared with recent available model calculations [19, 20, 95]. All the experimental data
are from Ref. [46] except for one energy point,

p
sNN = 14.5 GeV [90], which should be considered a preliminary

measurement. The Frankfurt hybrid model [94] as well as a pure hydro calculation with particle freeze-out at constant
energy density [94] both lie above the data and are o↵-scale at all BES energies.

approach similar to UrQMD for the initial and late stages of the collision process, while a hydrodynamic
evolution is employed for the intermediate hot and dense stage. The equation of state for the hydro stage
includes crossover and first-order phase transition options. The data comparison by Konchakovski et al. [20]
uses the Parton-Hadron String Dynamics (PHSD) model [71] of the Giessen group, a microscopic approach
with a crossover equation of state having properties similar to the crossover of lattice QCD [87–89]. The
PHSD code also has a mode named Hadron String Dynamics (HSD), which features purely hadronic physics
throughout the collision evolution, and which yields directed flow predictions in close agreement with those
[46] of the UrQMD model. The data comparison by Ivanov and Soldatov [95] uses a relativistic 3-fluid
hydrodynamic model (3FD) [97] with equations of state that include a crossover option and a first-order
phase transition option. The most recent comparison to the STAR BES v

1

data, by Nara et al. [19], uses
the Jet AA Microscopic (JAM) model [98]. JAM is a purely hadronic Boltzmann transport code, but the
authors of Ref. [19] introduce an option to switch from the normal stochastic binary scattering style to a
modified style where the elementary 2-body scatterings are always oriented like attractive orbits [99, 100].
They argue that the switch-over from random to attractive binary orbits mimics the softening e↵ect of a
first-order phase transition.

Fig. 13 focuses on the most promising directed flow measurement from the RHIC Beam Energy Scan,
namely the dv

1

/dy|
y⇠0

for protons at 10-40% centrality, and summarizes recent model comparisons [19, 20,
94, 95] with these data. These authors are largely in agreement that the data disfavor models with purely
hadronic physics. However, some conclude that a crossover deconfinement transition is favored [20, 95],
while others conclude that a first-order phase transition is still a possible explanation [19]. Note that the
argument of Nara et al. [19] is that a more sophisticated implementation of a first-order phase transition
would transition from the ‘JAM’ curve at low BES energies to the ‘JAM-attractive’ curve at higher BES
energies.

Overall, Fig. 13 underlines the fact that no option in any of the model calculations to date reproduces,
even qualitatively, the most striking feature of the data, namely, the minimum in proton directed flow in the
region of

p
s

NN

⇠ 10 � 20 GeV. It is also noteworthy that the v

1

di↵erence between nominally equivalent
equation of state implementations in di↵erent models is very large. For example, the di↵erences in dv

1

/dy

between the 1st-order phase transition in the hybrid model [94] and a similar nominal quantity for the

protons
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Initial flow field is non-isotropic. How important is this effect?
Revival of interest to the picture of rotating system (Dremin, Kharzeev, …)
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traditional Bjorken picture where vz only depends on z. Indeed,

ωx(t = 0) = 1
2

∂vz0

∂y
, ωy(t = 0) = −1

2
∂vz0

∂x
, (6)

where the largest component among the two is the one along
the y axis, because of the asymmetry of vz0 with respect to the
y axis. Conversely, vz0 is symmetric with respect to the x axis
[see Eqs. (1) and (2)] and its partial derivative with respect to
y ought to vanish at y = 0 for any x.

It is worth pointing out that the evolution equation for the
classical vorticity ω in the relativistic case is more complicated
than in nonrelativistic fluid mechanics. However, it is still
true that a nonvanishing initial value of the classical vorticity
makes the fluid motion a vorticous one in general. This stems
from the Carter-Lichnerowicz equation of motion (equivalent
to the Euler equations) for a perfect fluid with one conserved
charge [10]:

uµ(∂µh̄uν − ∂ν h̄uµ) = −T ∂ν s̄, (7)

where h̄ = (ρ + p)/n and s̄ = s/n are the enthalpy and
the entropy densities, respectively, normalized to the charge
density n, p is the pressure, and T is the temperature. The
vorticity tensor is usually defined as

%µν = (∂µh̄uν − ∂ν h̄uµ) (8)

and the vorticity vector as [10]

ωα = 1
4h̄

εαµνσuµ%νσ = 1
4
εαµνσuµ (∂νuσ − ∂σuν) . (9)

It is quite straightforward to show from Eq. (9) that the vorticity
vector field has the nonrelativistic limit

ω →
(
0, 1

2∇ × v
)

(10)

so that ω is a proper relativistic generalization of the classical
vorticity ω = (1/2)∇ × v. The time component of ω is

ω0 = 1
2γ 2v · ∇ × v.

Thus, if ∇ × v %= 0 then ω %= 0 and % %= 0. It can be shown,
starting from Eq. (7), that the spacial part of the vorticity
tensor, that is, " = ∇ × h̄γ v, fulfills the Helmholtz vorticity
equation

∂"

∂t
= ∇ × (v × "), (11)

provided that the fluid is isentropic (i.e., ∇ s̄ = 0). All classical
consequences of the vorticity equations then hold in relativity
provided that ω is replaced by ".

Let us now study in more detail the fluid equations of motion
at time t = 0. We will write the Euler equation, instead of the
Carter-Lichnerowicz, for a perfect ultrarelativistic fluid, with
equation of state p = ρ/3. Accordingly, we have

(ρ + p)(u · ∂)uµ = gµν∂νp − (u · ∂p)uµ, (12)

and we shall focus on the transverse components at time t = 0,
when ux = uy = 0, namely,

ρ0γ0
∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ρ

∂xi

∣∣∣∣
t=0

(13)

for i = 1, 2, where the equation of state has been used.
Multiplying both sides by γ 2

0 and manipulating the derivative
on the right-hand side gives

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4
ρ0

∂γ 2

∂xi

∣∣∣∣
t=0

. (14)

Now, since γ 2
0 = 1/(1 − v2

z0), we get

∂γ

∂xi

∣∣∣∣
t=0

= γ 3
0 vz0

∂vz0

∂xi

(15)

and Eq. (14) becomes

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= − 1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4

2ρ0γ
4
0 vz0

∂vz0

∂xi

∣∣∣∣
t=0

. (16)

Two terms are then responsible for the initial transverse
velocity increase: The first is related to the gradient of the
energy density in the observer frame; the second depends on
the gradient of the initial velocity field [i.e., on the vorticity
according to Eq. (6)]. If vz0 were independent of x, y the
second term would vanish and the transverse expansion would
then be driven by the energy density gradient only, as in
the usual picture. Because of the eccentricity of the overlap
region (see Fig. 2), the system gets an initial kick larger in
the x direction than in y and an anisotropy in the final spectra
ensues. If, however, the second term is included, the expansion
gets an additional contribution because ∂vz0/∂x < 0 (see Fig.
4), and vz0 is negative for x > 0 and positive for x < 0
so that altogether the second term drives an increase of ux

for x > 0 and a decrease (starting from zero) for x < 0.
Moreover, the expansion rate related to this term will be larger
in the x direction than in y because, expectedly, ∂vz0/∂x >
∂vz0/∂y [see discussion following Eq. (6)], thereby enhancing
the elliptic flow. In other words, besides the geometrical
anisotropy, elliptic flow gets a finite contribution from an
initial kinematical anisotropy of the longitudinal velocity. This
enhancement of elliptic flow can be seen as a centrifugal effect
owing to angular momentum conservation: Particles with a
momentum orthogonal to J (i.e., directed along the reaction
plane) get an additional momentum kick with respect to those
emitted along J.

It is now interesting to make an estimate of how large this
contribution is in our simple scheme. Assuming that the energy
density is proportional to the total energy of nucleons in the
overlap region so that

(ρ0 + p0)γ 2
0 − p0 = 1

*z

dE

dxdy
= 1

*z
[T (x − b/2, y)

+ T (x + b/2, y)]
√

sNN

2
, (17)

and by using Eq. (5) and the equation of state p = ρ/3,
we can obtain the expressions of the initial proper energy
density ρ:

ρ0 = 1
*z

√

4
(

dE

dxdy

)2

− 3
(

dP

dxdy

)2

− 1
*z

dE

dxdy
(18)
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FIG. 3. Angular momentum J of the interaction region as a
function of the impact parameter for Au-Au collisions at

√
sNN =

200 GeV.

reasonable assumption that the proper energy density cannot
have such an asymmetric dependence on x because it can
only depend on the density of nucleons at each point, the only
remaining possibility is to admit that the initial longitudinal
flow velocity is asymmetric in x from the very beginning; that
is, it is azimuthally anisotropic, in such a way that

−
∫

d3xxT 0z = −
∫

d3xx(ρ + p)γ 2vz(x) = J (4)

for a perfect fluid and if the initial flow transverse flow velocity
is zero; in this equation T is the stress-energy tensor, ρ is the
proper energy density, p is the pressure, and γ 2 = (1 − v2)−1.
The fact that vz is not azimuthally isotropic implies, in
general, a nonvanishing vorticity ω = (1/2)∇ × v for the fluid
motion, and this may have remarkable consequences on the
final particle spectra. It should be pointed out that some
calculations [3] indeed introduce an x-asymmetric proper
energy density function. Still, even if ρ were forced to have
such an asymmetric x dependence to fulfill angular momentum
conservation (4), the final velocity field would not be the same
as when, more reasonably, vz is asymmetric in x. We will try to
illustrate such effects with an oversimplified hydrodynamical
scheme in the next section.

III. HYDRODYNAMICAL SCHEME

We are now going to set up a very simple hydrodynamical
scheme to show that the azimuthal anisotropy of the lon-
gitudinal flow velocity required by the angular momentum
conservation must enhance the elliptic flow.

As has been mentioned, the requirement of an initial
azimuthal anisotropy of the longitudinal flow velocity breaks
the usual Bjorken scheme, where vz = z/t . As a first step,

FIG. 4. Initial longitudinal velocity profile for the limiting case of
sudden thermalization in the very thin overlap region of the colliding
ultrarelativistic nuclei.

one would like to introduce a minimal change of the Bjorken
scheme, which is not an easy task. Thus, to describe the
possible effects of an initial dependence of vz on x in the
most transparent way, we will assume an oversimplified
scheme in which the two colliding nuclei give rise to a
complete thermalization within an infinitesimally thin slab #z
at time t = 0 (see Fig. 4). This scheme looks very similar to
the Landau hydrodynamical model, were not for the inclusion
of an initial flow velocity vz(x), which ought to vanish
at x = 0 for an infinitely thin slab, for evident symmetry
reasons. Such a picture of the collision should be more
realistic at asymptotically large energies, where one expects
thermalization to be extremely quick and nuclei are infinitely
Lorentz-contracted along their collision axis. Furthermore, we
will assume to deal with a perfect fluid and we will focus our
attention on the transverse motion only.

First, we can write a relation for the initial momentum
density:

(ρ0 + p0)γ 2
0 vz0 = 1

#z

dP

dxdy
, (5)

where ρ0, p0, and vz0 are the proper energy density, pressure,
and longitudinal flow velocity, respectively, at time t = 0,
with γ 2

0 = 1/(1 − v2
z0) because the initial transverse velocity is

vanishing; dP
dxdy

is given by Eq. (1). Equation (5) makes it clear
that vz0 in this approach cannot be zero because of the initial
unbalance in momentum and that, in general, it depends on
both x and y. The specific functional form of the proper energy
density ρ affects the functional dependence of vz0 but it should
not suppress its dependence on x because it is reasonable to
assume that it has a symmetric dependence on x, unlike dP

dxdy

as pointed out at the end of Sec. II. From a hydrodynamical
point of view, the remarkable consequence of this is that the
initial vorticity ω = (1/2)∇ × v is nonvanishing, unlike in the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.
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HEAVY ION COLLISIONS
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(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become
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dx dy
= 2n0
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R2 − y2 − (x − b/2)2

−
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R2 − y2 − (x + b/2)2
]√

sNN

2
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From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:
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R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN
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ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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traditional Bjorken picture where vz only depends on z. Indeed,

ωx(t = 0) = 1
2

∂vz0

∂y
, ωy(t = 0) = −1

2
∂vz0

∂x
, (6)

where the largest component among the two is the one along
the y axis, because of the asymmetry of vz0 with respect to the
y axis. Conversely, vz0 is symmetric with respect to the x axis
[see Eqs. (1) and (2)] and its partial derivative with respect to
y ought to vanish at y = 0 for any x.

It is worth pointing out that the evolution equation for the
classical vorticity ω in the relativistic case is more complicated
than in nonrelativistic fluid mechanics. However, it is still
true that a nonvanishing initial value of the classical vorticity
makes the fluid motion a vorticous one in general. This stems
from the Carter-Lichnerowicz equation of motion (equivalent
to the Euler equations) for a perfect fluid with one conserved
charge [10]:

uµ(∂µh̄uν − ∂ν h̄uµ) = −T ∂ν s̄, (7)

where h̄ = (ρ + p)/n and s̄ = s/n are the enthalpy and
the entropy densities, respectively, normalized to the charge
density n, p is the pressure, and T is the temperature. The
vorticity tensor is usually defined as

%µν = (∂µh̄uν − ∂ν h̄uµ) (8)

and the vorticity vector as [10]

ωα = 1
4h̄

εαµνσuµ%νσ = 1
4
εαµνσuµ (∂νuσ − ∂σuν) . (9)

It is quite straightforward to show from Eq. (9) that the vorticity
vector field has the nonrelativistic limit

ω →
(
0, 1

2∇ × v
)

(10)

so that ω is a proper relativistic generalization of the classical
vorticity ω = (1/2)∇ × v. The time component of ω is

ω0 = 1
2γ 2v · ∇ × v.

Thus, if ∇ × v %= 0 then ω %= 0 and % %= 0. It can be shown,
starting from Eq. (7), that the spacial part of the vorticity
tensor, that is, " = ∇ × h̄γ v, fulfills the Helmholtz vorticity
equation

∂"

∂t
= ∇ × (v × "), (11)

provided that the fluid is isentropic (i.e., ∇ s̄ = 0). All classical
consequences of the vorticity equations then hold in relativity
provided that ω is replaced by ".

Let us now study in more detail the fluid equations of motion
at time t = 0. We will write the Euler equation, instead of the
Carter-Lichnerowicz, for a perfect ultrarelativistic fluid, with
equation of state p = ρ/3. Accordingly, we have

(ρ + p)(u · ∂)uµ = gµν∂νp − (u · ∂p)uµ, (12)

and we shall focus on the transverse components at time t = 0,
when ux = uy = 0, namely,

ρ0γ0
∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ρ

∂xi

∣∣∣∣
t=0

(13)

for i = 1, 2, where the equation of state has been used.
Multiplying both sides by γ 2

0 and manipulating the derivative
on the right-hand side gives

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4
ρ0

∂γ 2

∂xi

∣∣∣∣
t=0

. (14)

Now, since γ 2
0 = 1/(1 − v2

z0), we get

∂γ

∂xi

∣∣∣∣
t=0

= γ 3
0 vz0

∂vz0

∂xi

(15)

and Eq. (14) becomes

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= − 1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4

2ρ0γ
4
0 vz0

∂vz0

∂xi

∣∣∣∣
t=0

. (16)

Two terms are then responsible for the initial transverse
velocity increase: The first is related to the gradient of the
energy density in the observer frame; the second depends on
the gradient of the initial velocity field [i.e., on the vorticity
according to Eq. (6)]. If vz0 were independent of x, y the
second term would vanish and the transverse expansion would
then be driven by the energy density gradient only, as in
the usual picture. Because of the eccentricity of the overlap
region (see Fig. 2), the system gets an initial kick larger in
the x direction than in y and an anisotropy in the final spectra
ensues. If, however, the second term is included, the expansion
gets an additional contribution because ∂vz0/∂x < 0 (see Fig.
4), and vz0 is negative for x > 0 and positive for x < 0
so that altogether the second term drives an increase of ux

for x > 0 and a decrease (starting from zero) for x < 0.
Moreover, the expansion rate related to this term will be larger
in the x direction than in y because, expectedly, ∂vz0/∂x >
∂vz0/∂y [see discussion following Eq. (6)], thereby enhancing
the elliptic flow. In other words, besides the geometrical
anisotropy, elliptic flow gets a finite contribution from an
initial kinematical anisotropy of the longitudinal velocity. This
enhancement of elliptic flow can be seen as a centrifugal effect
owing to angular momentum conservation: Particles with a
momentum orthogonal to J (i.e., directed along the reaction
plane) get an additional momentum kick with respect to those
emitted along J.

It is now interesting to make an estimate of how large this
contribution is in our simple scheme. Assuming that the energy
density is proportional to the total energy of nucleons in the
overlap region so that

(ρ0 + p0)γ 2
0 − p0 = 1

*z

dE

dxdy
= 1

*z
[T (x − b/2, y)

+ T (x + b/2, y)]
√

sNN

2
, (17)

and by using Eq. (5) and the equation of state p = ρ/3,
we can obtain the expressions of the initial proper energy
density ρ:

ρ0 = 1
*z

√

4
(

dE

dxdy

)2

− 3
(

dP

dxdy

)2

− 1
*z

dE

dxdy
(18)
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Initial flow field is non-isotropic. How important is this effect?
Revival of interest to the picture of rotating system (Dremin, Kharzeev, …)
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traditional Bjorken picture where vz only depends on z. Indeed,

ωx(t = 0) = 1
2

∂vz0

∂y
, ωy(t = 0) = −1

2
∂vz0

∂x
, (6)

where the largest component among the two is the one along
the y axis, because of the asymmetry of vz0 with respect to the
y axis. Conversely, vz0 is symmetric with respect to the x axis
[see Eqs. (1) and (2)] and its partial derivative with respect to
y ought to vanish at y = 0 for any x.

It is worth pointing out that the evolution equation for the
classical vorticity ω in the relativistic case is more complicated
than in nonrelativistic fluid mechanics. However, it is still
true that a nonvanishing initial value of the classical vorticity
makes the fluid motion a vorticous one in general. This stems
from the Carter-Lichnerowicz equation of motion (equivalent
to the Euler equations) for a perfect fluid with one conserved
charge [10]:

uµ(∂µh̄uν − ∂ν h̄uµ) = −T ∂ν s̄, (7)

where h̄ = (ρ + p)/n and s̄ = s/n are the enthalpy and
the entropy densities, respectively, normalized to the charge
density n, p is the pressure, and T is the temperature. The
vorticity tensor is usually defined as

%µν = (∂µh̄uν − ∂ν h̄uµ) (8)

and the vorticity vector as [10]

ωα = 1
4h̄

εαµνσuµ%νσ = 1
4
εαµνσuµ (∂νuσ − ∂σuν) . (9)

It is quite straightforward to show from Eq. (9) that the vorticity
vector field has the nonrelativistic limit

ω →
(
0, 1

2∇ × v
)

(10)

so that ω is a proper relativistic generalization of the classical
vorticity ω = (1/2)∇ × v. The time component of ω is

ω0 = 1
2γ 2v · ∇ × v.

Thus, if ∇ × v %= 0 then ω %= 0 and % %= 0. It can be shown,
starting from Eq. (7), that the spacial part of the vorticity
tensor, that is, " = ∇ × h̄γ v, fulfills the Helmholtz vorticity
equation

∂"

∂t
= ∇ × (v × "), (11)

provided that the fluid is isentropic (i.e., ∇ s̄ = 0). All classical
consequences of the vorticity equations then hold in relativity
provided that ω is replaced by ".

Let us now study in more detail the fluid equations of motion
at time t = 0. We will write the Euler equation, instead of the
Carter-Lichnerowicz, for a perfect ultrarelativistic fluid, with
equation of state p = ρ/3. Accordingly, we have

(ρ + p)(u · ∂)uµ = gµν∂νp − (u · ∂p)uµ, (12)

and we shall focus on the transverse components at time t = 0,
when ux = uy = 0, namely,

ρ0γ0
∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ρ

∂xi

∣∣∣∣
t=0

(13)

for i = 1, 2, where the equation of state has been used.
Multiplying both sides by γ 2

0 and manipulating the derivative
on the right-hand side gives

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4
ρ0

∂γ 2

∂xi

∣∣∣∣
t=0

. (14)

Now, since γ 2
0 = 1/(1 − v2

z0), we get

∂γ

∂xi

∣∣∣∣
t=0

= γ 3
0 vz0

∂vz0

∂xi

(15)

and Eq. (14) becomes

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= − 1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4

2ρ0γ
4
0 vz0

∂vz0

∂xi

∣∣∣∣
t=0

. (16)

Two terms are then responsible for the initial transverse
velocity increase: The first is related to the gradient of the
energy density in the observer frame; the second depends on
the gradient of the initial velocity field [i.e., on the vorticity
according to Eq. (6)]. If vz0 were independent of x, y the
second term would vanish and the transverse expansion would
then be driven by the energy density gradient only, as in
the usual picture. Because of the eccentricity of the overlap
region (see Fig. 2), the system gets an initial kick larger in
the x direction than in y and an anisotropy in the final spectra
ensues. If, however, the second term is included, the expansion
gets an additional contribution because ∂vz0/∂x < 0 (see Fig.
4), and vz0 is negative for x > 0 and positive for x < 0
so that altogether the second term drives an increase of ux

for x > 0 and a decrease (starting from zero) for x < 0.
Moreover, the expansion rate related to this term will be larger
in the x direction than in y because, expectedly, ∂vz0/∂x >
∂vz0/∂y [see discussion following Eq. (6)], thereby enhancing
the elliptic flow. In other words, besides the geometrical
anisotropy, elliptic flow gets a finite contribution from an
initial kinematical anisotropy of the longitudinal velocity. This
enhancement of elliptic flow can be seen as a centrifugal effect
owing to angular momentum conservation: Particles with a
momentum orthogonal to J (i.e., directed along the reaction
plane) get an additional momentum kick with respect to those
emitted along J.

It is now interesting to make an estimate of how large this
contribution is in our simple scheme. Assuming that the energy
density is proportional to the total energy of nucleons in the
overlap region so that

(ρ0 + p0)γ 2
0 − p0 = 1

*z

dE

dxdy
= 1

*z
[T (x − b/2, y)

+ T (x + b/2, y)]
√

sNN

2
, (17)

and by using Eq. (5) and the equation of state p = ρ/3,
we can obtain the expressions of the initial proper energy
density ρ:

ρ0 = 1
*z

√

4
(

dE

dxdy

)2

− 3
(

dP

dxdy

)2

− 1
*z

dE

dxdy
(18)
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FIG. 3. Angular momentum J of the interaction region as a
function of the impact parameter for Au-Au collisions at

√
sNN =

200 GeV.

reasonable assumption that the proper energy density cannot
have such an asymmetric dependence on x because it can
only depend on the density of nucleons at each point, the only
remaining possibility is to admit that the initial longitudinal
flow velocity is asymmetric in x from the very beginning; that
is, it is azimuthally anisotropic, in such a way that

−
∫

d3xxT 0z = −
∫

d3xx(ρ + p)γ 2vz(x) = J (4)

for a perfect fluid and if the initial flow transverse flow velocity
is zero; in this equation T is the stress-energy tensor, ρ is the
proper energy density, p is the pressure, and γ 2 = (1 − v2)−1.
The fact that vz is not azimuthally isotropic implies, in
general, a nonvanishing vorticity ω = (1/2)∇ × v for the fluid
motion, and this may have remarkable consequences on the
final particle spectra. It should be pointed out that some
calculations [3] indeed introduce an x-asymmetric proper
energy density function. Still, even if ρ were forced to have
such an asymmetric x dependence to fulfill angular momentum
conservation (4), the final velocity field would not be the same
as when, more reasonably, vz is asymmetric in x. We will try to
illustrate such effects with an oversimplified hydrodynamical
scheme in the next section.

III. HYDRODYNAMICAL SCHEME

We are now going to set up a very simple hydrodynamical
scheme to show that the azimuthal anisotropy of the lon-
gitudinal flow velocity required by the angular momentum
conservation must enhance the elliptic flow.

As has been mentioned, the requirement of an initial
azimuthal anisotropy of the longitudinal flow velocity breaks
the usual Bjorken scheme, where vz = z/t . As a first step,

FIG. 4. Initial longitudinal velocity profile for the limiting case of
sudden thermalization in the very thin overlap region of the colliding
ultrarelativistic nuclei.

one would like to introduce a minimal change of the Bjorken
scheme, which is not an easy task. Thus, to describe the
possible effects of an initial dependence of vz on x in the
most transparent way, we will assume an oversimplified
scheme in which the two colliding nuclei give rise to a
complete thermalization within an infinitesimally thin slab #z
at time t = 0 (see Fig. 4). This scheme looks very similar to
the Landau hydrodynamical model, were not for the inclusion
of an initial flow velocity vz(x), which ought to vanish
at x = 0 for an infinitely thin slab, for evident symmetry
reasons. Such a picture of the collision should be more
realistic at asymptotically large energies, where one expects
thermalization to be extremely quick and nuclei are infinitely
Lorentz-contracted along their collision axis. Furthermore, we
will assume to deal with a perfect fluid and we will focus our
attention on the transverse motion only.

First, we can write a relation for the initial momentum
density:

(ρ0 + p0)γ 2
0 vz0 = 1

#z

dP

dxdy
, (5)

where ρ0, p0, and vz0 are the proper energy density, pressure,
and longitudinal flow velocity, respectively, at time t = 0,
with γ 2

0 = 1/(1 − v2
z0) because the initial transverse velocity is

vanishing; dP
dxdy

is given by Eq. (1). Equation (5) makes it clear
that vz0 in this approach cannot be zero because of the initial
unbalance in momentum and that, in general, it depends on
both x and y. The specific functional form of the proper energy
density ρ affects the functional dependence of vz0 but it should
not suppress its dependence on x because it is reasonable to
assume that it has a symmetric dependence on x, unlike dP

dxdy

as pointed out at the end of Sec. II. From a hydrodynamical
point of view, the remarkable consequence of this is that the
initial vorticity ω = (1/2)∇ × v is nonvanishing, unlike in the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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traditional Bjorken picture where vz only depends on z. Indeed,

ωx(t = 0) = 1
2

∂vz0

∂y
, ωy(t = 0) = −1

2
∂vz0

∂x
, (6)

where the largest component among the two is the one along
the y axis, because of the asymmetry of vz0 with respect to the
y axis. Conversely, vz0 is symmetric with respect to the x axis
[see Eqs. (1) and (2)] and its partial derivative with respect to
y ought to vanish at y = 0 for any x.

It is worth pointing out that the evolution equation for the
classical vorticity ω in the relativistic case is more complicated
than in nonrelativistic fluid mechanics. However, it is still
true that a nonvanishing initial value of the classical vorticity
makes the fluid motion a vorticous one in general. This stems
from the Carter-Lichnerowicz equation of motion (equivalent
to the Euler equations) for a perfect fluid with one conserved
charge [10]:

uµ(∂µh̄uν − ∂ν h̄uµ) = −T ∂ν s̄, (7)

where h̄ = (ρ + p)/n and s̄ = s/n are the enthalpy and
the entropy densities, respectively, normalized to the charge
density n, p is the pressure, and T is the temperature. The
vorticity tensor is usually defined as

%µν = (∂µh̄uν − ∂ν h̄uµ) (8)

and the vorticity vector as [10]

ωα = 1
4h̄

εαµνσuµ%νσ = 1
4
εαµνσuµ (∂νuσ − ∂σuν) . (9)

It is quite straightforward to show from Eq. (9) that the vorticity
vector field has the nonrelativistic limit

ω →
(
0, 1

2∇ × v
)

(10)

so that ω is a proper relativistic generalization of the classical
vorticity ω = (1/2)∇ × v. The time component of ω is

ω0 = 1
2γ 2v · ∇ × v.

Thus, if ∇ × v %= 0 then ω %= 0 and % %= 0. It can be shown,
starting from Eq. (7), that the spacial part of the vorticity
tensor, that is, " = ∇ × h̄γ v, fulfills the Helmholtz vorticity
equation

∂"

∂t
= ∇ × (v × "), (11)

provided that the fluid is isentropic (i.e., ∇ s̄ = 0). All classical
consequences of the vorticity equations then hold in relativity
provided that ω is replaced by ".

Let us now study in more detail the fluid equations of motion
at time t = 0. We will write the Euler equation, instead of the
Carter-Lichnerowicz, for a perfect ultrarelativistic fluid, with
equation of state p = ρ/3. Accordingly, we have

(ρ + p)(u · ∂)uµ = gµν∂νp − (u · ∂p)uµ, (12)

and we shall focus on the transverse components at time t = 0,
when ux = uy = 0, namely,

ρ0γ0
∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ρ

∂xi

∣∣∣∣
t=0

(13)

for i = 1, 2, where the equation of state has been used.
Multiplying both sides by γ 2

0 and manipulating the derivative
on the right-hand side gives

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4
ρ0

∂γ 2

∂xi

∣∣∣∣
t=0

. (14)

Now, since γ 2
0 = 1/(1 − v2

z0), we get

∂γ

∂xi

∣∣∣∣
t=0

= γ 3
0 vz0

∂vz0

∂xi

(15)

and Eq. (14) becomes

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= − 1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4

2ρ0γ
4
0 vz0

∂vz0

∂xi

∣∣∣∣
t=0

. (16)

Two terms are then responsible for the initial transverse
velocity increase: The first is related to the gradient of the
energy density in the observer frame; the second depends on
the gradient of the initial velocity field [i.e., on the vorticity
according to Eq. (6)]. If vz0 were independent of x, y the
second term would vanish and the transverse expansion would
then be driven by the energy density gradient only, as in
the usual picture. Because of the eccentricity of the overlap
region (see Fig. 2), the system gets an initial kick larger in
the x direction than in y and an anisotropy in the final spectra
ensues. If, however, the second term is included, the expansion
gets an additional contribution because ∂vz0/∂x < 0 (see Fig.
4), and vz0 is negative for x > 0 and positive for x < 0
so that altogether the second term drives an increase of ux

for x > 0 and a decrease (starting from zero) for x < 0.
Moreover, the expansion rate related to this term will be larger
in the x direction than in y because, expectedly, ∂vz0/∂x >
∂vz0/∂y [see discussion following Eq. (6)], thereby enhancing
the elliptic flow. In other words, besides the geometrical
anisotropy, elliptic flow gets a finite contribution from an
initial kinematical anisotropy of the longitudinal velocity. This
enhancement of elliptic flow can be seen as a centrifugal effect
owing to angular momentum conservation: Particles with a
momentum orthogonal to J (i.e., directed along the reaction
plane) get an additional momentum kick with respect to those
emitted along J.

It is now interesting to make an estimate of how large this
contribution is in our simple scheme. Assuming that the energy
density is proportional to the total energy of nucleons in the
overlap region so that

(ρ0 + p0)γ 2
0 − p0 = 1

*z

dE

dxdy
= 1

*z
[T (x − b/2, y)

+ T (x + b/2, y)]
√

sNN

2
, (17)

and by using Eq. (5) and the equation of state p = ρ/3,
we can obtain the expressions of the initial proper energy
density ρ:

ρ0 = 1
*z

√

4
(

dE

dxdy

)2

− 3
(

dP

dxdy

)2

− 1
*z

dE

dxdy
(18)
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Initial flow field is non-isotropic. How important is this effect?
Revival of interest to the picture of rotating system (Dremin, Kharzeev, …)

It must be seen in directed flow! Indeed…

F. BECATTINI, F. PICCININI, AND J. RIZZO PHYSICAL REVIEW C 77, 024906 (2008)

traditional Bjorken picture where vz only depends on z. Indeed,

ωx(t = 0) = 1
2

∂vz0

∂y
, ωy(t = 0) = −1

2
∂vz0

∂x
, (6)

where the largest component among the two is the one along
the y axis, because of the asymmetry of vz0 with respect to the
y axis. Conversely, vz0 is symmetric with respect to the x axis
[see Eqs. (1) and (2)] and its partial derivative with respect to
y ought to vanish at y = 0 for any x.

It is worth pointing out that the evolution equation for the
classical vorticity ω in the relativistic case is more complicated
than in nonrelativistic fluid mechanics. However, it is still
true that a nonvanishing initial value of the classical vorticity
makes the fluid motion a vorticous one in general. This stems
from the Carter-Lichnerowicz equation of motion (equivalent
to the Euler equations) for a perfect fluid with one conserved
charge [10]:

uµ(∂µh̄uν − ∂ν h̄uµ) = −T ∂ν s̄, (7)

where h̄ = (ρ + p)/n and s̄ = s/n are the enthalpy and
the entropy densities, respectively, normalized to the charge
density n, p is the pressure, and T is the temperature. The
vorticity tensor is usually defined as

%µν = (∂µh̄uν − ∂ν h̄uµ) (8)

and the vorticity vector as [10]

ωα = 1
4h̄

εαµνσuµ%νσ = 1
4
εαµνσuµ (∂νuσ − ∂σuν) . (9)

It is quite straightforward to show from Eq. (9) that the vorticity
vector field has the nonrelativistic limit

ω →
(
0, 1

2∇ × v
)

(10)

so that ω is a proper relativistic generalization of the classical
vorticity ω = (1/2)∇ × v. The time component of ω is

ω0 = 1
2γ 2v · ∇ × v.

Thus, if ∇ × v %= 0 then ω %= 0 and % %= 0. It can be shown,
starting from Eq. (7), that the spacial part of the vorticity
tensor, that is, " = ∇ × h̄γ v, fulfills the Helmholtz vorticity
equation

∂"

∂t
= ∇ × (v × "), (11)

provided that the fluid is isentropic (i.e., ∇ s̄ = 0). All classical
consequences of the vorticity equations then hold in relativity
provided that ω is replaced by ".

Let us now study in more detail the fluid equations of motion
at time t = 0. We will write the Euler equation, instead of the
Carter-Lichnerowicz, for a perfect ultrarelativistic fluid, with
equation of state p = ρ/3. Accordingly, we have

(ρ + p)(u · ∂)uµ = gµν∂νp − (u · ∂p)uµ, (12)

and we shall focus on the transverse components at time t = 0,
when ux = uy = 0, namely,

ρ0γ0
∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ρ

∂xi

∣∣∣∣
t=0

(13)

for i = 1, 2, where the equation of state has been used.
Multiplying both sides by γ 2

0 and manipulating the derivative
on the right-hand side gives

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4
ρ0

∂γ 2

∂xi

∣∣∣∣
t=0

. (14)

Now, since γ 2
0 = 1/(1 − v2

z0), we get

∂γ

∂xi

∣∣∣∣
t=0

= γ 3
0 vz0

∂vz0

∂xi

(15)

and Eq. (14) becomes

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= − 1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4

2ρ0γ
4
0 vz0

∂vz0

∂xi

∣∣∣∣
t=0

. (16)

Two terms are then responsible for the initial transverse
velocity increase: The first is related to the gradient of the
energy density in the observer frame; the second depends on
the gradient of the initial velocity field [i.e., on the vorticity
according to Eq. (6)]. If vz0 were independent of x, y the
second term would vanish and the transverse expansion would
then be driven by the energy density gradient only, as in
the usual picture. Because of the eccentricity of the overlap
region (see Fig. 2), the system gets an initial kick larger in
the x direction than in y and an anisotropy in the final spectra
ensues. If, however, the second term is included, the expansion
gets an additional contribution because ∂vz0/∂x < 0 (see Fig.
4), and vz0 is negative for x > 0 and positive for x < 0
so that altogether the second term drives an increase of ux

for x > 0 and a decrease (starting from zero) for x < 0.
Moreover, the expansion rate related to this term will be larger
in the x direction than in y because, expectedly, ∂vz0/∂x >
∂vz0/∂y [see discussion following Eq. (6)], thereby enhancing
the elliptic flow. In other words, besides the geometrical
anisotropy, elliptic flow gets a finite contribution from an
initial kinematical anisotropy of the longitudinal velocity. This
enhancement of elliptic flow can be seen as a centrifugal effect
owing to angular momentum conservation: Particles with a
momentum orthogonal to J (i.e., directed along the reaction
plane) get an additional momentum kick with respect to those
emitted along J.

It is now interesting to make an estimate of how large this
contribution is in our simple scheme. Assuming that the energy
density is proportional to the total energy of nucleons in the
overlap region so that

(ρ0 + p0)γ 2
0 − p0 = 1

*z

dE

dxdy
= 1

*z
[T (x − b/2, y)

+ T (x + b/2, y)]
√

sNN

2
, (17)

and by using Eq. (5) and the equation of state p = ρ/3,
we can obtain the expressions of the initial proper energy
density ρ:

ρ0 = 1
*z

√

4
(

dE

dxdy

)2

− 3
(

dP

dxdy

)2

− 1
*z

dE

dxdy
(18)

024906-4

ANGULAR MOMENTUM CONSERVATION IN HEAVY ION . . . PHYSICAL REVIEW C 77, 024906 (2008)

0

10000

20000

30000

40000

50000

60000

70000

80000

90000

0 2 4 6 8 10 12

Hard Sphere

Woods-Saxon

Au Au, √ sNN =  200 GeV

b (fm)

J

FIG. 3. Angular momentum J of the interaction region as a
function of the impact parameter for Au-Au collisions at

√
sNN =

200 GeV.

reasonable assumption that the proper energy density cannot
have such an asymmetric dependence on x because it can
only depend on the density of nucleons at each point, the only
remaining possibility is to admit that the initial longitudinal
flow velocity is asymmetric in x from the very beginning; that
is, it is azimuthally anisotropic, in such a way that

−
∫

d3xxT 0z = −
∫

d3xx(ρ + p)γ 2vz(x) = J (4)

for a perfect fluid and if the initial flow transverse flow velocity
is zero; in this equation T is the stress-energy tensor, ρ is the
proper energy density, p is the pressure, and γ 2 = (1 − v2)−1.
The fact that vz is not azimuthally isotropic implies, in
general, a nonvanishing vorticity ω = (1/2)∇ × v for the fluid
motion, and this may have remarkable consequences on the
final particle spectra. It should be pointed out that some
calculations [3] indeed introduce an x-asymmetric proper
energy density function. Still, even if ρ were forced to have
such an asymmetric x dependence to fulfill angular momentum
conservation (4), the final velocity field would not be the same
as when, more reasonably, vz is asymmetric in x. We will try to
illustrate such effects with an oversimplified hydrodynamical
scheme in the next section.

III. HYDRODYNAMICAL SCHEME

We are now going to set up a very simple hydrodynamical
scheme to show that the azimuthal anisotropy of the lon-
gitudinal flow velocity required by the angular momentum
conservation must enhance the elliptic flow.

As has been mentioned, the requirement of an initial
azimuthal anisotropy of the longitudinal flow velocity breaks
the usual Bjorken scheme, where vz = z/t . As a first step,

FIG. 4. Initial longitudinal velocity profile for the limiting case of
sudden thermalization in the very thin overlap region of the colliding
ultrarelativistic nuclei.

one would like to introduce a minimal change of the Bjorken
scheme, which is not an easy task. Thus, to describe the
possible effects of an initial dependence of vz on x in the
most transparent way, we will assume an oversimplified
scheme in which the two colliding nuclei give rise to a
complete thermalization within an infinitesimally thin slab #z
at time t = 0 (see Fig. 4). This scheme looks very similar to
the Landau hydrodynamical model, were not for the inclusion
of an initial flow velocity vz(x), which ought to vanish
at x = 0 for an infinitely thin slab, for evident symmetry
reasons. Such a picture of the collision should be more
realistic at asymptotically large energies, where one expects
thermalization to be extremely quick and nuclei are infinitely
Lorentz-contracted along their collision axis. Furthermore, we
will assume to deal with a perfect fluid and we will focus our
attention on the transverse motion only.

First, we can write a relation for the initial momentum
density:

(ρ0 + p0)γ 2
0 vz0 = 1

#z

dP

dxdy
, (5)

where ρ0, p0, and vz0 are the proper energy density, pressure,
and longitudinal flow velocity, respectively, at time t = 0,
with γ 2

0 = 1/(1 − v2
z0) because the initial transverse velocity is

vanishing; dP
dxdy

is given by Eq. (1). Equation (5) makes it clear
that vz0 in this approach cannot be zero because of the initial
unbalance in momentum and that, in general, it depends on
both x and y. The specific functional form of the proper energy
density ρ affects the functional dependence of vz0 but it should
not suppress its dependence on x because it is reasonable to
assume that it has a symmetric dependence on x, unlike dP

dxdy

as pointed out at the end of Sec. II. From a hydrodynamical
point of view, the remarkable consequence of this is that the
initial vorticity ω = (1/2)∇ × v is nonvanishing, unlike in the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]
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sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the

024906-2

Vorticity and anisotropic flow
F. BECATTINI, F. PICCININI, AND J. RIZZO PHYSICAL REVIEW C 77, 024906 (2008)

traditional Bjorken picture where vz only depends on z. Indeed,

ωx(t = 0) = 1
2

∂vz0

∂y
, ωy(t = 0) = −1

2
∂vz0

∂x
, (6)

where the largest component among the two is the one along
the y axis, because of the asymmetry of vz0 with respect to the
y axis. Conversely, vz0 is symmetric with respect to the x axis
[see Eqs. (1) and (2)] and its partial derivative with respect to
y ought to vanish at y = 0 for any x.

It is worth pointing out that the evolution equation for the
classical vorticity ω in the relativistic case is more complicated
than in nonrelativistic fluid mechanics. However, it is still
true that a nonvanishing initial value of the classical vorticity
makes the fluid motion a vorticous one in general. This stems
from the Carter-Lichnerowicz equation of motion (equivalent
to the Euler equations) for a perfect fluid with one conserved
charge [10]:

uµ(∂µh̄uν − ∂ν h̄uµ) = −T ∂ν s̄, (7)

where h̄ = (ρ + p)/n and s̄ = s/n are the enthalpy and
the entropy densities, respectively, normalized to the charge
density n, p is the pressure, and T is the temperature. The
vorticity tensor is usually defined as

%µν = (∂µh̄uν − ∂ν h̄uµ) (8)

and the vorticity vector as [10]

ωα = 1
4h̄

εαµνσuµ%νσ = 1
4
εαµνσuµ (∂νuσ − ∂σuν) . (9)

It is quite straightforward to show from Eq. (9) that the vorticity
vector field has the nonrelativistic limit

ω →
(
0, 1

2∇ × v
)

(10)

so that ω is a proper relativistic generalization of the classical
vorticity ω = (1/2)∇ × v. The time component of ω is

ω0 = 1
2γ 2v · ∇ × v.

Thus, if ∇ × v %= 0 then ω %= 0 and % %= 0. It can be shown,
starting from Eq. (7), that the spacial part of the vorticity
tensor, that is, " = ∇ × h̄γ v, fulfills the Helmholtz vorticity
equation

∂"

∂t
= ∇ × (v × "), (11)

provided that the fluid is isentropic (i.e., ∇ s̄ = 0). All classical
consequences of the vorticity equations then hold in relativity
provided that ω is replaced by ".

Let us now study in more detail the fluid equations of motion
at time t = 0. We will write the Euler equation, instead of the
Carter-Lichnerowicz, for a perfect ultrarelativistic fluid, with
equation of state p = ρ/3. Accordingly, we have

(ρ + p)(u · ∂)uµ = gµν∂νp − (u · ∂p)uµ, (12)

and we shall focus on the transverse components at time t = 0,
when ux = uy = 0, namely,

ρ0γ0
∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ρ

∂xi

∣∣∣∣
t=0

(13)

for i = 1, 2, where the equation of state has been used.
Multiplying both sides by γ 2

0 and manipulating the derivative
on the right-hand side gives

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4
ρ0

∂γ 2

∂xi

∣∣∣∣
t=0

. (14)

Now, since γ 2
0 = 1/(1 − v2

z0), we get

∂γ

∂xi

∣∣∣∣
t=0

= γ 3
0 vz0

∂vz0

∂xi

(15)

and Eq. (14) becomes

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= − 1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4

2ρ0γ
4
0 vz0

∂vz0

∂xi

∣∣∣∣
t=0

. (16)

Two terms are then responsible for the initial transverse
velocity increase: The first is related to the gradient of the
energy density in the observer frame; the second depends on
the gradient of the initial velocity field [i.e., on the vorticity
according to Eq. (6)]. If vz0 were independent of x, y the
second term would vanish and the transverse expansion would
then be driven by the energy density gradient only, as in
the usual picture. Because of the eccentricity of the overlap
region (see Fig. 2), the system gets an initial kick larger in
the x direction than in y and an anisotropy in the final spectra
ensues. If, however, the second term is included, the expansion
gets an additional contribution because ∂vz0/∂x < 0 (see Fig.
4), and vz0 is negative for x > 0 and positive for x < 0
so that altogether the second term drives an increase of ux

for x > 0 and a decrease (starting from zero) for x < 0.
Moreover, the expansion rate related to this term will be larger
in the x direction than in y because, expectedly, ∂vz0/∂x >
∂vz0/∂y [see discussion following Eq. (6)], thereby enhancing
the elliptic flow. In other words, besides the geometrical
anisotropy, elliptic flow gets a finite contribution from an
initial kinematical anisotropy of the longitudinal velocity. This
enhancement of elliptic flow can be seen as a centrifugal effect
owing to angular momentum conservation: Particles with a
momentum orthogonal to J (i.e., directed along the reaction
plane) get an additional momentum kick with respect to those
emitted along J.

It is now interesting to make an estimate of how large this
contribution is in our simple scheme. Assuming that the energy
density is proportional to the total energy of nucleons in the
overlap region so that

(ρ0 + p0)γ 2
0 − p0 = 1

*z

dE

dxdy
= 1

*z
[T (x − b/2, y)

+ T (x + b/2, y)]
√

sNN

2
, (17)

and by using Eq. (5) and the equation of state p = ρ/3,
we can obtain the expressions of the initial proper energy
density ρ:

ρ0 = 1
*z

√

4
(

dE

dxdy

)2

− 3
(

dP

dxdy

)2

− 1
*z

dE

dxdy
(18)
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Role of viscosity? Can we measure it?

Initial flow field is non-isotropic. How important is this effect?
Revival of interest to the picture of rotating system (Dremin, Kharzeev, …)

It must be seen in directed flow! Indeed…
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traditional Bjorken picture where vz only depends on z. Indeed,

ωx(t = 0) = 1
2

∂vz0

∂y
, ωy(t = 0) = −1

2
∂vz0

∂x
, (6)

where the largest component among the two is the one along
the y axis, because of the asymmetry of vz0 with respect to the
y axis. Conversely, vz0 is symmetric with respect to the x axis
[see Eqs. (1) and (2)] and its partial derivative with respect to
y ought to vanish at y = 0 for any x.

It is worth pointing out that the evolution equation for the
classical vorticity ω in the relativistic case is more complicated
than in nonrelativistic fluid mechanics. However, it is still
true that a nonvanishing initial value of the classical vorticity
makes the fluid motion a vorticous one in general. This stems
from the Carter-Lichnerowicz equation of motion (equivalent
to the Euler equations) for a perfect fluid with one conserved
charge [10]:

uµ(∂µh̄uν − ∂ν h̄uµ) = −T ∂ν s̄, (7)

where h̄ = (ρ + p)/n and s̄ = s/n are the enthalpy and
the entropy densities, respectively, normalized to the charge
density n, p is the pressure, and T is the temperature. The
vorticity tensor is usually defined as

%µν = (∂µh̄uν − ∂ν h̄uµ) (8)

and the vorticity vector as [10]

ωα = 1
4h̄

εαµνσuµ%νσ = 1
4
εαµνσuµ (∂νuσ − ∂σuν) . (9)

It is quite straightforward to show from Eq. (9) that the vorticity
vector field has the nonrelativistic limit

ω →
(
0, 1

2∇ × v
)

(10)

so that ω is a proper relativistic generalization of the classical
vorticity ω = (1/2)∇ × v. The time component of ω is

ω0 = 1
2γ 2v · ∇ × v.

Thus, if ∇ × v %= 0 then ω %= 0 and % %= 0. It can be shown,
starting from Eq. (7), that the spacial part of the vorticity
tensor, that is, " = ∇ × h̄γ v, fulfills the Helmholtz vorticity
equation

∂"

∂t
= ∇ × (v × "), (11)

provided that the fluid is isentropic (i.e., ∇ s̄ = 0). All classical
consequences of the vorticity equations then hold in relativity
provided that ω is replaced by ".

Let us now study in more detail the fluid equations of motion
at time t = 0. We will write the Euler equation, instead of the
Carter-Lichnerowicz, for a perfect ultrarelativistic fluid, with
equation of state p = ρ/3. Accordingly, we have

(ρ + p)(u · ∂)uµ = gµν∂νp − (u · ∂p)uµ, (12)

and we shall focus on the transverse components at time t = 0,
when ux = uy = 0, namely,

ρ0γ0
∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ρ

∂xi

∣∣∣∣
t=0

(13)

for i = 1, 2, where the equation of state has been used.
Multiplying both sides by γ 2

0 and manipulating the derivative
on the right-hand side gives

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4
ρ0

∂γ 2

∂xi

∣∣∣∣
t=0

. (14)

Now, since γ 2
0 = 1/(1 − v2

z0), we get

∂γ

∂xi

∣∣∣∣
t=0

= γ 3
0 vz0

∂vz0

∂xi

(15)

and Eq. (14) becomes

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= − 1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4

2ρ0γ
4
0 vz0

∂vz0

∂xi

∣∣∣∣
t=0

. (16)

Two terms are then responsible for the initial transverse
velocity increase: The first is related to the gradient of the
energy density in the observer frame; the second depends on
the gradient of the initial velocity field [i.e., on the vorticity
according to Eq. (6)]. If vz0 were independent of x, y the
second term would vanish and the transverse expansion would
then be driven by the energy density gradient only, as in
the usual picture. Because of the eccentricity of the overlap
region (see Fig. 2), the system gets an initial kick larger in
the x direction than in y and an anisotropy in the final spectra
ensues. If, however, the second term is included, the expansion
gets an additional contribution because ∂vz0/∂x < 0 (see Fig.
4), and vz0 is negative for x > 0 and positive for x < 0
so that altogether the second term drives an increase of ux

for x > 0 and a decrease (starting from zero) for x < 0.
Moreover, the expansion rate related to this term will be larger
in the x direction than in y because, expectedly, ∂vz0/∂x >
∂vz0/∂y [see discussion following Eq. (6)], thereby enhancing
the elliptic flow. In other words, besides the geometrical
anisotropy, elliptic flow gets a finite contribution from an
initial kinematical anisotropy of the longitudinal velocity. This
enhancement of elliptic flow can be seen as a centrifugal effect
owing to angular momentum conservation: Particles with a
momentum orthogonal to J (i.e., directed along the reaction
plane) get an additional momentum kick with respect to those
emitted along J.

It is now interesting to make an estimate of how large this
contribution is in our simple scheme. Assuming that the energy
density is proportional to the total energy of nucleons in the
overlap region so that

(ρ0 + p0)γ 2
0 − p0 = 1

*z

dE

dxdy
= 1

*z
[T (x − b/2, y)

+ T (x + b/2, y)]
√

sNN

2
, (17)

and by using Eq. (5) and the equation of state p = ρ/3,
we can obtain the expressions of the initial proper energy
density ρ:

ρ0 = 1
*z

√

4
(

dE

dxdy

)2

− 3
(

dP

dxdy

)2

− 1
*z

dE

dxdy
(18)
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FIG. 3. Angular momentum J of the interaction region as a
function of the impact parameter for Au-Au collisions at

√
sNN =

200 GeV.

reasonable assumption that the proper energy density cannot
have such an asymmetric dependence on x because it can
only depend on the density of nucleons at each point, the only
remaining possibility is to admit that the initial longitudinal
flow velocity is asymmetric in x from the very beginning; that
is, it is azimuthally anisotropic, in such a way that

−
∫

d3xxT 0z = −
∫

d3xx(ρ + p)γ 2vz(x) = J (4)

for a perfect fluid and if the initial flow transverse flow velocity
is zero; in this equation T is the stress-energy tensor, ρ is the
proper energy density, p is the pressure, and γ 2 = (1 − v2)−1.
The fact that vz is not azimuthally isotropic implies, in
general, a nonvanishing vorticity ω = (1/2)∇ × v for the fluid
motion, and this may have remarkable consequences on the
final particle spectra. It should be pointed out that some
calculations [3] indeed introduce an x-asymmetric proper
energy density function. Still, even if ρ were forced to have
such an asymmetric x dependence to fulfill angular momentum
conservation (4), the final velocity field would not be the same
as when, more reasonably, vz is asymmetric in x. We will try to
illustrate such effects with an oversimplified hydrodynamical
scheme in the next section.

III. HYDRODYNAMICAL SCHEME

We are now going to set up a very simple hydrodynamical
scheme to show that the azimuthal anisotropy of the lon-
gitudinal flow velocity required by the angular momentum
conservation must enhance the elliptic flow.

As has been mentioned, the requirement of an initial
azimuthal anisotropy of the longitudinal flow velocity breaks
the usual Bjorken scheme, where vz = z/t . As a first step,

FIG. 4. Initial longitudinal velocity profile for the limiting case of
sudden thermalization in the very thin overlap region of the colliding
ultrarelativistic nuclei.

one would like to introduce a minimal change of the Bjorken
scheme, which is not an easy task. Thus, to describe the
possible effects of an initial dependence of vz on x in the
most transparent way, we will assume an oversimplified
scheme in which the two colliding nuclei give rise to a
complete thermalization within an infinitesimally thin slab #z
at time t = 0 (see Fig. 4). This scheme looks very similar to
the Landau hydrodynamical model, were not for the inclusion
of an initial flow velocity vz(x), which ought to vanish
at x = 0 for an infinitely thin slab, for evident symmetry
reasons. Such a picture of the collision should be more
realistic at asymptotically large energies, where one expects
thermalization to be extremely quick and nuclei are infinitely
Lorentz-contracted along their collision axis. Furthermore, we
will assume to deal with a perfect fluid and we will focus our
attention on the transverse motion only.

First, we can write a relation for the initial momentum
density:

(ρ0 + p0)γ 2
0 vz0 = 1

#z

dP

dxdy
, (5)

where ρ0, p0, and vz0 are the proper energy density, pressure,
and longitudinal flow velocity, respectively, at time t = 0,
with γ 2

0 = 1/(1 − v2
z0) because the initial transverse velocity is

vanishing; dP
dxdy

is given by Eq. (1). Equation (5) makes it clear
that vz0 in this approach cannot be zero because of the initial
unbalance in momentum and that, in general, it depends on
both x and y. The specific functional form of the proper energy
density ρ affects the functional dependence of vz0 but it should
not suppress its dependence on x because it is reasonable to
assume that it has a symmetric dependence on x, unlike dP

dxdy

as pointed out at the end of Sec. II. From a hydrodynamical
point of view, the remarkable consequence of this is that the
initial vorticity ω = (1/2)∇ × v is nonvanishing, unlike in the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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traditional Bjorken picture where vz only depends on z. Indeed,

ωx(t = 0) = 1
2

∂vz0

∂y
, ωy(t = 0) = −1

2
∂vz0

∂x
, (6)

where the largest component among the two is the one along
the y axis, because of the asymmetry of vz0 with respect to the
y axis. Conversely, vz0 is symmetric with respect to the x axis
[see Eqs. (1) and (2)] and its partial derivative with respect to
y ought to vanish at y = 0 for any x.

It is worth pointing out that the evolution equation for the
classical vorticity ω in the relativistic case is more complicated
than in nonrelativistic fluid mechanics. However, it is still
true that a nonvanishing initial value of the classical vorticity
makes the fluid motion a vorticous one in general. This stems
from the Carter-Lichnerowicz equation of motion (equivalent
to the Euler equations) for a perfect fluid with one conserved
charge [10]:

uµ(∂µh̄uν − ∂ν h̄uµ) = −T ∂ν s̄, (7)

where h̄ = (ρ + p)/n and s̄ = s/n are the enthalpy and
the entropy densities, respectively, normalized to the charge
density n, p is the pressure, and T is the temperature. The
vorticity tensor is usually defined as

%µν = (∂µh̄uν − ∂ν h̄uµ) (8)

and the vorticity vector as [10]

ωα = 1
4h̄

εαµνσuµ%νσ = 1
4
εαµνσuµ (∂νuσ − ∂σuν) . (9)

It is quite straightforward to show from Eq. (9) that the vorticity
vector field has the nonrelativistic limit

ω →
(
0, 1

2∇ × v
)

(10)

so that ω is a proper relativistic generalization of the classical
vorticity ω = (1/2)∇ × v. The time component of ω is

ω0 = 1
2γ 2v · ∇ × v.

Thus, if ∇ × v %= 0 then ω %= 0 and % %= 0. It can be shown,
starting from Eq. (7), that the spacial part of the vorticity
tensor, that is, " = ∇ × h̄γ v, fulfills the Helmholtz vorticity
equation

∂"

∂t
= ∇ × (v × "), (11)

provided that the fluid is isentropic (i.e., ∇ s̄ = 0). All classical
consequences of the vorticity equations then hold in relativity
provided that ω is replaced by ".

Let us now study in more detail the fluid equations of motion
at time t = 0. We will write the Euler equation, instead of the
Carter-Lichnerowicz, for a perfect ultrarelativistic fluid, with
equation of state p = ρ/3. Accordingly, we have

(ρ + p)(u · ∂)uµ = gµν∂νp − (u · ∂p)uµ, (12)

and we shall focus on the transverse components at time t = 0,
when ux = uy = 0, namely,

ρ0γ0
∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ρ

∂xi

∣∣∣∣
t=0

(13)

for i = 1, 2, where the equation of state has been used.
Multiplying both sides by γ 2

0 and manipulating the derivative
on the right-hand side gives

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= −1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4
ρ0

∂γ 2

∂xi

∣∣∣∣
t=0

. (14)

Now, since γ 2
0 = 1/(1 − v2

z0), we get

∂γ

∂xi

∣∣∣∣
t=0

= γ 3
0 vz0

∂vz0

∂xi

(15)

and Eq. (14) becomes

ρ0γ
3
0

∂ui

∂t

∣∣∣∣
t=0

= − 1
4

∂ργ 2

∂xi

∣∣∣∣
t=0

+ 1
4

2ρ0γ
4
0 vz0

∂vz0

∂xi

∣∣∣∣
t=0

. (16)

Two terms are then responsible for the initial transverse
velocity increase: The first is related to the gradient of the
energy density in the observer frame; the second depends on
the gradient of the initial velocity field [i.e., on the vorticity
according to Eq. (6)]. If vz0 were independent of x, y the
second term would vanish and the transverse expansion would
then be driven by the energy density gradient only, as in
the usual picture. Because of the eccentricity of the overlap
region (see Fig. 2), the system gets an initial kick larger in
the x direction than in y and an anisotropy in the final spectra
ensues. If, however, the second term is included, the expansion
gets an additional contribution because ∂vz0/∂x < 0 (see Fig.
4), and vz0 is negative for x > 0 and positive for x < 0
so that altogether the second term drives an increase of ux

for x > 0 and a decrease (starting from zero) for x < 0.
Moreover, the expansion rate related to this term will be larger
in the x direction than in y because, expectedly, ∂vz0/∂x >
∂vz0/∂y [see discussion following Eq. (6)], thereby enhancing
the elliptic flow. In other words, besides the geometrical
anisotropy, elliptic flow gets a finite contribution from an
initial kinematical anisotropy of the longitudinal velocity. This
enhancement of elliptic flow can be seen as a centrifugal effect
owing to angular momentum conservation: Particles with a
momentum orthogonal to J (i.e., directed along the reaction
plane) get an additional momentum kick with respect to those
emitted along J.

It is now interesting to make an estimate of how large this
contribution is in our simple scheme. Assuming that the energy
density is proportional to the total energy of nucleons in the
overlap region so that

(ρ0 + p0)γ 2
0 − p0 = 1

*z

dE

dxdy
= 1

*z
[T (x − b/2, y)

+ T (x + b/2, y)]
√

sNN

2
, (17)

and by using Eq. (5) and the equation of state p = ρ/3,
we can obtain the expressions of the initial proper energy
density ρ:

ρ0 = 1
*z

√

4
(

dE

dxdy

)2

− 3
(

dP

dxdy

)2

− 1
*z

dE

dxdy
(18)
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FIG. 5. Initial longitudinal velocity profile along the reaction
plane y = 0 for two different impact parameters for the collision
of two hard-sphere nuclei with 7-fm radius.

and the flow velocity vz0:

vz0 =
3 dP

dxdy√
4
(

dE
dxdy

)2
− 3

(
dP

dxdy

)2
+ 2 dE

dxdy

, (19)

which is shown in Fig. 5 for the case of hard-sphere nuclei with
7-fm radius. According to Eq. (18), the proper energy density
is an even function of x, as was expected with the assumption
(17), whereas vz0 is an odd function of x. Also, it can be seen
from Fig. 5 that vz0 has a singular derivative at the edge of the
overlap region, a consequence of the hard-sphere assumption;
such singularities disappear with smooth density profiles. By
using Eqs. (19), (18), (5), and (17) we can compute the ratio
of the second to the first term in Eq. (16) for the x axis:

−
2ρ0γ

4
0 vz0

∂vz0
∂x

∣∣∣
t=0

∂ργ 2

∂x

∣∣∣
t=0

(20)

and thereby evaluate the importance of the vorticity term
for the expansion rate. This ratio is shown in Fig. 6 for the
case of hard-sphere nuclei for two different y values at an
impact parameter b = 6 fm. It is seen that the second term is
a consistent fraction of the first term even near the collision
center x = 0 (about 20%) whereas it steeply increases at larger
x values; at the boundary of the x interval the ratio shows spikes
owing to the hard-sphere assumption and it is not shown. Of
course, these numbers refer to an oversimplified example and
just for the initial expansion kick, but the conclusion that the
longitudinal velocity gradient cannot be neglected in more
realistic hydrodynamical calculations should hold.

As has been mentioned, in some hydrodynamical calcula-
tions [3,11], a nonvanishing angular momentum of the plasma
is tacitly introduced by enforcing an asymmetric x dependence
for the proper energy density in peripheral collisions keeping
the Bjorken longitudinal scaling (i.e., the independence of vz

x

R
at
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FIG. 6. Ratio of the term proportional to the vorticity and the
term proportional to energy density gradient along x in Eq. (16) as
a function of x for y = 0 and y = 2 fm for the collision of two
hard-sphere nuclei with 7-fm radius at an impact parameter b =
6 fm.

on the coordinates x, y). Thereby, longitudinal momentum
density [Eq. (5)] conservation is fulfilled even though vz is
independent of x and the angular momentum conservation
[Eq. (4)] is also fulfilled. We think that this assumption is
quite unnatural. First, it cannot hold in our specific example
of instantaneous thermalization at infinitely large energy (with
the infinitesimally thin fluid in Fig. 4) because the only velocity
that is compatible with symmetry and independent of x is 0,
thus making both momentum and angular momentum density
vanishing. However, even in the more realistic and more
general case of finite thermalization time, it does not lead to the
same flow velocity field as in the case of angular momentum
conserved through Bjorken scaling breaking because of the
absence of the vorticity term. This can be shown by enforcing
the equality of angular momentum densities in the two
approaches:

4
3 ρ̃0γ̃

2
0 ṽz0 = 4

3ρ0γ
2
0 vz0, (21)

where quantities with a tilde on the left-hand side are such
that only ρ̃ depends on x whereas on the right-hand side we
have the standard ones in our approach. From this equation it
follows that

∂ρ̃

∂x

∣∣∣∣
t=0

γ̃ 2
0 ṽz0 = ∂ρ

∂x

∣∣∣∣
t=0

γ 2
0 vz0 + ρ0

∂γ 2
0 vz0

∂x

∣∣∣∣
t=0

. (22)

Using Eqs. (22) and (21) to obtain ∂ρ/∂x in the equation
of motion at time t = 0 [Eq. (13)], we get, after some
manipulations,

∂ux

∂t

∣∣∣∣
t=0

= − 1
4γ0ρ0

∂ρ

∂x

∣∣∣∣
t=0

= − 1
4ρ̃0γ̃0

∂ρ̃

∂x

∣∣∣∣
t=0

γ̃0

γ0

+ 1
4γ 3

0 vz0

∂γ 2vz0

∂x

∣∣∣∣
t=0

. (23)
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FIG. 7. Elliptic flow coefficient v
(J )
2 as a function of pT for

hadrons originated from a spherical spinning plasma at a chemical
freeze-out T = 165 MeV and a radius of 10.1 fm for ω/T = 0.03.
The elliptic flow would simply vanish if J = 0.

V. POLARIZATION

Elliptic flow is not a unique consequence of an intrinsic
rotation. There is, however, a distinctive signature thereof:
a polarization of the emitted hadrons along the angular
momentum direction (in the observer frame). That a large
angular momentum in peripheral heavy ion collisions could
give rise to polarization of the final hadrons was first proposed
in Ref. [6], where a quantitative assessment was performed
within a perturbative QCD framework, with the polarization
of quarks assumed to be effectively transferred to final hadrons.
Recently, it has been pointed out that a plasma with polarized
quarks could be probed by observing the polarization of direct
photons [15]. We take a different approach here and determine
the polarization of particles by invoking local thermody-
namical equilibrium and the statistical hadronization dogma,
which is successful in describing hadronic multiplicities:
Every multihadronic state compatible with conservation laws
is equally likely. Therefore, since the total angular momentum
is not vanishing, when the plasma hadronizes, available spin
states will not be evenly populated and a net polarization of
the produced hadrons will show up. In this approach, there
is no need to invoke any special dynamical mechanism for
the polarization of quarks to be transferred to hadrons, as it
should happen as a consequence of the statistical nature of this
process.

The proper polarization vector !0 of particles in a relativis-
tic rotating ideal gas has been calculated by the authors [9] as

!0 = 1
2

tanh
ω

2T

[
ε

m
ω̂ − ω̂ · pp

m(ε + m)

]
(29)

for spin 1/2 particles and

!0 =
∑S

n=−S nenω/T

∑S
n=−S enω/T

[
ε

m
ω̂ − ω̂ · pp

m(ε + m)

]
(30)

for generic spin particles, where ε is the energy and p the
momentum of the particle. The polarization along ω̂ (i.e., !0 ·
ω̂) turns out to be maximal for particles emitted orthogonally
to ω (i.e., along the reaction plane for an equilibrated spinning
system) and increases for increasing pT up to momenta of
the order of 2mT/ω, where the rotational grand-canonical
ensemble scheme fails and more complicated expressions arise
[9]. Also, the vector mesons show spin alignment in that the
00 component of the spin density matrix turns out to
be different from 1/3, specifically [9],

ρω 00(p) = 1
2 cosh(ω/T ) + 1

{
cosh(ω/T ) + (p · ω)2

p2ω2

× [1 − cosh(ω/T )]
}

, (31)

which, for small ω/T , reduces to

ρω 00(p) # 1
3

+ 1 − 3(p̂ · ω̂)2

18
ω2

T 2
. (32)

It is interesting to note that the polarization (more generally
the spin density matrix) depends on the ratio of angular
velocity to global temperature, that is, on using Eq. (27)
on γω/T0, where T0 is the local temperature. Therefore,
it can be conjectured, by invoking the locality principle,
that a polarization should appear in a generic accelerated
hydrodynamical cell at local equilibrium fully determined by
local quantities. Hence, ω is to be plausibly replaced by the
vector

ω → 1
v2

a × v, (33)

which is the local angular velocity for a general trajectory,
according to the Frenet formulas. If this conjecture is true,
every hadronizing hydrodynamical cell will produce hadrons
with polarization vector (30) with ω equal to the right-hand
side of expression (33).

The expected polarization values are of the order of ω/T ,
which is reasonbly some percent or less (see previous section)
but they should increase with particle momenta up to momenta
of a few GeVs and hopefully become observable.1 However,
the expressions (30) and (31) refer to primary hadrons (i.e.,
those emitted from the source at decoupling) and resonance
decays can further dilute the polarization, so that a more
detailed study is needed.

It is difficult to predict the evolution of polarization values
as a function of center-of-mass energy. However, it can be
argued that they should increase by considering that angular
momentum density at freeze-out increases as a function of√

sNN . This happens because the size of the system at
freeze-out increases approximately logarithmically whereas
the angular momentum of the interaction region increases
linearly with

√
sNN [see Eq. (3)]. Since the angular momentum

density must be somehow related to the final local angular
velocity (33), a fair conclusion follows that polarization effects
should increase with the collision energy.

1Recent measurements by RHIC experiments set a limit on average
% polarization to be ∼ 0.02 [16].
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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FIG. 1. Sketch of a peripheral heavy ion collision at very
high energy in the longitudinal projection. The initial momentum
distribution of the interaction region (right) should have a gradient
along the axis x orthogonal to the collision axis z stemming from the
different transverse densities of the colliding strips (left).

equilibrated (i.e., rigidly rotating) hydrodynamical system. We
argue, on the basis of the locality principle, that a such formula
should hold for the most general fluid motion where the
angular velocity is to be presumably replaced by an expression
involving the local acceleration and hence the vorticity of the
fluid.

II. ANGULAR MOMENTUM CONSERVATION IN
HEAVY ION COLLISIONS

In the usual picture of a peripheral heavy ion collision
at ultrarelativistic energy the overlapping region of the two
incoming nuclei gives rise to QGP whereas the nonoverlapping
fragments fly away almost unaffected. Thereby, only a fraction
of the initial angular momentum L0 is left to the interaction
region, while the largest part is carried away by the fragments
(see Fig. 1). The angular momentum of the interaction region
takes its origin from the inhomogeneity of the density profile
in the transverse plane, the so-called thickness function. This
is much more clearly seen in a longitudinal projection: The
colliding strips of nucleons have, in peripheral collisions,
different numbers of nucleons. Although the central strips have
the same weight, the strips above it will have a net momentum
directed along the negative z axis and the ones below it a net
momentum directed along the positive z axis. (see Fig. 1).
The net momentum density at each point (x, y) of the overlap
region in the transverse plane (see Fig. 2 for the axes definition)
for symmetric (equal nuclei) collisions reads

dP

dxdy
= [T (x − b/2, y) − T (x + b/2, y)]

√
sNN

2
, (1)

where T (x, y), the thickness function, that is, the longitudinal
integral of the nucleon density, is given by

T (x, y) =
∫

dz n(x, y, z).

Only if the two colliding objects were homogeneous in the
transverse plane would the angular momentum of the interac-
tion region be vanishing. Yet, the nuclei are not homogenous

J

FIG. 2. Sketch of a peripheral heavy ion collision at very high
energy in the transverse projection. The overlap almond-shaped
region is marked in light gray and has an overall angular momentum
directed along the symmetry axis y, orthogonal to the reaction plane.

in the transverse plane; for instance, if they are assumed to
be homogenous spheres in their rest frame, their thickness
function T (x, y) would be proportional to

√
R2 − r2, where

r is the distance from the center of the nucleus and R is its
radius. In this case, Eq. (1) would become

dP

dx dy
= 2n0

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
. (2)

From this momentum density, one gets an initial angular
momentum J of the interaction region directed along the y
axis:

J = 2n0

∫
dx

∫
dy x

[√
R2 − y2 − (x − b/2)2

−
√

R2 − y2 − (x + b/2)2
]√

sNN

2
ĵ. (3)

In Fig. 3 we show J for two colliding gold nuclei at
√

sNN =
200 GeV, in the two cases of hard spheres and a Woods-Saxon
distribution. For the former case, it is seen that the angular
momentum attains a maximal value at an impact parameter
of 2.5 fm and quickly drops thereafter. The maximal value
of J is about 7.2 × 104 (i.e., 29% of the initial orbital angular
momentum L0 of the colliding nuclei at that impact parameter).
Therefore, J is very large and strongly dependent on the impact
parameter b but this effect is usually ignored in the initial
conditions assumed for hydrodynamical calculations, as in the
commonly used Bjorken model the longitudinal flow velocity
only depends on z and it does not thus have any azimuthal
anisotropy.

This dependence can be seen again from Fig. 1; since the
net momentum of the colliding strips varies monotonically
along x, either the proper energy density or the fluid four-
velocity or both must have an asymmetric profile in x for
the initial angular momentum to be conserved. If we take the
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We study the generation of the directed flow in the hydrodynamic expansion of hot matter formed in
ultrarelativistic heavy-ion collisions at

√
s = 200 GeV. The experimentally observed negative-directed flow in a

wide range of central pseudorapidities is reproduced, assuming that the fireball is tilted away from the collision
axis. The tilt of the source is consistent with a preferential emission in the forward-backward hemisphere from
forward-backward participating nucleons. The model reproduces the experimentally observed scaling of the
directed flow when going from Au-Au to Cu-Cu systems.
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I. INTRODUCTION

The appearance of the transverse, azimuthally asymmetric
flow is one of the key observations in the physics of relativistic
heavy-ions [1]. It proves that a collectively expanding, strongly
interacting medium is formed in the course of the reaction. A
number of observables have been studied, both in experiments,
and in model calculations, in order to unravel the properties of
the dense hot matter created in the collisions. The production
of particles with soft momenta can be interpreted as a
thermal emission of particles from fluid elements moving with
some collective velocity field [2]. Relativistic hydrodynamics
describes quantitatively the development of the collective
velocity from pressure gradients in the fireball [3–5].

For noncentral collisions, the interaction region is az-
imuthally asymmetric and, as a result of the collective
expansion of matter, azimuthally asymmetric emission of
particles takes place. The effect can be quantified in terms of
Fourier coefficients in the expansion of the measured particle
spectra

dN

d2p⊥dη
= dN

2πp⊥dp⊥dη
[1 + 2v1 cos(φ)

+ 2v2 cos(2φ) + · · ·]. (1)

The elliptic flow coefficient v2 is known to be a very sensitive
probe of the pressure in the system at early stages [6].

Directed flow, quantified by the coefficient v1, is also
measured at energies available at the BNL Relativistic Heavy
Ion Collider (RHIC). The coefficient v1 of the directed
flow is zero at zero rapidity for collisions of symmetric
nuclei, but it increases when moving to forward or backward
pseudorapidities η. Its size and sign has been the subject of
many studies at lower energies, where it is dominated by
nucleon flow [7]. At RHIC energies, the spectator nucleons
have positive directed flow (v1 > 0 for η > 0), resulting from
the deflection of the spectators during the collision. On the
other hand, matter in the fireball shows a significant negative
(antiflow) component for pseudorapidities −4 < η < 4 and
for centralities c = 0% − 80%, both for Cu-Cu and Au-Au

*Piotr.Bozek@ifj.edu.pl

collisions [8–10]. A striking characteristic of the measured
directed flow is the large negative value of v1 even at the
highest energy

√
s = 200 GeV. Another important observation

is the scaling of the measured directed flow with the size of
the system. The coefficient v1 is the same for both systems
(Au-Au or Cu-Cu), for the same centrality. Whereas, a scaling
of v2 with the density of the fireball has been observed [11].

Transport models of nuclear reactions describe the directed
flow at lower energies, but generally underpredict the amount
of antiflow at RHIC energies at central rapidities [12]. On the
other hand, these calculations predict a large negative flow at
large rapidities. Some calculations [13] predict significant anti-
flow around central rapidities, larger than observed, but yield a
positive flow for |η| > 3, unlike that observed in experiments.
It has been noticed that the appearance of negative-directed
flow around central rapidities could be an effect of the soften-
ing of the equation of state [14]. This effect is called the third
flow component. Hydrodynamic calculations incorporating
such effects yield a negative elliptic flow at central rapidities
and a positive directed flow at larger pseudorapidities, unlike
the experimental data. A hydrodynamic calculation with initial
conditions from a microscopic model gives the correct sign,
but a magnitude of the directed flow that is too small for central
rapidities [15].

There are two effects leading to a negative-directed flow
in the models. The first one is the shadowing of the fireball
matter by the spectators, which can give a substantial negative
v1 for |η| > 4. The second one is the build up of the flow
away from the collision axis due to a tilt of the source. The
description of the magnitude of the directed flow at different
centralities for central rapidities requires a tilt of the source
of the right magnitude as a function of the impact parameter
and a sufficient amount of collectivity to generate the flow.
We consider two initial conditions for the hot source in the
hydrodynamic evolution. The first one is the most commonly
used initial conditions in (3 + 1)-dimensional [(3 + 1)D]
calculations incorporating a Bjorken flow in the longitudinal
direction and a shift in space-time rapidity due to the local
imbalance of the momentum [4]. The second one assumes
that the initial density results from a superposition of the
energy density radiated by the color sources in the target and
the projectile. The preferred emission in the pseudorapidity
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hemisphere of the emitting charge results in a tilt of the source
for noncentral collisions. We show that the second choice leads
to a satisfactory description of the directed flow generated in
heavy ion collisions at

√
s = 200 GeV for central rapidities.

II. INITIAL CONDITIONS AND EARLY FLOW

Hydrodynamic evolution in (3 + 1)D at RHIC energies is
performed in the proper time τ = (t2 − z2)1/2. The densities
are defined as functions of the transverse plane (x-y) coordi-
nates and the space-time rapidity η‖ = 1

2 log[(t + z)/(t − z)].
The hydrodynamic model requires some initial density and
initial flow profile to be chosen at the initial time τ0. Although
some guidance from microscopic models of elementary
collisions is possible in the choice of the initial conditions,
there is still a vast choice of initial energy density profiles
that are used in the simulations. Also, most of the calculations
assume a Bjorken initial flow in the longitudinal direction and
no initial transverse flow:

uµ(τ0, x, y, η‖) = (cosh η‖, 0, 0, sinh η‖). (2)

In the hydrodynamic evolution, the generation of the left-
right asymmetry of the flow in the two (forward-backward)
halves of the reaction plane requires the presence of an asym-
metry in the initial distributions. For noncentral collisions,
the azimuthal asymmetry of the interaction region results in a
nonzero initial eccentricity in the transverse plane that gives
rise to the collective elliptic flow. For collisions of symmetric
nuclei and neglecting the fluctuations, the odd components
of the decomposition in Fourier coefficients vanish at space-
time rapidity zero. At forward and backward rapidities, an
imbalance between the contributions from the target and
the projectile to the initial source can result in a left-right
deformation of the source in the transverse plane or in an
asymmetric initial flow that could generate collective directed
flow.

The observation of nonzero directed flow implies that the
symmetry in the reaction plane is indeed broken, either in
the initial flow or in the initial density, or both. We tried to
reproduce the observed directed flow assuming an asymmetric
initial flow, different from the Bjorken one of Eq. (2), but
without success. Therefore, in the following we assume a
Bjorken initial flow and study the effect of asymmetric initial
densities on the directed flow.

Starting with a factorized initial energy density in the
transverse plane and in the space-time rapidity

ε(η‖, x, y) = ρ(x, y)f (η‖), (3)

the subsequent evolution remains symmetric with respect to the
η‖ axis in the reaction plane (η‖-x), with the consequence that
the directed flow is exactly zero. Factorized initial conditions
in the Glauber model imply that all the participant nucleons
or binary collisions contribute in a similar way to the total
density, with a longitudinal profile proportional to f (η‖).

Modifications of the symmetric distribution of Eq. (3)
could happen during the formation of the initial thermalized
state. Momentum imbalance between left- and right-going
participants at a given point in the transverse plane results
in a nonzero total momentum of the matter. The longitudinal

distribution is shifted in space-time rapidity [4,16] by the value
of the center of mass rapidity of the fluid:

ηsh = 1
2

log
[
N+ + N− + vN (N+ − N−)
N+ + N− − vN (N+ − N−)

]
, (4)

where N+ and N− are the densities of participants from the
two nuclei and vN is the velocity of the incident nuclei.

N+(x, y) = T (x − b/2, y)
{

1 − exp
[
−σT (x + b/2, y)

A

]}

N−(x, y) = T (x + b/2, y)
{

1 − exp
[
−σT (x − b/2, y)

A

]}
,

(5)

where σ is the cross section,

T (x, y) =
∫

dzρ(x, y, z) (6)

is the thickness function calculated from the Woods-Saxon
density of colliding nuclei

ρ(x, y, z) = ρ0

1 + exp [(
√

x2 + y2 + z2 − RA)/a]
. (7)

We use the same parameters as in Ref. [5], where a satisfactory
description of spectra and femtoscopy data for Au-Au colli-
sions at

√
s = 200 GeV has been obtained. The initial energy

density takes the form [4,16]

ε(τ0) = ε0f (η‖ − ηsh){[N+(x, y) + N−(x, y)](1 − α)

+ 2αNbin(x, y)}/N0 . (8)

The relative contribution from binary collisions is α = 0.145,
with Nbin(x, y) = σT (x − b/2, y)T (x + b/2, y). In the fol-
lowing, we call these initial conditions shifted initial conditions
(Fig. 1).

The form of the initial energy density profile f (η‖) is
adjusted to reproduce the measured charged-particle distri-
bution in pseudorapidity. The resulting width of the initial

4 2 0 2 4
3

2

1

0

1

2

3
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FIG. 1. (Color online) Contour plot of the initial pressure
p(η, x, y = 0) in the fireball for the shifted densities [Eq. (8)]. Solid
lines correspond to the pressure of 9, 3, and 1 GeV/fm3 for Au-Au
collisions (impact parameter b = 11 fm) and dashed lines to the
pressure of 3 and 1 GeV/fm3 for Cu-Cu collisions (b = 7.6 fm). The
arrows represent the gradient (−∂ηp/τ0, −∂xp) for Au-Au collisions
in arbitrary units.
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for noncentral collisions. We show that the second choice leads
to a satisfactory description of the directed flow generated in
heavy ion collisions at

√
s = 200 GeV for central rapidities.
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performed in the proper time τ = (t2 − z2)1/2. The densities
are defined as functions of the transverse plane (x-y) coordi-
nates and the space-time rapidity η‖ = 1

2 log[(t + z)/(t − z)].
The hydrodynamic model requires some initial density and
initial flow profile to be chosen at the initial time τ0. Although
some guidance from microscopic models of elementary
collisions is possible in the choice of the initial conditions,
there is still a vast choice of initial energy density profiles
that are used in the simulations. Also, most of the calculations
assume a Bjorken initial flow in the longitudinal direction and
no initial transverse flow:

uµ(τ0, x, y, η‖) = (cosh η‖, 0, 0, sinh η‖). (2)

In the hydrodynamic evolution, the generation of the left-
right asymmetry of the flow in the two (forward-backward)
halves of the reaction plane requires the presence of an asym-
metry in the initial distributions. For noncentral collisions,
the azimuthal asymmetry of the interaction region results in a
nonzero initial eccentricity in the transverse plane that gives
rise to the collective elliptic flow. For collisions of symmetric
nuclei and neglecting the fluctuations, the odd components
of the decomposition in Fourier coefficients vanish at space-
time rapidity zero. At forward and backward rapidities, an
imbalance between the contributions from the target and
the projectile to the initial source can result in a left-right
deformation of the source in the transverse plane or in an
asymmetric initial flow that could generate collective directed
flow.

The observation of nonzero directed flow implies that the
symmetry in the reaction plane is indeed broken, either in
the initial flow or in the initial density, or both. We tried to
reproduce the observed directed flow assuming an asymmetric
initial flow, different from the Bjorken one of Eq. (2), but
without success. Therefore, in the following we assume a
Bjorken initial flow and study the effect of asymmetric initial
densities on the directed flow.

Starting with a factorized initial energy density in the
transverse plane and in the space-time rapidity

ε(η‖, x, y) = ρ(x, y)f (η‖), (3)

the subsequent evolution remains symmetric with respect to the
η‖ axis in the reaction plane (η‖-x), with the consequence that
the directed flow is exactly zero. Factorized initial conditions
in the Glauber model imply that all the participant nucleons
or binary collisions contribute in a similar way to the total
density, with a longitudinal profile proportional to f (η‖).

Modifications of the symmetric distribution of Eq. (3)
could happen during the formation of the initial thermalized
state. Momentum imbalance between left- and right-going
participants at a given point in the transverse plane results
in a nonzero total momentum of the matter. The longitudinal

distribution is shifted in space-time rapidity [4,16] by the value
of the center of mass rapidity of the fluid:

ηsh = 1
2

log
[
N+ + N− + vN (N+ − N−)
N+ + N− − vN (N+ − N−)

]
, (4)

where N+ and N− are the densities of participants from the
two nuclei and vN is the velocity of the incident nuclei.

N+(x, y) = T (x − b/2, y)
{

1 − exp
[
−σT (x + b/2, y)

A

]}

N−(x, y) = T (x + b/2, y)
{

1 − exp
[
−σT (x − b/2, y)
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]}
,

(5)

where σ is the cross section,

T (x, y) =
∫

dzρ(x, y, z) (6)

is the thickness function calculated from the Woods-Saxon
density of colliding nuclei

ρ(x, y, z) = ρ0

1 + exp [(
√

x2 + y2 + z2 − RA)/a]
. (7)

We use the same parameters as in Ref. [5], where a satisfactory
description of spectra and femtoscopy data for Au-Au colli-
sions at

√
s = 200 GeV has been obtained. The initial energy

density takes the form [4,16]

ε(τ0) = ε0f (η‖ − ηsh){[N+(x, y) + N−(x, y)](1 − α)

+ 2αNbin(x, y)}/N0 . (8)

The relative contribution from binary collisions is α = 0.145,
with Nbin(x, y) = σT (x − b/2, y)T (x + b/2, y). In the fol-
lowing, we call these initial conditions shifted initial conditions
(Fig. 1).

The form of the initial energy density profile f (η‖) is
adjusted to reproduce the measured charged-particle distri-
bution in pseudorapidity. The resulting width of the initial
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FIG. 1. (Color online) Contour plot of the initial pressure
p(η, x, y = 0) in the fireball for the shifted densities [Eq. (8)]. Solid
lines correspond to the pressure of 9, 3, and 1 GeV/fm3 for Au-Au
collisions (impact parameter b = 11 fm) and dashed lines to the
pressure of 3 and 1 GeV/fm3 for Cu-Cu collisions (b = 7.6 fm). The
arrows represent the gradient (−∂ηp/τ0, −∂xp) for Au-Au collisions
in arbitrary units.
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distribution depends on the chosen equation of state, initial
time τ0, and shear viscosity [5,17]. In the following we use
ideal fluid hydrodynamics with τ0 = 0.25 fm/c and a realistic,
hard equation of state [18], which requires

f (η‖) = exp

[

− (η‖ − η0)2

2σ 2
η

θ (|η‖| − η0)

]

, (9)

with a plateau of width 2η0 = 2.0 and ση = 1.3.
A different type of initial conditions studied in this work as-

sumes a preferred emission from participating nucleons in the
same hemisphere. Instead of a symmetric distribution of matter
in space-time rapidity given by the function f (η‖) in Eq. (3),
we assume that the deposited energy depends on the rapidity
of the emitting participating nucleon. Such a distribution de-
pending on the rapidity difference between the emitting charge
and the emitted gluon is assumed in some phenomenological
models [19]. However, there is no direct measurement of the
contribution to soft-particle production from a single forward-
or backward-moving charge. A phenomenological analysis
is possible, by comparing multiplicity distributions in pseu-
dorapidity for different asymmetric systems or by studying
multiplicity correlations in different pseudorapidity intervals.
These studies indicate that a preferred emission for rapidities
close to the rapidity of the participating charge occurs [20–23].
In the wounded nucleon model of nuclear collisions, such cor-
relations can be understood as due to a specific distribution of
soft particles produced by each participant nucleon. Nucleons
from the projectile [with positive rapidity yB = ln(

√
s/mN ) >

0] emit more particles in the forward (η > 0) than in the
backward hemisphere. The form of the extracted charged
particle distribution can be approximated by the function

fF (η) = η + ηm

2ηm

(10)

in the interval [−ηm, ηm], where ηm = yb − ηs defines
the range of rapidity correlations; at

√
s = 200 GeV it is

ηm ∼ yb − 2 % 3.36. The origin of the shift in rapidity ηs % 2
is not understood [20,21]. For practical purposes, we can treat
it as a phenomenological parameter. Particle production in the
remaining pseudorapidity intervals close to the fragmentation
regions [ηm, yb] and [−yb,−ηm] cannot be reliably described
in a hydrodynamic model anyway. Within the framework of
relativistic hydrodynamics, we are interested in describing the
main characteristics of the soft part of particle spectra in the
central region −3.5 < η < 3.5 and, in particular, the directed
flow. There is another reason why the phenomenological
estimates of the emission of particles from participant nucleons
[20,21] cannot be directly translated into the initial conditions
for hydrodynamics that we are interested in. References
[20,21] study particle distributions and correlations in the
final state, whereas we know that, in realistic hydrodynamic
simulations, the matter distribution in space-time rapidity
evolves during the expansion of the fireball [5,17]; also
statistical emission broadens the distribution in pseudorapidity.
It means that the initial profile f (η‖) is significantly narrower
than the final charged particle distribution dN/dη. The
correlation functions in pseudorapidity [21] can be modified
due to the longitudinal transport and the generation of
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FIG. 2. (Color online) Initial profile in the longitudinal (space-
time rapidity) direction. The symmetric function f (η‖) is composed
of the two contributions f+ and f− representing the emission from
forward- and backward-going participant nucleons.

transverse flow as well. We propose as a phenomenological
ansatz (Fig. 2), inspired by the observations in Refs. [20–23],
that the initial energy density of matter produced by a single
participant nucleon of rapidity yb is proportional to

f+(η‖) = f (η‖)fF (η‖), (11)

where f (η‖) is the initial longitudinal profile (9) fitted to
reproduce dN/dη, and

fF (η‖) =






0 η‖ < −ηm

η‖+ηm

2ηm
−ηm ! η‖ ! ηm

1 ηm < η‖

. (12)

The initial energy density of the fireball is constructed
as a sum of three terms originating from the forward- or
backward-moving participant nucleons and from the binary
collisions that are assumed to contribute in a symmetric way:

ε(τ0) = ε0{2[N+(x, y)f+(η‖) + N−(x, y)f−(η‖)](1 − α)

+ 2αNbin(x, y)f (η‖)}/N0. (13)

The net result of the difference between forward and backward
emission is a tilt of the source in the x-η‖ plane (Fig. 3).
This breaks the symmetry in the longitudinal direction and
generates nonzero directed flow in the expansion.

Hydrodynamic equations in (3 + 1)D

∂µT µν = 0 (14)
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FIG. 3. (Color online) Same as in Fig. 1, but for tilted initial
conditions [Eq. (13)].

054902-3

DIRECTED FLOW IN ULTRARELATIVISTIC HEAVY-ION . . . PHYSICAL REVIEW C 81, 054902 (2010)
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2σ 2
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]
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with a plateau of width 2η0 = 2.0 and ση = 1.3.
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in space-time rapidity given by the function f (η‖) in Eq. (3),
we assume that the deposited energy depends on the rapidity
of the emitting participating nucleon. Such a distribution de-
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and the emitted gluon is assumed in some phenomenological
models [19]. However, there is no direct measurement of the
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is possible, by comparing multiplicity distributions in pseu-
dorapidity for different asymmetric systems or by studying
multiplicity correlations in different pseudorapidity intervals.
These studies indicate that a preferred emission for rapidities
close to the rapidity of the participating charge occurs [20–23].
In the wounded nucleon model of nuclear collisions, such cor-
relations can be understood as due to a specific distribution of
soft particles produced by each participant nucleon. Nucleons
from the projectile [with positive rapidity yB = ln(
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0] emit more particles in the forward (η > 0) than in the
backward hemisphere. The form of the extracted charged
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in the interval [−ηm, ηm], where ηm = yb − ηs defines
the range of rapidity correlations; at
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ηm ∼ yb − 2 % 3.36. The origin of the shift in rapidity ηs % 2
is not understood [20,21]. For practical purposes, we can treat
it as a phenomenological parameter. Particle production in the
remaining pseudorapidity intervals close to the fragmentation
regions [ηm, yb] and [−yb,−ηm] cannot be reliably described
in a hydrodynamic model anyway. Within the framework of
relativistic hydrodynamics, we are interested in describing the
main characteristics of the soft part of particle spectra in the
central region −3.5 < η < 3.5 and, in particular, the directed
flow. There is another reason why the phenomenological
estimates of the emission of particles from participant nucleons
[20,21] cannot be directly translated into the initial conditions
for hydrodynamics that we are interested in. References
[20,21] study particle distributions and correlations in the
final state, whereas we know that, in realistic hydrodynamic
simulations, the matter distribution in space-time rapidity
evolves during the expansion of the fireball [5,17]; also
statistical emission broadens the distribution in pseudorapidity.
It means that the initial profile f (η‖) is significantly narrower
than the final charged particle distribution dN/dη. The
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ansatz (Fig. 2), inspired by the observations in Refs. [20–23],
that the initial energy density of matter produced by a single
participant nucleon of rapidity yb is proportional to

f+(η‖) = f (η‖)fF (η‖), (11)
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fF (η‖) =






0 η‖ < −ηm

η‖+ηm

2ηm
−ηm ! η‖ ! ηm

1 ηm < η‖

. (12)

The initial energy density of the fireball is constructed
as a sum of three terms originating from the forward- or
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collisions that are assumed to contribute in a symmetric way:
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The net result of the difference between forward and backward
emission is a tilt of the source in the x-η‖ plane (Fig. 3).
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generates nonzero directed flow in the expansion.
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hemisphere of the emitting charge results in a tilt of the source
for noncentral collisions. We show that the second choice leads
to a satisfactory description of the directed flow generated in
heavy ion collisions at

√
s = 200 GeV for central rapidities.

II. INITIAL CONDITIONS AND EARLY FLOW

Hydrodynamic evolution in (3 + 1)D at RHIC energies is
performed in the proper time τ = (t2 − z2)1/2. The densities
are defined as functions of the transverse plane (x-y) coordi-
nates and the space-time rapidity η‖ = 1

2 log[(t + z)/(t − z)].
The hydrodynamic model requires some initial density and
initial flow profile to be chosen at the initial time τ0. Although
some guidance from microscopic models of elementary
collisions is possible in the choice of the initial conditions,
there is still a vast choice of initial energy density profiles
that are used in the simulations. Also, most of the calculations
assume a Bjorken initial flow in the longitudinal direction and
no initial transverse flow:

uµ(τ0, x, y, η‖) = (cosh η‖, 0, 0, sinh η‖). (2)

In the hydrodynamic evolution, the generation of the left-
right asymmetry of the flow in the two (forward-backward)
halves of the reaction plane requires the presence of an asym-
metry in the initial distributions. For noncentral collisions,
the azimuthal asymmetry of the interaction region results in a
nonzero initial eccentricity in the transverse plane that gives
rise to the collective elliptic flow. For collisions of symmetric
nuclei and neglecting the fluctuations, the odd components
of the decomposition in Fourier coefficients vanish at space-
time rapidity zero. At forward and backward rapidities, an
imbalance between the contributions from the target and
the projectile to the initial source can result in a left-right
deformation of the source in the transverse plane or in an
asymmetric initial flow that could generate collective directed
flow.

The observation of nonzero directed flow implies that the
symmetry in the reaction plane is indeed broken, either in
the initial flow or in the initial density, or both. We tried to
reproduce the observed directed flow assuming an asymmetric
initial flow, different from the Bjorken one of Eq. (2), but
without success. Therefore, in the following we assume a
Bjorken initial flow and study the effect of asymmetric initial
densities on the directed flow.

Starting with a factorized initial energy density in the
transverse plane and in the space-time rapidity

ε(η‖, x, y) = ρ(x, y)f (η‖), (3)

the subsequent evolution remains symmetric with respect to the
η‖ axis in the reaction plane (η‖-x), with the consequence that
the directed flow is exactly zero. Factorized initial conditions
in the Glauber model imply that all the participant nucleons
or binary collisions contribute in a similar way to the total
density, with a longitudinal profile proportional to f (η‖).

Modifications of the symmetric distribution of Eq. (3)
could happen during the formation of the initial thermalized
state. Momentum imbalance between left- and right-going
participants at a given point in the transverse plane results
in a nonzero total momentum of the matter. The longitudinal

distribution is shifted in space-time rapidity [4,16] by the value
of the center of mass rapidity of the fluid:

ηsh = 1
2

log
[
N+ + N− + vN (N+ − N−)
N+ + N− − vN (N+ − N−)

]
, (4)

where N+ and N− are the densities of participants from the
two nuclei and vN is the velocity of the incident nuclei.

N+(x, y) = T (x − b/2, y)
{

1 − exp
[
−σT (x + b/2, y)

A

]}

N−(x, y) = T (x + b/2, y)
{

1 − exp
[
−σT (x − b/2, y)

A

]}
,

(5)

where σ is the cross section,

T (x, y) =
∫

dzρ(x, y, z) (6)

is the thickness function calculated from the Woods-Saxon
density of colliding nuclei

ρ(x, y, z) = ρ0

1 + exp [(
√

x2 + y2 + z2 − RA)/a]
. (7)

We use the same parameters as in Ref. [5], where a satisfactory
description of spectra and femtoscopy data for Au-Au colli-
sions at

√
s = 200 GeV has been obtained. The initial energy

density takes the form [4,16]

ε(τ0) = ε0f (η‖ − ηsh){[N+(x, y) + N−(x, y)](1 − α)

+ 2αNbin(x, y)}/N0 . (8)

The relative contribution from binary collisions is α = 0.145,
with Nbin(x, y) = σT (x − b/2, y)T (x + b/2, y). In the fol-
lowing, we call these initial conditions shifted initial conditions
(Fig. 1).

The form of the initial energy density profile f (η‖) is
adjusted to reproduce the measured charged-particle distri-
bution in pseudorapidity. The resulting width of the initial

4 2 0 2 4
3

2

1

0

1

2

3

x
fm

FIG. 1. (Color online) Contour plot of the initial pressure
p(η, x, y = 0) in the fireball for the shifted densities [Eq. (8)]. Solid
lines correspond to the pressure of 9, 3, and 1 GeV/fm3 for Au-Au
collisions (impact parameter b = 11 fm) and dashed lines to the
pressure of 3 and 1 GeV/fm3 for Cu-Cu collisions (b = 7.6 fm). The
arrows represent the gradient (−∂ηp/τ0, −∂xp) for Au-Au collisions
in arbitrary units.
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FIG. 6. (Color online) Same as in Fig. 5, but for tilted initial
conditions [Eq. (13)].

as functions of space-time rapidity η‖, as shown in Figs. 5
and 6, reflects qualitatively the final flow of particles.

The first observation is that the directed flow is built up
for an extended time during the expansion, in the first 3 fm/c.
There is a noticeable difference between the evolution from
the shifted and the tilted initial conditions. For the shifted
initial conditions (Fig. 5) in the central space-time rapidity
region, a positive directed flow develops gradually in the
first 1 fm/c. For large rapidities a negative flow is generated
in the first 3 fm/c. The directed flow changes sign around
η‖ = 2, a behavior very different from the one observed in the
experiment. The appearance of the wiggle in the dependence
of v1 on pseudorapidity is a consequence of the form of the
initial profile of the pressure (Fig. 1). The pressure gradient has
a significant deflection from the transverse direction only in
the forward-backward rapidity regions. On the other hand, the
tilted initial condition has a smooth tilted pressure gradient that
gives a negative-directed flow in a broad range of space-time
rapidities (Fig. 6). The antiflow increase for the first 3 fm/c.
The negative-directed flow of the fluid, increasing with rapid-
ity, leads to a similar pattern in the directed flow of the final
particles.

The hydrodynamic evolution is continued until freeze-out,
where particle emission from the freeze-out hypersurface takes
place. Statistical emission and resonance decays are performed
using the event generator THERMINATOR [27]. Figures 7 and 8
show the results for three representative centralities, for which
experimental data for Au-Au collisions have been published.
Other experimental data show that, in Cu-Cu interactions,
almost the same directed flow is generated as in the larger
system if the centrality is chosen to be the same [10]. The
directed flow for the shifted initial conditions shown in Fig. 7
has an incorrect dependence on pseudorapidity. For all three
centrality classes, the flow is positive in the central rapidity
region, and switches to antiflow in the very forward and
backward regions. On the same plots are shown the results for
Cu-Cu collisions in similar centrality classes. The flow is sim-
ilar as for the larger system, and hence different than observed
experimentally. The similarity between the flow in Au-Au and
Cu-Cu systems reflects the similarity in the initial density
profiles (Fig. 1).

Figure 8 shows results for the directed flow of charged
particles emitted after a hydrodynamic evolution from the
tilted initial fireball [Eq. (13)]. The thick solid lines represent
the results for Au-Au collisions. The experimental data are
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FIG. 7. (Color online) Directed flow at different centralities from
hydrodynamic calculations with shifted initial conditions [Eq. (8)] for
Au-Au and Cu-Cu collisions (solid and dashed lines, respectively).
Experimental data are from the PHOBOS Collaboration [8] for c =
0%–40%, and from the STAR Collaboration [10] for the three other
centrality classes.

reproduced in the central rapidity region in a satisfactory way.
For the semi-peripheral and peripheral collisions the large
antiflow at large pseudorapidities is not reproduced by the
model. This kinematic region is at the limit of applicability of
the hydrodynamic model, assuming the collective expansion
of a thermalized fluid. The directed flow in the fragmentation
region can have a different origin, like in the transport models
[12]. The panels of Fig. 8 show the results for the Cu-Cu
system in the same centrality classes. Again, as expected from
the similarity of the tilt of the source in the two systems
(Fig. 3), the final directed flows for the two systems almost
overlap. To test some of the uncertainty in the choice of the
initial conditions for the hydrodynamic evolution, we take as
the initial density an ansatz where also the contribution from
binary collisions is asymmetric:

ε(τ0) = 2ε0
N+f+(η‖) + N−f−(η‖)

N+ + N−
× [(1 − α)(N+ + N−) + 2αNbin]/N0. (18)

The tilt is stronger in this case and the magnitude of the directed
flow bigger (thin solid lines in Fig. 8). The shaded bands in
the figure represent the uncertainty of the model related to this
assumption. This uncertainty is the largest among those that
we tested.

In the following, we study the effect of other details of the
model on the final directed flow. First, a different initial time
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FIG. 8. (Color online) Directed flow in Au-Au (thick solid lines)
and Cu-Cu (dashed lines) collisions at different centralities from tilted
initial conditions [Eq. (13)], compared to experiment [8,10]. The
shaded band between the thin and thick lines represents the increase
in the magnitude of the flow if Eq. (18) is used for the initial density,
including also asymmetric contributions from binary collisions.

for the hydrodynamic evolution is chosen: τ0 = 1 fm/c. The
initial time is given by the rate of the initial thermalization
processes that lead to the formation of a dense, almost
perfect fluid. The precise mechanisms of thermalization are
not known and it is instructive to test the influence of the
value of the thermalization time on the build up of the
directed flow. Figure 9 shows the result for the centrality class
5%–40%. The directed flow is reduced when compared to
the previous calculation using τ0 = 0.25 fm/c. The fluid that
starts to expand at τ0 = 1 fm/c exerts less pressure. In fact,
the experimental points for central rapidities lie between the
two lines representing the two calculations starting at different
thermalization times.

Another effect worth studying is the dependence on the
details of the form factor f±(η‖), which describes the emission
from a single participant nucleon. The range of forward-
backward correlations is set by the parameter ηm. We make
another calculation using ηm = yb. With this choice, the
emission from a forward-going participant nucleon decreases
when going from rapidity yb to zero at the rapidity −yb. The
initial tilt of the source is smaller than for the choice ηm =
yb − 2 used before. The effect of this change on the directed
flow is small and the results are close to the experimental data
at central rapidities (dotted line in Fig. 9).

A third effect that can be tested is the assumption that the
initial energy density is proportional to the density of wounded
nucleons (binary collisions), as in Eq. (13). Assuming that this

η
-4 -2 0 2 4

-2

-1

0

1

2 PHOBOS  Au-Au  c=0-40% 
=200 GeV c=5-40% sSTAR Data  Au-Au

1v
(%)

= 0.25 fm/c0τ
= 1 fm/c0τ

b
= ymη

entropy scaled

FIG. 9. (Color online) Directed-flow coefficient as function of
pseudorapidity for tilted initial conditions ([Eq. (13)] in Au-Au
collisions. The solid and dashed lines represent the calculations with
initial times τ0 = 0.25 and 1 fm/c respectively and with an initial
profile fF with ηm = yb − 2, the dotted line is for τ0 = 0.25 fm/c
but ηm = yb, and the dashed-dotted line represents the result of
a calculation where the initial entropy density is proportional to
the density of participants from the Glauber model. Data are from
Refs. [8,10].

proportionality applies to the entropy density s instead, we
have

s(τ0) = s0{[N+(x, y)f+(η‖) + N−(x, y)f−(η‖)](1 − α)

+ 2αNbin(x, y)f (η‖)}/N0 . (19)

The directed flow is very similar to the one obtained using the
energy density initial profile given by Eq. (13) (dashed-dotted
line in Fig. 9). We notice that some of the details of the initial
conditions can influence the final directed flow. This situation
resembles the conclusion from the elliptic-flow studies, where
a crucial ingredient is the initial eccentricity of the fireball.

IV. SUMMARY

We study the formation of the directed flow in the (3 + 1)D
hydrodynamic expansion of the fireball created in heavy-ion
collisions at the highest energies at RHIC. The directed flow
of charged particles has been measured as function of pseu-
dorapidity, finding a substantial negative flow [8–10]. We use
two different initial conditions for the evolution. The first one
[Eq. (8)] is quite commonly used in hydrodynamic model cal-
culations [4]. It incorporates a shift of the densities in the initial
fireball that are due to the local imbalance of the longitudinal
momentum. Initial densities of the second type are constructed
as a sum of contributions from forward- and backward-going
participants [Eq. (13)]. The asymmetry in the emission from in-
dividual participants leads to a tilt of the source. Model calcula-
tions, incorporating a hydrodynamic expansion stage, particle
emission at freeze-out, and resonance decays, indicate that the
second type of initial conditions can reproduce the sign and the
magnitude of the observed directed flow at central rapidities.

The large negative flow close to the fragmentation regions is
of different origin and cannot be described in our calculation.
Deviations from the Bjorken flow in the initial conditions [28]
could influence the results. In particular, they could lead to
a different flow pattern for baryons and for the bulk of the
matter, if baryons do not follow the Bjorken flow. The directed
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Fig. 1 Colliding nuclei and conventional cartesian reference frame.
Also shown the initial angular momentum vector

acceleration and velocity fields are not parallel, according to
Eq. (9). The equation makes it clear that the onset of spatial
components of the vorticity is indeed a relativistic effect as,
with the proper dimensions, it goes like (a × v)/c2.

In the full longitudinally boost invariant Bjorken picture,
that is, uη = 0 throughout the fluid evolution, in the ideal
case, as ω# = 0, the only allowed components of the kine-
matical vorticity are ωτ x ,ωτ y and ωxy from the first Eq. (2).
The ωxy component, at η = 0, because of the reflection sym-
metry (see Fig. 1) in both the x and the y axes, can be different
from zero but it ought to change sign by moving clockwise
(or counterclockwise) to the neighboring quadrant of the xy
plane; for central collisions it simply vanishes.

However, in the viscous case, more components of the
vorticities can be non-vanishing. Furthermore, in more real-
istic 3 + 1 D hydrodynamical calculations, a non-vanishing
uη can develop because of the asymmetries of the initial
energy density in the x − η and y − η planes at finite
impact parameter. The asymmetry is essential to reproduce
the observed directed flow coefficient v1(y) in a 3+1 D ideal
hydrodynamic calculation with BIC, as shown by Bozek and
Wyskiel [18], and gives the plasma a total angular momen-
tum, as will be discussed later on.

In this work, we calculate the vorticities, and especially the
thermal vorticity % by using basically the same parametriza-
tion of the initial conditions in Ref. [18]. Those initial condi-
tions are a modification of the usual BIC to take into account
that the plasma, in peripheral collisions, has a relatively large
angular momentum (see Appendix A). They are a minimal
modifications of the BIC in that the initial flow velocity
Bjorken components are still zero, but the energy density
longitudinal profile is changed and no longer symmetric by

the reflection η → −η. They are summarized hereinafter.
Given the usual thickness function expression:

T (x, y) =
∫ ∞

−∞
dz n(x, y, z)

=
∫ ∞

−∞
dz

n0

1 + e
(√

x2+y2+z2−R
)
/δ

(15)

where n0 = 0.1693 fm−3, δ = 0.535 fm, and R = 6.38 fm
are the nuclear density, the width and the radius of the nuclear
Fermi distribution respectively, the following functions are
defined:

T1 = T+

(

1 −
(

1 − σT−
A

)A
)

, (16)

T2 = T−

(

1 −
(

1 − σT+
A

)A
)

(17)

where σ is the inelastic NN cross section, A the mass number
of the colliding nuclei, and

T+(xT ) = T (xT + b/2) T−(xT ) = T (xT − b/2) (18)

where xT = (x, y) is the vector of the transverse plane coor-
dinates and b is the impact parameter vector, connecting the
centers of the two nuclei. In our conventional cartesian ref-
erence frame, the b vector is oriented along the positive x
axis and the two nuclei have initial momentum along the z
axis (whence the reaction plane is the xz plane) and their
momenta are directed so as to make the initial total angular
momentum oriented along the negative y axis (see Fig. 1).
The wounded nucleons weight function WN is then defined:

WN(x, y, η) = 2 (T1(x, y) f−(η)+ T2(x, y) f+(η)) (19)

where

f−(η) =






1 η < −ηm,
−η + ηm

2ηm
−ηm ≤ η ≤ ηm,

0 η > ηm,

and

f+(η) =






0 η < −ηm,
η + ηm

2ηm
−ηm ≤ η ≤ ηm,

1 η > ηm .

Finally, the initial proper energy density distribution is
assumed to be

ε(x, y, η) = ε0 W (x, y, η) H(η), (20)

where the total weight function W (x, y, η) is defined as
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Fig. 1 Colliding nuclei and conventional cartesian reference frame.
Also shown the initial angular momentum vector

acceleration and velocity fields are not parallel, according to
Eq. (9). The equation makes it clear that the onset of spatial
components of the vorticity is indeed a relativistic effect as,
with the proper dimensions, it goes like (a × v)/c2.

In the full longitudinally boost invariant Bjorken picture,
that is, uη = 0 throughout the fluid evolution, in the ideal
case, as ω# = 0, the only allowed components of the kine-
matical vorticity are ωτ x ,ωτ y and ωxy from the first Eq. (2).
The ωxy component, at η = 0, because of the reflection sym-
metry (see Fig. 1) in both the x and the y axes, can be different
from zero but it ought to change sign by moving clockwise
(or counterclockwise) to the neighboring quadrant of the xy
plane; for central collisions it simply vanishes.

However, in the viscous case, more components of the
vorticities can be non-vanishing. Furthermore, in more real-
istic 3 + 1 D hydrodynamical calculations, a non-vanishing
uη can develop because of the asymmetries of the initial
energy density in the x − η and y − η planes at finite
impact parameter. The asymmetry is essential to reproduce
the observed directed flow coefficient v1(y) in a 3+1 D ideal
hydrodynamic calculation with BIC, as shown by Bozek and
Wyskiel [18], and gives the plasma a total angular momen-
tum, as will be discussed later on.

In this work, we calculate the vorticities, and especially the
thermal vorticity % by using basically the same parametriza-
tion of the initial conditions in Ref. [18]. Those initial condi-
tions are a modification of the usual BIC to take into account
that the plasma, in peripheral collisions, has a relatively large
angular momentum (see Appendix A). They are a minimal
modifications of the BIC in that the initial flow velocity
Bjorken components are still zero, but the energy density
longitudinal profile is changed and no longer symmetric by

the reflection η → −η. They are summarized hereinafter.
Given the usual thickness function expression:

T (x, y) =
∫ ∞

−∞
dz n(x, y, z)

=
∫ ∞

−∞
dz

n0

1 + e
(√

x2+y2+z2−R
)
/δ

(15)

where n0 = 0.1693 fm−3, δ = 0.535 fm, and R = 6.38 fm
are the nuclear density, the width and the radius of the nuclear
Fermi distribution respectively, the following functions are
defined:

T1 = T+

(

1 −
(

1 − σT−
A

)A
)

, (16)

T2 = T−

(

1 −
(

1 − σT+
A

)A
)

(17)

where σ is the inelastic NN cross section, A the mass number
of the colliding nuclei, and

T+(xT ) = T (xT + b/2) T−(xT ) = T (xT − b/2) (18)

where xT = (x, y) is the vector of the transverse plane coor-
dinates and b is the impact parameter vector, connecting the
centers of the two nuclei. In our conventional cartesian ref-
erence frame, the b vector is oriented along the positive x
axis and the two nuclei have initial momentum along the z
axis (whence the reaction plane is the xz plane) and their
momenta are directed so as to make the initial total angular
momentum oriented along the negative y axis (see Fig. 1).
The wounded nucleons weight function WN is then defined:

WN(x, y, η) = 2 (T1(x, y) f−(η)+ T2(x, y) f+(η)) (19)

where

f−(η) =






1 η < −ηm,
−η + ηm

2ηm
−ηm ≤ η ≤ ηm,

0 η > ηm,

and

f+(η) =






0 η < −ηm,
η + ηm

2ηm
−ηm ≤ η ≤ ηm,

1 η > ηm .

Finally, the initial proper energy density distribution is
assumed to be

ε(x, y, η) = ε0 W (x, y, η) H(η), (20)

where the total weight function W (x, y, η) is defined as
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Fig. 1 Colliding nuclei and conventional cartesian reference frame.
Also shown the initial angular momentum vector

acceleration and velocity fields are not parallel, according to
Eq. (9). The equation makes it clear that the onset of spatial
components of the vorticity is indeed a relativistic effect as,
with the proper dimensions, it goes like (a × v)/c2.

In the full longitudinally boost invariant Bjorken picture,
that is, uη = 0 throughout the fluid evolution, in the ideal
case, as ω# = 0, the only allowed components of the kine-
matical vorticity are ωτ x ,ωτ y and ωxy from the first Eq. (2).
The ωxy component, at η = 0, because of the reflection sym-
metry (see Fig. 1) in both the x and the y axes, can be different
from zero but it ought to change sign by moving clockwise
(or counterclockwise) to the neighboring quadrant of the xy
plane; for central collisions it simply vanishes.

However, in the viscous case, more components of the
vorticities can be non-vanishing. Furthermore, in more real-
istic 3 + 1 D hydrodynamical calculations, a non-vanishing
uη can develop because of the asymmetries of the initial
energy density in the x − η and y − η planes at finite
impact parameter. The asymmetry is essential to reproduce
the observed directed flow coefficient v1(y) in a 3+1 D ideal
hydrodynamic calculation with BIC, as shown by Bozek and
Wyskiel [18], and gives the plasma a total angular momen-
tum, as will be discussed later on.

In this work, we calculate the vorticities, and especially the
thermal vorticity % by using basically the same parametriza-
tion of the initial conditions in Ref. [18]. Those initial condi-
tions are a modification of the usual BIC to take into account
that the plasma, in peripheral collisions, has a relatively large
angular momentum (see Appendix A). They are a minimal
modifications of the BIC in that the initial flow velocity
Bjorken components are still zero, but the energy density
longitudinal profile is changed and no longer symmetric by

the reflection η → −η. They are summarized hereinafter.
Given the usual thickness function expression:

T (x, y) =
∫ ∞

−∞
dz n(x, y, z)

=
∫ ∞

−∞
dz

n0

1 + e
(√

x2+y2+z2−R
)
/δ

(15)

where n0 = 0.1693 fm−3, δ = 0.535 fm, and R = 6.38 fm
are the nuclear density, the width and the radius of the nuclear
Fermi distribution respectively, the following functions are
defined:

T1 = T+

(

1 −
(

1 − σT−
A

)A
)

, (16)

T2 = T−

(

1 −
(

1 − σT+
A

)A
)

(17)

where σ is the inelastic NN cross section, A the mass number
of the colliding nuclei, and

T+(xT ) = T (xT + b/2) T−(xT ) = T (xT − b/2) (18)

where xT = (x, y) is the vector of the transverse plane coor-
dinates and b is the impact parameter vector, connecting the
centers of the two nuclei. In our conventional cartesian ref-
erence frame, the b vector is oriented along the positive x
axis and the two nuclei have initial momentum along the z
axis (whence the reaction plane is the xz plane) and their
momenta are directed so as to make the initial total angular
momentum oriented along the negative y axis (see Fig. 1).
The wounded nucleons weight function WN is then defined:

WN(x, y, η) = 2 (T1(x, y) f−(η)+ T2(x, y) f+(η)) (19)

where

f−(η) =






1 η < −ηm,
−η + ηm

2ηm
−ηm ≤ η ≤ ηm,

0 η > ηm,

and

f+(η) =






0 η < −ηm,
η + ηm

2ηm
−ηm ≤ η ≤ ηm,

1 η > ηm .

Finally, the initial proper energy density distribution is
assumed to be

ε(x, y, η) = ε0 W (x, y, η) H(η), (20)

where the total weight function W (x, y, η) is defined as
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Vorticity and directed flow
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Fig. 1 Colliding nuclei and conventional cartesian reference frame.
Also shown the initial angular momentum vector

acceleration and velocity fields are not parallel, according to
Eq. (9). The equation makes it clear that the onset of spatial
components of the vorticity is indeed a relativistic effect as,
with the proper dimensions, it goes like (a × v)/c2.

In the full longitudinally boost invariant Bjorken picture,
that is, uη = 0 throughout the fluid evolution, in the ideal
case, as ω# = 0, the only allowed components of the kine-
matical vorticity are ωτ x ,ωτ y and ωxy from the first Eq. (2).
The ωxy component, at η = 0, because of the reflection sym-
metry (see Fig. 1) in both the x and the y axes, can be different
from zero but it ought to change sign by moving clockwise
(or counterclockwise) to the neighboring quadrant of the xy
plane; for central collisions it simply vanishes.

However, in the viscous case, more components of the
vorticities can be non-vanishing. Furthermore, in more real-
istic 3 + 1 D hydrodynamical calculations, a non-vanishing
uη can develop because of the asymmetries of the initial
energy density in the x − η and y − η planes at finite
impact parameter. The asymmetry is essential to reproduce
the observed directed flow coefficient v1(y) in a 3+1 D ideal
hydrodynamic calculation with BIC, as shown by Bozek and
Wyskiel [18], and gives the plasma a total angular momen-
tum, as will be discussed later on.

In this work, we calculate the vorticities, and especially the
thermal vorticity % by using basically the same parametriza-
tion of the initial conditions in Ref. [18]. Those initial condi-
tions are a modification of the usual BIC to take into account
that the plasma, in peripheral collisions, has a relatively large
angular momentum (see Appendix A). They are a minimal
modifications of the BIC in that the initial flow velocity
Bjorken components are still zero, but the energy density
longitudinal profile is changed and no longer symmetric by

the reflection η → −η. They are summarized hereinafter.
Given the usual thickness function expression:

T (x, y) =
∫ ∞

−∞
dz n(x, y, z)

=
∫ ∞

−∞
dz

n0

1 + e
(√

x2+y2+z2−R
)
/δ

(15)

where n0 = 0.1693 fm−3, δ = 0.535 fm, and R = 6.38 fm
are the nuclear density, the width and the radius of the nuclear
Fermi distribution respectively, the following functions are
defined:

T1 = T+

(

1 −
(

1 − σT−
A

)A
)

, (16)

T2 = T−

(

1 −
(

1 − σT+
A

)A
)

(17)

where σ is the inelastic NN cross section, A the mass number
of the colliding nuclei, and

T+(xT ) = T (xT + b/2) T−(xT ) = T (xT − b/2) (18)

where xT = (x, y) is the vector of the transverse plane coor-
dinates and b is the impact parameter vector, connecting the
centers of the two nuclei. In our conventional cartesian ref-
erence frame, the b vector is oriented along the positive x
axis and the two nuclei have initial momentum along the z
axis (whence the reaction plane is the xz plane) and their
momenta are directed so as to make the initial total angular
momentum oriented along the negative y axis (see Fig. 1).
The wounded nucleons weight function WN is then defined:

WN(x, y, η) = 2 (T1(x, y) f−(η)+ T2(x, y) f+(η)) (19)

where

f−(η) =






1 η < −ηm,
−η + ηm

2ηm
−ηm ≤ η ≤ ηm,

0 η > ηm,

and

f+(η) =






0 η < −ηm,
η + ηm

2ηm
−ηm ≤ η ≤ ηm,

1 η > ηm .

Finally, the initial proper energy density distribution is
assumed to be

ε(x, y, η) = ε0 W (x, y, η) H(η), (20)

where the total weight function W (x, y, η) is defined as
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the Riemann problems at cell interfaces [30]. It is therefore
important to check whether the code is not introducing, for
a given resolution, numerical errors which are larger than
the effects induced by the physics. We refer to the global
numerical errors generically as numerical viscosity.

We have thus calculated the T -vorticity for different physi-
cal viscosities (in fact η/s ratios), in order to provide an upper
bound for the numerical viscosity of ECHO-QGP in the ideal
mode. The mean value of the T -vorticity is shown in Fig. 5
and its extrapolation to zero occurs when |η/s| ! 0.002
which is a very satisfactory value, comparable with the one
obtained in Ref. [4]. The good performance is due to the use
of high-order reconstruction methods that are able to com-
pensate for the highly diffusive two-wave Riemann solver
employed [3].

5 Directed flow, angular momentum, and thermal
vorticity

With the initial conditions reported at the end of Sect. 3
we have calculated the directed flow of pions (both charged

Fig. 5 Mean of the absolute values of "µν/T 2 components at
the freeze-out hypersurface as a function of η/s. Note that the
"xη,"yη,"τη have been multiplied by 1/τ . Upper panel log scale.
Lower panel magnification of the region around zero viscosity

states) at the freeze-out and compared it with the STAR data
for charged particles collected in the centrality interval 40–
80 % [22]. Directed flow is an important observable for sev-
eral reasons. Recently, it has been studied at lower energy [31]
with a hybrid fluid-transport model (see also Ref. [32]). At√
sNN = 200 GeV, it has been calculated with an ideal 3+ 1

D hydro code first by Bozek and Wyskiel [18]. Herein, we
extend the calculation to the viscous regime.

The amount of generated directed flow at the freeze-out
depends, of course, on the initial conditions, particularly on
the parameter ηm (see Sect. 3), as shown in Fig. 6. The
directed flow also depends on η/s as shown in Fig. 7 and
could then be used to measure the viscosity of the QCD
plasma along with other azimuthal anisotropy coefficients.
It should be pointed out that, apparently, the directed flow
can be reproduced by our hydrodynamical calculation only
for −3 < y < 3.

The dependence of v1(y) on ηm and η/s makes it possible
to adjust the ηm parameter for a given η/s value. This adjust-
ment cannot be properly called a precision fit because, as
we have mentioned in the Introduction, several effects in the

Fig. 6 Directed flow of pions for different values of ηm parameter with
η/s = 0.1 compared with STAR data [22]

Fig. 7 Directed flow of pions for different values of η/s with ηm = 2.0
compared with STAR data [22]
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Fig. 1 Colliding nuclei and conventional cartesian reference frame.
Also shown the initial angular momentum vector

acceleration and velocity fields are not parallel, according to
Eq. (9). The equation makes it clear that the onset of spatial
components of the vorticity is indeed a relativistic effect as,
with the proper dimensions, it goes like (a × v)/c2.

In the full longitudinally boost invariant Bjorken picture,
that is, uη = 0 throughout the fluid evolution, in the ideal
case, as ω# = 0, the only allowed components of the kine-
matical vorticity are ωτ x ,ωτ y and ωxy from the first Eq. (2).
The ωxy component, at η = 0, because of the reflection sym-
metry (see Fig. 1) in both the x and the y axes, can be different
from zero but it ought to change sign by moving clockwise
(or counterclockwise) to the neighboring quadrant of the xy
plane; for central collisions it simply vanishes.

However, in the viscous case, more components of the
vorticities can be non-vanishing. Furthermore, in more real-
istic 3 + 1 D hydrodynamical calculations, a non-vanishing
uη can develop because of the asymmetries of the initial
energy density in the x − η and y − η planes at finite
impact parameter. The asymmetry is essential to reproduce
the observed directed flow coefficient v1(y) in a 3+1 D ideal
hydrodynamic calculation with BIC, as shown by Bozek and
Wyskiel [18], and gives the plasma a total angular momen-
tum, as will be discussed later on.

In this work, we calculate the vorticities, and especially the
thermal vorticity % by using basically the same parametriza-
tion of the initial conditions in Ref. [18]. Those initial condi-
tions are a modification of the usual BIC to take into account
that the plasma, in peripheral collisions, has a relatively large
angular momentum (see Appendix A). They are a minimal
modifications of the BIC in that the initial flow velocity
Bjorken components are still zero, but the energy density
longitudinal profile is changed and no longer symmetric by

the reflection η → −η. They are summarized hereinafter.
Given the usual thickness function expression:

T (x, y) =
∫ ∞

−∞
dz n(x, y, z)

=
∫ ∞

−∞
dz

n0

1 + e
(√

x2+y2+z2−R
)
/δ

(15)

where n0 = 0.1693 fm−3, δ = 0.535 fm, and R = 6.38 fm
are the nuclear density, the width and the radius of the nuclear
Fermi distribution respectively, the following functions are
defined:

T1 = T+

(

1 −
(

1 − σT−
A

)A
)

, (16)

T2 = T−

(

1 −
(

1 − σT+
A

)A
)

(17)

where σ is the inelastic NN cross section, A the mass number
of the colliding nuclei, and

T+(xT ) = T (xT + b/2) T−(xT ) = T (xT − b/2) (18)

where xT = (x, y) is the vector of the transverse plane coor-
dinates and b is the impact parameter vector, connecting the
centers of the two nuclei. In our conventional cartesian ref-
erence frame, the b vector is oriented along the positive x
axis and the two nuclei have initial momentum along the z
axis (whence the reaction plane is the xz plane) and their
momenta are directed so as to make the initial total angular
momentum oriented along the negative y axis (see Fig. 1).
The wounded nucleons weight function WN is then defined:

WN(x, y, η) = 2 (T1(x, y) f−(η)+ T2(x, y) f+(η)) (19)

where

f−(η) =






1 η < −ηm,
−η + ηm

2ηm
−ηm ≤ η ≤ ηm,

0 η > ηm,

and

f+(η) =






0 η < −ηm,
η + ηm

2ηm
−ηm ≤ η ≤ ηm,

1 η > ηm .

Finally, the initial proper energy density distribution is
assumed to be

ε(x, y, η) = ε0 W (x, y, η) H(η), (20)

where the total weight function W (x, y, η) is defined as
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the Riemann problems at cell interfaces [30]. It is therefore
important to check whether the code is not introducing, for
a given resolution, numerical errors which are larger than
the effects induced by the physics. We refer to the global
numerical errors generically as numerical viscosity.

We have thus calculated the T -vorticity for different physi-
cal viscosities (in fact η/s ratios), in order to provide an upper
bound for the numerical viscosity of ECHO-QGP in the ideal
mode. The mean value of the T -vorticity is shown in Fig. 5
and its extrapolation to zero occurs when |η/s| ! 0.002
which is a very satisfactory value, comparable with the one
obtained in Ref. [4]. The good performance is due to the use
of high-order reconstruction methods that are able to com-
pensate for the highly diffusive two-wave Riemann solver
employed [3].

5 Directed flow, angular momentum, and thermal
vorticity

With the initial conditions reported at the end of Sect. 3
we have calculated the directed flow of pions (both charged

Fig. 5 Mean of the absolute values of "µν/T 2 components at
the freeze-out hypersurface as a function of η/s. Note that the
"xη,"yη,"τη have been multiplied by 1/τ . Upper panel log scale.
Lower panel magnification of the region around zero viscosity

states) at the freeze-out and compared it with the STAR data
for charged particles collected in the centrality interval 40–
80 % [22]. Directed flow is an important observable for sev-
eral reasons. Recently, it has been studied at lower energy [31]
with a hybrid fluid-transport model (see also Ref. [32]). At√
sNN = 200 GeV, it has been calculated with an ideal 3+ 1

D hydro code first by Bozek and Wyskiel [18]. Herein, we
extend the calculation to the viscous regime.

The amount of generated directed flow at the freeze-out
depends, of course, on the initial conditions, particularly on
the parameter ηm (see Sect. 3), as shown in Fig. 6. The
directed flow also depends on η/s as shown in Fig. 7 and
could then be used to measure the viscosity of the QCD
plasma along with other azimuthal anisotropy coefficients.
It should be pointed out that, apparently, the directed flow
can be reproduced by our hydrodynamical calculation only
for −3 < y < 3.

The dependence of v1(y) on ηm and η/s makes it possible
to adjust the ηm parameter for a given η/s value. This adjust-
ment cannot be properly called a precision fit because, as
we have mentioned in the Introduction, several effects in the

Fig. 6 Directed flow of pions for different values of ηm parameter with
η/s = 0.1 compared with STAR data [22]

Fig. 7 Directed flow of pions for different values of η/s with ηm = 2.0
compared with STAR data [22]
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Fig. 1 Colliding nuclei and conventional cartesian reference frame.
Also shown the initial angular momentum vector

acceleration and velocity fields are not parallel, according to
Eq. (9). The equation makes it clear that the onset of spatial
components of the vorticity is indeed a relativistic effect as,
with the proper dimensions, it goes like (a × v)/c2.

In the full longitudinally boost invariant Bjorken picture,
that is, uη = 0 throughout the fluid evolution, in the ideal
case, as ω# = 0, the only allowed components of the kine-
matical vorticity are ωτ x ,ωτ y and ωxy from the first Eq. (2).
The ωxy component, at η = 0, because of the reflection sym-
metry (see Fig. 1) in both the x and the y axes, can be different
from zero but it ought to change sign by moving clockwise
(or counterclockwise) to the neighboring quadrant of the xy
plane; for central collisions it simply vanishes.

However, in the viscous case, more components of the
vorticities can be non-vanishing. Furthermore, in more real-
istic 3 + 1 D hydrodynamical calculations, a non-vanishing
uη can develop because of the asymmetries of the initial
energy density in the x − η and y − η planes at finite
impact parameter. The asymmetry is essential to reproduce
the observed directed flow coefficient v1(y) in a 3+1 D ideal
hydrodynamic calculation with BIC, as shown by Bozek and
Wyskiel [18], and gives the plasma a total angular momen-
tum, as will be discussed later on.

In this work, we calculate the vorticities, and especially the
thermal vorticity % by using basically the same parametriza-
tion of the initial conditions in Ref. [18]. Those initial condi-
tions are a modification of the usual BIC to take into account
that the plasma, in peripheral collisions, has a relatively large
angular momentum (see Appendix A). They are a minimal
modifications of the BIC in that the initial flow velocity
Bjorken components are still zero, but the energy density
longitudinal profile is changed and no longer symmetric by

the reflection η → −η. They are summarized hereinafter.
Given the usual thickness function expression:

T (x, y) =
∫ ∞

−∞
dz n(x, y, z)

=
∫ ∞

−∞
dz

n0

1 + e
(√

x2+y2+z2−R
)
/δ

(15)

where n0 = 0.1693 fm−3, δ = 0.535 fm, and R = 6.38 fm
are the nuclear density, the width and the radius of the nuclear
Fermi distribution respectively, the following functions are
defined:

T1 = T+

(

1 −
(

1 − σT−
A

)A
)

, (16)

T2 = T−

(

1 −
(

1 − σT+
A

)A
)

(17)

where σ is the inelastic NN cross section, A the mass number
of the colliding nuclei, and

T+(xT ) = T (xT + b/2) T−(xT ) = T (xT − b/2) (18)

where xT = (x, y) is the vector of the transverse plane coor-
dinates and b is the impact parameter vector, connecting the
centers of the two nuclei. In our conventional cartesian ref-
erence frame, the b vector is oriented along the positive x
axis and the two nuclei have initial momentum along the z
axis (whence the reaction plane is the xz plane) and their
momenta are directed so as to make the initial total angular
momentum oriented along the negative y axis (see Fig. 1).
The wounded nucleons weight function WN is then defined:

WN(x, y, η) = 2 (T1(x, y) f−(η)+ T2(x, y) f+(η)) (19)

where

f−(η) =






1 η < −ηm,
−η + ηm

2ηm
−ηm ≤ η ≤ ηm,

0 η > ηm,

and

f+(η) =






0 η < −ηm,
η + ηm

2ηm
−ηm ≤ η ≤ ηm,

1 η > ηm .

Finally, the initial proper energy density distribution is
assumed to be

ε(x, y, η) = ε0 W (x, y, η) H(η), (20)

where the total weight function W (x, y, η) is defined as
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the Riemann problems at cell interfaces [30]. It is therefore
important to check whether the code is not introducing, for
a given resolution, numerical errors which are larger than
the effects induced by the physics. We refer to the global
numerical errors generically as numerical viscosity.

We have thus calculated the T -vorticity for different physi-
cal viscosities (in fact η/s ratios), in order to provide an upper
bound for the numerical viscosity of ECHO-QGP in the ideal
mode. The mean value of the T -vorticity is shown in Fig. 5
and its extrapolation to zero occurs when |η/s| ! 0.002
which is a very satisfactory value, comparable with the one
obtained in Ref. [4]. The good performance is due to the use
of high-order reconstruction methods that are able to com-
pensate for the highly diffusive two-wave Riemann solver
employed [3].

5 Directed flow, angular momentum, and thermal
vorticity

With the initial conditions reported at the end of Sect. 3
we have calculated the directed flow of pions (both charged

Fig. 5 Mean of the absolute values of "µν/T 2 components at
the freeze-out hypersurface as a function of η/s. Note that the
"xη,"yη,"τη have been multiplied by 1/τ . Upper panel log scale.
Lower panel magnification of the region around zero viscosity

states) at the freeze-out and compared it with the STAR data
for charged particles collected in the centrality interval 40–
80 % [22]. Directed flow is an important observable for sev-
eral reasons. Recently, it has been studied at lower energy [31]
with a hybrid fluid-transport model (see also Ref. [32]). At√
sNN = 200 GeV, it has been calculated with an ideal 3+ 1

D hydro code first by Bozek and Wyskiel [18]. Herein, we
extend the calculation to the viscous regime.

The amount of generated directed flow at the freeze-out
depends, of course, on the initial conditions, particularly on
the parameter ηm (see Sect. 3), as shown in Fig. 6. The
directed flow also depends on η/s as shown in Fig. 7 and
could then be used to measure the viscosity of the QCD
plasma along with other azimuthal anisotropy coefficients.
It should be pointed out that, apparently, the directed flow
can be reproduced by our hydrodynamical calculation only
for −3 < y < 3.

The dependence of v1(y) on ηm and η/s makes it possible
to adjust the ηm parameter for a given η/s value. This adjust-
ment cannot be properly called a precision fit because, as
we have mentioned in the Introduction, several effects in the

Fig. 6 Directed flow of pions for different values of ηm parameter with
η/s = 0.1 compared with STAR data [22]

Fig. 7 Directed flow of pions for different values of η/s with ηm = 2.0
compared with STAR data [22]
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Fig. 8 Directed flow of pions at η/s = 0.1 and ηm = 2.0 compared
with STAR data [22]

comparison between data and calculations have been delib-
erately neglected in this work. However, since our aim was
to obtain a somewhat realistic evaluation of the vorticities,
we have chosen the value of ηm for which we obtain the best
agreement between our calculated pion v1(y) and the mea-
sured for charged particles in the central rapidity region. For
the fixed value η/s = 0.1 (approximately twice the conjec-
tured universal lower bound) the corresponding best value of
ηm turns out to be 2.0 (see Fig. 8).

It is worth discussing more in detail an interesting rela-
tionship between the value of the parameter ηm and that of
a conserved physical quantity, the angular momentum of the
plasma, which, for BIC is given by the integral (see Appendix
A for the derivation):

J y = −τ0

∫
dx dy dη x ε(x, y, η) sinh η. (32)

Since ηm controls the asymmetry of the energy density dis-
tribution in the η − x plane, one expects that Jy will vary
as a function of ηm . Indeed, if the energy density profile is
symmetric in η, the integral in Eq. (32) vanishes. Yet, for any
finite ηm "= 0, the profile (20) is not symmetric and Jy "= 0
(looking at the definition of f+ and f− it can be realized that
only in the limit ηm → ∞ the energy density profile becomes
symmetric). The dependence of the angular momentum on
ηm with all the initial parameters kept fixed is shown in Fig. 9.
For the value ηm = 2.0 it turns out to be around 3.18 × 103

in h̄ units.
It is also interesting to estimate an upper bound on the

angular momentum of the plasma by evaluating the angular
momentum of the overlap region of the two colliding nuclei.
This can be done by trying to extend the simple formula
for two sharp spheres. In our conventional reference frame,
the initial angular momentum of the nuclear overlap region
is directed along the y axis with negative value and can be
written as

 1600
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Fig. 9 Angular momentum (in h̄ units) of the plasma with Bjorken
initial conditions as a function of the parameter ηm
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Fig. 10 Estimated angular momentum (in h̄ units) of the overlap region
of the two colliding nuclei (solid line) and total angular momentum of
the plasma according to the parametrization of the initial conditions
(dashed line), as a function of the impact parameter

J y =
∫

dx dy w(x, y)(T+ − T−)x
√
sNN

2
(33)

where T± are the thickness functions like in Eq. (18) and

w(x, y) = min(n(x + b/2, y, 0), n(x − b/2, y, 0))
max(n(x + b/2, y, 0), n(x − b/2, y, 0))

is the function which extends the simple product of two θ

functions used for the overlap of two sharp spheres. Note
that the ω̃(x, y) is 1 for full overlap (b = 0) and implies a
vanishing angular momentum for very large b (see Fig. 10)
(see also Ref. [33]).

At b = 11.57 fm the above angular momentum is about
3.58 × 103 in h̄ units. This means that, with the current
parametrization of the initial conditions, for that impact
parameter about 89 % of the angular momentum is retained
by the hydrodynamical plasma, while the rest is possibly
taken away by the corona particles.

With the final set of parameters, we have calculated the
thermal vorticity & . As has been mentioned in Sect. 2, this
vorticity is adimensional in cartesian coordinates) and it is
constant at global thermodynamical equilibrium [17], e.g.
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Fig. 1 Colliding nuclei and conventional cartesian reference frame.
Also shown the initial angular momentum vector

acceleration and velocity fields are not parallel, according to
Eq. (9). The equation makes it clear that the onset of spatial
components of the vorticity is indeed a relativistic effect as,
with the proper dimensions, it goes like (a × v)/c2.

In the full longitudinally boost invariant Bjorken picture,
that is, uη = 0 throughout the fluid evolution, in the ideal
case, as ω# = 0, the only allowed components of the kine-
matical vorticity are ωτ x ,ωτ y and ωxy from the first Eq. (2).
The ωxy component, at η = 0, because of the reflection sym-
metry (see Fig. 1) in both the x and the y axes, can be different
from zero but it ought to change sign by moving clockwise
(or counterclockwise) to the neighboring quadrant of the xy
plane; for central collisions it simply vanishes.

However, in the viscous case, more components of the
vorticities can be non-vanishing. Furthermore, in more real-
istic 3 + 1 D hydrodynamical calculations, a non-vanishing
uη can develop because of the asymmetries of the initial
energy density in the x − η and y − η planes at finite
impact parameter. The asymmetry is essential to reproduce
the observed directed flow coefficient v1(y) in a 3+1 D ideal
hydrodynamic calculation with BIC, as shown by Bozek and
Wyskiel [18], and gives the plasma a total angular momen-
tum, as will be discussed later on.

In this work, we calculate the vorticities, and especially the
thermal vorticity % by using basically the same parametriza-
tion of the initial conditions in Ref. [18]. Those initial condi-
tions are a modification of the usual BIC to take into account
that the plasma, in peripheral collisions, has a relatively large
angular momentum (see Appendix A). They are a minimal
modifications of the BIC in that the initial flow velocity
Bjorken components are still zero, but the energy density
longitudinal profile is changed and no longer symmetric by

the reflection η → −η. They are summarized hereinafter.
Given the usual thickness function expression:

T (x, y) =
∫ ∞

−∞
dz n(x, y, z)

=
∫ ∞

−∞
dz

n0

1 + e
(√

x2+y2+z2−R
)
/δ

(15)

where n0 = 0.1693 fm−3, δ = 0.535 fm, and R = 6.38 fm
are the nuclear density, the width and the radius of the nuclear
Fermi distribution respectively, the following functions are
defined:

T1 = T+

(

1 −
(

1 − σT−
A

)A
)

, (16)

T2 = T−

(

1 −
(

1 − σT+
A

)A
)

(17)

where σ is the inelastic NN cross section, A the mass number
of the colliding nuclei, and

T+(xT ) = T (xT + b/2) T−(xT ) = T (xT − b/2) (18)

where xT = (x, y) is the vector of the transverse plane coor-
dinates and b is the impact parameter vector, connecting the
centers of the two nuclei. In our conventional cartesian ref-
erence frame, the b vector is oriented along the positive x
axis and the two nuclei have initial momentum along the z
axis (whence the reaction plane is the xz plane) and their
momenta are directed so as to make the initial total angular
momentum oriented along the negative y axis (see Fig. 1).
The wounded nucleons weight function WN is then defined:

WN(x, y, η) = 2 (T1(x, y) f−(η)+ T2(x, y) f+(η)) (19)

where

f−(η) =






1 η < −ηm,
−η + ηm

2ηm
−ηm ≤ η ≤ ηm,

0 η > ηm,

and

f+(η) =






0 η < −ηm,
η + ηm

2ηm
−ηm ≤ η ≤ ηm,

1 η > ηm .

Finally, the initial proper energy density distribution is
assumed to be

ε(x, y, η) = ε0 W (x, y, η) H(η), (20)

where the total weight function W (x, y, η) is defined as
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the Riemann problems at cell interfaces [30]. It is therefore
important to check whether the code is not introducing, for
a given resolution, numerical errors which are larger than
the effects induced by the physics. We refer to the global
numerical errors generically as numerical viscosity.

We have thus calculated the T -vorticity for different physi-
cal viscosities (in fact η/s ratios), in order to provide an upper
bound for the numerical viscosity of ECHO-QGP in the ideal
mode. The mean value of the T -vorticity is shown in Fig. 5
and its extrapolation to zero occurs when |η/s| ! 0.002
which is a very satisfactory value, comparable with the one
obtained in Ref. [4]. The good performance is due to the use
of high-order reconstruction methods that are able to com-
pensate for the highly diffusive two-wave Riemann solver
employed [3].

5 Directed flow, angular momentum, and thermal
vorticity

With the initial conditions reported at the end of Sect. 3
we have calculated the directed flow of pions (both charged

Fig. 5 Mean of the absolute values of "µν/T 2 components at
the freeze-out hypersurface as a function of η/s. Note that the
"xη,"yη,"τη have been multiplied by 1/τ . Upper panel log scale.
Lower panel magnification of the region around zero viscosity

states) at the freeze-out and compared it with the STAR data
for charged particles collected in the centrality interval 40–
80 % [22]. Directed flow is an important observable for sev-
eral reasons. Recently, it has been studied at lower energy [31]
with a hybrid fluid-transport model (see also Ref. [32]). At√
sNN = 200 GeV, it has been calculated with an ideal 3+ 1

D hydro code first by Bozek and Wyskiel [18]. Herein, we
extend the calculation to the viscous regime.

The amount of generated directed flow at the freeze-out
depends, of course, on the initial conditions, particularly on
the parameter ηm (see Sect. 3), as shown in Fig. 6. The
directed flow also depends on η/s as shown in Fig. 7 and
could then be used to measure the viscosity of the QCD
plasma along with other azimuthal anisotropy coefficients.
It should be pointed out that, apparently, the directed flow
can be reproduced by our hydrodynamical calculation only
for −3 < y < 3.

The dependence of v1(y) on ηm and η/s makes it possible
to adjust the ηm parameter for a given η/s value. This adjust-
ment cannot be properly called a precision fit because, as
we have mentioned in the Introduction, several effects in the

Fig. 6 Directed flow of pions for different values of ηm parameter with
η/s = 0.1 compared with STAR data [22]

Fig. 7 Directed flow of pions for different values of η/s with ηm = 2.0
compared with STAR data [22]
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Fig. 8 Directed flow of pions at η/s = 0.1 and ηm = 2.0 compared
with STAR data [22]

comparison between data and calculations have been delib-
erately neglected in this work. However, since our aim was
to obtain a somewhat realistic evaluation of the vorticities,
we have chosen the value of ηm for which we obtain the best
agreement between our calculated pion v1(y) and the mea-
sured for charged particles in the central rapidity region. For
the fixed value η/s = 0.1 (approximately twice the conjec-
tured universal lower bound) the corresponding best value of
ηm turns out to be 2.0 (see Fig. 8).

It is worth discussing more in detail an interesting rela-
tionship between the value of the parameter ηm and that of
a conserved physical quantity, the angular momentum of the
plasma, which, for BIC is given by the integral (see Appendix
A for the derivation):

J y = −τ0

∫
dx dy dη x ε(x, y, η) sinh η. (32)

Since ηm controls the asymmetry of the energy density dis-
tribution in the η − x plane, one expects that Jy will vary
as a function of ηm . Indeed, if the energy density profile is
symmetric in η, the integral in Eq. (32) vanishes. Yet, for any
finite ηm "= 0, the profile (20) is not symmetric and Jy "= 0
(looking at the definition of f+ and f− it can be realized that
only in the limit ηm → ∞ the energy density profile becomes
symmetric). The dependence of the angular momentum on
ηm with all the initial parameters kept fixed is shown in Fig. 9.
For the value ηm = 2.0 it turns out to be around 3.18 × 103

in h̄ units.
It is also interesting to estimate an upper bound on the

angular momentum of the plasma by evaluating the angular
momentum of the overlap region of the two colliding nuclei.
This can be done by trying to extend the simple formula
for two sharp spheres. In our conventional reference frame,
the initial angular momentum of the nuclear overlap region
is directed along the y axis with negative value and can be
written as
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Fig. 9 Angular momentum (in h̄ units) of the plasma with Bjorken
initial conditions as a function of the parameter ηm
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Fig. 10 Estimated angular momentum (in h̄ units) of the overlap region
of the two colliding nuclei (solid line) and total angular momentum of
the plasma according to the parametrization of the initial conditions
(dashed line), as a function of the impact parameter

J y =
∫

dx dy w(x, y)(T+ − T−)x
√
sNN

2
(33)

where T± are the thickness functions like in Eq. (18) and

w(x, y) = min(n(x + b/2, y, 0), n(x − b/2, y, 0))
max(n(x + b/2, y, 0), n(x − b/2, y, 0))

is the function which extends the simple product of two θ

functions used for the overlap of two sharp spheres. Note
that the ω̃(x, y) is 1 for full overlap (b = 0) and implies a
vanishing angular momentum for very large b (see Fig. 10)
(see also Ref. [33]).

At b = 11.57 fm the above angular momentum is about
3.58 × 103 in h̄ units. This means that, with the current
parametrization of the initial conditions, for that impact
parameter about 89 % of the angular momentum is retained
by the hydrodynamical plasma, while the rest is possibly
taken away by the corona particles.

With the final set of parameters, we have calculated the
thermal vorticity & . As has been mentioned in Sect. 2, this
vorticity is adimensional in cartesian coordinates) and it is
constant at global thermodynamical equilibrium [17], e.g.
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... a chapter that is yet missing in this 
comprehensive lecture notes
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Statistical mechanics of vortical fluid
for particles with spin?

There exist no relativistic
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particles (even) in 
thermodynamic approach

  

Polarization four-vector in the LAB frame

At first order in the gradients:

F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32 

Same formula obtained with a perturbative expansion of the solution of the Wigner function 
e.o.m. in

R. Fang, L.G. Pang, Q. Wang, X.N. Wang, arXiv:1604.04036

BEWARE the factor 1/8! If polarization is normalized to 100% must be ¼ instead. 
For the properly normalized polarization I will use the symbol P, so P = 2P
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Polarization of fermions in a vorticular fluid
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Fermions become polarized in a vorticular fluid due to spin-vorticity coupling. Such a polarization
can be calculated from the Wigner function in a quantum kinetic approach. Extending previous
results for chiral fermions, we derive the Wigner function for massive fermions up to the next-to-
leading order in spatial gradient expansion. The polarization density of fermions can be calculated
from the axial vector component of the Wigner function and is found to be proportional to the local
vorticity ω. The polarizations per particle for fermions and anti-fermions decrease with the chemical
potential and increase with energy (mass). Both quantities approach the asymptotic value !ω/4
in the large energy (mass) limit. The polarization per particle for fermions is always smaller than
that for anti-fermions, whose ratio of fermions to anti-fermions also decreases with the chemical
potential. The polarization per particle on the Cooper-Frye freeze-out hyper-surface can also be
formulated and is consistent with the previous result of Becattini et al..

I. INTRODUCTION

In non-central high-energy heavy-ion collisions, the large orbital angular momentum present in the colliding system
can lead to non-vanishing local vorticity in the hot and dense fluid [1–6]. The vorticity induced by global orbital
angular momentum in the fluid can be considered as local rotational motion of particles [3, 4, 7, 8]. It is closely
related to the rapidity dependence of the v1 flow and shear of the longitudinal flow velocity inside the reaction plane
[5, 9, 10].

As a result of spin-orbital coupling, quarks and anti-quarks can become polarized along the normal direction of the
reaction plane [1, 2, 5]. Through hadronization of polarized quarks and anti-quarks, hyperons can also be polarized in
the same direction in the final state [1, 2, 11]. Measurements of such global hyperon polarization is feasible through
the parity-violating decay of hyperons [12, 13]. Such measurements will shed light on properties of the vorticular
structures of the strongly coupled quark-gluon plasma (sQGP) in high-energy heavy-ion collisions.

Quark and anti-quark polarization in a vorticular fluid is also closely related to the Chiral Magnetic and Vortical
Effects [14–19]. From the solutions of Wigner functions for chiral or massless fermions in a quantum kinetic approach
one can derive the axial current jµ5 = ρ5uµ+ξ5ωµ+ξB5 Bµ, where ρ5 is the axial charge density, uµ is the fluid velocity,
ωµ ≡ 1

2ε
µσαβuσ∂αuβ is the vorticity 4-vector, and Bµ = 1

2ε
µνλσuνFλσ is the 4-vector of the magnetic field with Fλρ

being the strength tensor of the electromagnetic field. The coefficients ξ5 and ξB5 are all functions of temperatures
and chemical potentials µ and µ5 [19]. In a three-flavor quark matter with u, d and s quarks and their anti-quarks,
ξB5 = 0. In other words, the axial current in a three-flavor quark matter is blind to the magnetic field and solely
induced by the vorticity. Such an axial current leads to the Local Polarization Effect [19] which is also connected to
the spin-vorticity coupling for chiral or massless fermions [20].

In this paper, we will extend our Wigner function method for massless fermions to massive ones and formulate the
polarization of massive fermions induced by vorticity. In Section II, we will give a brief introduction to the Wigner
function method and derive the equations for the Wigner function components for massive fermions based on Ref.
[21, 22]. The Wigner function components can be determined perturbatively by gradient expansion. In Section III,
we will derive the Wigner function at the leading order by definition. Using the projection method we can extract
each component of the Wigner function at the leading order. We will propose the first order solution for the axial
vector component in Section IV by extending the solution for massless fermions. In Section V, we will show that the
axial vector component can be regarded as the spin density in phase space. We can obtain the polarization density
after completion of momentum integration of the axial vector component in Section VI. We will also formulate the
fermion polarization on the freezeout hypersurface by extending the Cooper-Frye formula. We will give a summary
of the results in the final section.

We adopt the same sign conventions for fermion charge Q as in Refs. [19, 20, 22, 23], and the same sign convention
for the axial vector Aµ ∼

〈

ψ̄γµγ5ψ
〉

as in Resf. [19, 20, 23] but different sign convention from Ref. [22].
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General formulae

13

!µ⌫ = 1
2 (@⌫uµ � @µu⌫)

!̃µ⌫ = 1
2 [@⌫(uµ/T )� @µ(u⌫/T )]

!↵ = 1
2"

↵µ⌫�uµ!�⌫

  

Polarization four-vector in the LAB frame

At first order in the gradients:

F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32 

Same formula obtained with a perturbative expansion of the solution of the Wigner function 
e.o.m. in

R. Fang, L.G. Pang, Q. Wang, X.N. Wang, arXiv:1604.04036

BEWARE the factor 1/8! If polarization is normalized to 100% must be ¼ instead. 
For the properly normalized polarization I will use the symbol P, so P = 2P

⇧µ = Wµ/m = � 1
2"µ⇢�⌧S

⇢� p
⌧

m

Sµ⌫ = "µ⌫⌧S⌧

�µ = uµ/T

Wµ � Pauli-Lubanski pseudovector

Rest frame: ⇧µ = (0, s)
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Polarization of fermions in a vorticular fluid
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Fermions become polarized in a vorticular fluid due to spin-vorticity coupling. Such a polarization
can be calculated from the Wigner function in a quantum kinetic approach. Extending previous
results for chiral fermions, we derive the Wigner function for massive fermions up to the next-to-
leading order in spatial gradient expansion. The polarization density of fermions can be calculated
from the axial vector component of the Wigner function and is found to be proportional to the local
vorticity ω. The polarizations per particle for fermions and anti-fermions decrease with the chemical
potential and increase with energy (mass). Both quantities approach the asymptotic value !ω/4
in the large energy (mass) limit. The polarization per particle for fermions is always smaller than
that for anti-fermions, whose ratio of fermions to anti-fermions also decreases with the chemical
potential. The polarization per particle on the Cooper-Frye freeze-out hyper-surface can also be
formulated and is consistent with the previous result of Becattini et al..

I. INTRODUCTION

In non-central high-energy heavy-ion collisions, the large orbital angular momentum present in the colliding system
can lead to non-vanishing local vorticity in the hot and dense fluid [1–6]. The vorticity induced by global orbital
angular momentum in the fluid can be considered as local rotational motion of particles [3, 4, 7, 8]. It is closely
related to the rapidity dependence of the v1 flow and shear of the longitudinal flow velocity inside the reaction plane
[5, 9, 10].

As a result of spin-orbital coupling, quarks and anti-quarks can become polarized along the normal direction of the
reaction plane [1, 2, 5]. Through hadronization of polarized quarks and anti-quarks, hyperons can also be polarized in
the same direction in the final state [1, 2, 11]. Measurements of such global hyperon polarization is feasible through
the parity-violating decay of hyperons [12, 13]. Such measurements will shed light on properties of the vorticular
structures of the strongly coupled quark-gluon plasma (sQGP) in high-energy heavy-ion collisions.

Quark and anti-quark polarization in a vorticular fluid is also closely related to the Chiral Magnetic and Vortical
Effects [14–19]. From the solutions of Wigner functions for chiral or massless fermions in a quantum kinetic approach
one can derive the axial current jµ5 = ρ5uµ+ξ5ωµ+ξB5 Bµ, where ρ5 is the axial charge density, uµ is the fluid velocity,
ωµ ≡ 1

2ε
µσαβuσ∂αuβ is the vorticity 4-vector, and Bµ = 1

2ε
µνλσuνFλσ is the 4-vector of the magnetic field with Fλρ

being the strength tensor of the electromagnetic field. The coefficients ξ5 and ξB5 are all functions of temperatures
and chemical potentials µ and µ5 [19]. In a three-flavor quark matter with u, d and s quarks and their anti-quarks,
ξB5 = 0. In other words, the axial current in a three-flavor quark matter is blind to the magnetic field and solely
induced by the vorticity. Such an axial current leads to the Local Polarization Effect [19] which is also connected to
the spin-vorticity coupling for chiral or massless fermions [20].

In this paper, we will extend our Wigner function method for massless fermions to massive ones and formulate the
polarization of massive fermions induced by vorticity. In Section II, we will give a brief introduction to the Wigner
function method and derive the equations for the Wigner function components for massive fermions based on Ref.
[21, 22]. The Wigner function components can be determined perturbatively by gradient expansion. In Section III,
we will derive the Wigner function at the leading order by definition. Using the projection method we can extract
each component of the Wigner function at the leading order. We will propose the first order solution for the axial
vector component in Section IV by extending the solution for massless fermions. In Section V, we will show that the
axial vector component can be regarded as the spin density in phase space. We can obtain the polarization density
after completion of momentum integration of the axial vector component in Section VI. We will also formulate the
fermion polarization on the freezeout hypersurface by extending the Cooper-Frye formula. We will give a summary
of the results in the final section.

We adopt the same sign conventions for fermion charge Q as in Refs. [19, 20, 22, 23], and the same sign convention
for the axial vector Aµ ∼

〈

ψ̄γµγ5ψ
〉

as in Resf. [19, 20, 23] but different sign convention from Ref. [22].

arXiv:1604.04036v1  [nucl-th]  14 Apr 2016
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Spin s=1/2 !
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One can write the relation between T -vorticity and kine-
matical vorticity by expanding the definition (5):

!µν = 1
2

[
(∂νT ) uµ − (∂µT ) uν

]
+ Tωµν,

implying that the double-transverse projection of !,

%µρ%νσ !ρσ ≡ !%
µν = Tω%

µν .

Hence, the tensor ω% shares the same conservation proper-
ties of !%, namely it vanishes at all times if it is vanishing
at the initial time. Conversely, the mixed projection of the
kinematical vorticity,

uρωρσ %σν = 1
2
Aσ ,

does not. It then follows that for an ideal uncharged fluid with
ω% = 0 at the initial time, the kinematical vorticity is simply

ωµν = 1
2
(Aµuν − Aνuµ). (9)

2.3 The thermal vorticity

This is defined as [13]:

(µν = 1
2
(∂νβµ − ∂µβν) (10)

where β is the temperature four-vector. This vector is defined
as (1/T )u once a four-velocity u, that is a hydrodynamical
frame, is introduced, but it can also be taken as a primordial
quantity to define a velocity through u ≡ β/

√
β2 [16]. The

thermal vorticity features two important properties: it is adi-
mensional in natural units (in cartesian coordinates) and it
is the actual constant vorticity at the global equilibrium with
rotation [17] for a relativistic system, where β is a Killing
vector field whose expression in Minkowski space–time is
βµ = bµ +(µνxν , b and ( being constant. In this case the
magnitude of thermal vorticity is – with the natural constants
restored – simply h̄ω/kBT where ω is a constant angular
velocity. In general (replacing ω with the classical vortic-
ity defined as the curl of a proper velocity field) it can be
readily realized that the adimensional thermal vorticity is a
tiny number for most hydrodynamical systems, though it can
be significant for the plasma formed in relativistic nuclear
collisions.

Furthermore, the thermal vorticity is responsible for the
local polarization of particles in the fluid according to the
formula [12]

*µ(x, p) = −1
8
εµρστ (1 − nF )(ρσ pτ

m
, (11)

which applies to spin 1/2 fermions, nF being the Fermi–
Dirac–Juttner distribution function,

nF = 1
eβ(x)·p−µ/T + 1

. (12)

Similarly to the previous subsection, one can readily
obtain the relation between T -vorticity and thermal vorticity:

(µν = 1
2T 2

[
(∂µT ) uν − (∂νT ) uµ

]
+ 1

T 2 !µν . (13)

Again, the double-transverse projection of ( is proportional
to the one of !:

%µρ%νσ (ρσ ≡ (%
µν = 1

T 2 !%
µν = 1

T
ω%,

whereas the mixed projection turns out to be, using Eq. (13),

uρ(ρσ %σν = 1
2T 2 ∇νT + Aν

2T
.

Again, for an ideal uncharged fluid with ω% = 0 at the initial
time, by using the equations of motion (6), one sees that the
above projection is just Aν/T and that the thermal vorticity
is simply

(µν = 1
T
(Aµuν − Aνuµ). (14)

A common feature of the kinematical and thermal vorticity
is that their purely spatial components can be non-vanishing
if the acceleration and velocity field are non-parallel, even
though velocity is vanishing at the beginning.

3 High energy nuclear collisions

In nuclear collisions at very large energy, the QCD plasma is
an almost uncharged fluid. Therefore, according to previous
section’s arguments, in the ideal fluid approximation, if the
transversely projected vorticity tensor ω% initially vanishes,
so will the transverse projection !% and (% and the kine-
matical and thermal vorticities will be given by the formu-
las (9) and (14), respectively. Indeed, the T -vorticity ! will
vanish throughout because also its longitudinal projection-
vanishes according to Eq. (6). This is precisely what hap-
pens for the usually assumed BIC for the flow at τ0, that is
ux = uy = uη = 0, where one has ω% = 0 at the beginning
as it can be readily realized from the definition (1). On the
other hand, for a viscous uncharged fluid, transverse vortic-
ities can develop even if they are zero at the beginning.

It should be noted, though, that even if the space–space
components (x, y, η indices) of the kinematical vorticity ten-
sor vanish at the initial Bjorken time τ0, they can develop at
later times even for an ideal fluid if the spatial parts of the
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General formulae
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!µ⌫ = 1
2 (@⌫uµ � @µu⌫)

!̃µ⌫ = 1
2 [@⌫(uµ/T )� @µ(u⌫/T )]

!↵ = 1
2"

↵µ⌫�uµ!�⌫

  

Polarization four-vector in the LAB frame

At first order in the gradients:

F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32 

Same formula obtained with a perturbative expansion of the solution of the Wigner function 
e.o.m. in

R. Fang, L.G. Pang, Q. Wang, X.N. Wang, arXiv:1604.04036

BEWARE the factor 1/8! If polarization is normalized to 100% must be ¼ instead. 
For the properly normalized polarization I will use the symbol P, so P = 2P

⇧µ = Wµ/m = � 1
2"µ⇢�⌧S

⇢� p
⌧

m

Sµ⌫ = "µ⌫⌧S⌧

�µ = uµ/T

Wµ � Pauli-Lubanski pseudovector

Rest frame: ⇧µ = (0, s)
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Polarization of fermions in a vorticular fluid
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Fermions become polarized in a vorticular fluid due to spin-vorticity coupling. Such a polarization
can be calculated from the Wigner function in a quantum kinetic approach. Extending previous
results for chiral fermions, we derive the Wigner function for massive fermions up to the next-to-
leading order in spatial gradient expansion. The polarization density of fermions can be calculated
from the axial vector component of the Wigner function and is found to be proportional to the local
vorticity ω. The polarizations per particle for fermions and anti-fermions decrease with the chemical
potential and increase with energy (mass). Both quantities approach the asymptotic value !ω/4
in the large energy (mass) limit. The polarization per particle for fermions is always smaller than
that for anti-fermions, whose ratio of fermions to anti-fermions also decreases with the chemical
potential. The polarization per particle on the Cooper-Frye freeze-out hyper-surface can also be
formulated and is consistent with the previous result of Becattini et al..

I. INTRODUCTION

In non-central high-energy heavy-ion collisions, the large orbital angular momentum present in the colliding system
can lead to non-vanishing local vorticity in the hot and dense fluid [1–6]. The vorticity induced by global orbital
angular momentum in the fluid can be considered as local rotational motion of particles [3, 4, 7, 8]. It is closely
related to the rapidity dependence of the v1 flow and shear of the longitudinal flow velocity inside the reaction plane
[5, 9, 10].

As a result of spin-orbital coupling, quarks and anti-quarks can become polarized along the normal direction of the
reaction plane [1, 2, 5]. Through hadronization of polarized quarks and anti-quarks, hyperons can also be polarized in
the same direction in the final state [1, 2, 11]. Measurements of such global hyperon polarization is feasible through
the parity-violating decay of hyperons [12, 13]. Such measurements will shed light on properties of the vorticular
structures of the strongly coupled quark-gluon plasma (sQGP) in high-energy heavy-ion collisions.

Quark and anti-quark polarization in a vorticular fluid is also closely related to the Chiral Magnetic and Vortical
Effects [14–19]. From the solutions of Wigner functions for chiral or massless fermions in a quantum kinetic approach
one can derive the axial current jµ5 = ρ5uµ+ξ5ωµ+ξB5 Bµ, where ρ5 is the axial charge density, uµ is the fluid velocity,
ωµ ≡ 1

2ε
µσαβuσ∂αuβ is the vorticity 4-vector, and Bµ = 1

2ε
µνλσuνFλσ is the 4-vector of the magnetic field with Fλρ

being the strength tensor of the electromagnetic field. The coefficients ξ5 and ξB5 are all functions of temperatures
and chemical potentials µ and µ5 [19]. In a three-flavor quark matter with u, d and s quarks and their anti-quarks,
ξB5 = 0. In other words, the axial current in a three-flavor quark matter is blind to the magnetic field and solely
induced by the vorticity. Such an axial current leads to the Local Polarization Effect [19] which is also connected to
the spin-vorticity coupling for chiral or massless fermions [20].

In this paper, we will extend our Wigner function method for massless fermions to massive ones and formulate the
polarization of massive fermions induced by vorticity. In Section II, we will give a brief introduction to the Wigner
function method and derive the equations for the Wigner function components for massive fermions based on Ref.
[21, 22]. The Wigner function components can be determined perturbatively by gradient expansion. In Section III,
we will derive the Wigner function at the leading order by definition. Using the projection method we can extract
each component of the Wigner function at the leading order. We will propose the first order solution for the axial
vector component in Section IV by extending the solution for massless fermions. In Section V, we will show that the
axial vector component can be regarded as the spin density in phase space. We can obtain the polarization density
after completion of momentum integration of the axial vector component in Section VI. We will also formulate the
fermion polarization on the freezeout hypersurface by extending the Cooper-Frye formula. We will give a summary
of the results in the final section.

We adopt the same sign conventions for fermion charge Q as in Refs. [19, 20, 22, 23], and the same sign convention
for the axial vector Aµ ∼

〈

ψ̄γµγ5ψ
〉

as in Resf. [19, 20, 23] but different sign convention from Ref. [22].

arXiv:1604.04036v1  [nucl-th]  14 Apr 2016
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p(T, µi,B,!) / exp[(�E + µiQi + µ ·B+ ! · J)/T ]

Nonrelativistic statistical mechanics
Global hyperon polarization at local thermodynamic equilibrium with vorticity,

magnetic field and feed-down
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The system created in ultrarelativistic nuclear collisions is known to behave as an almost ideal
liquid. In non-central collisions, due to the large orbital momentum, such a system might be the fluid
with the highest vorticity ever created under laboratory conditions. Particles emerging from such
a highly vorticous fluid are expected to be globally polarized with their spins on average pointing
along the system angular momentum. Vorticity-induced polarization is the same for particles and
antiparticles, but the intense magnetic field generated in these collisions may lead to the splitting
in polarization. In this paper we outline the thermal approach to the calculation of the global
polarization phenomenon for particles with spin and we discuss the details of the experimental
study of this phenomenon, estimating the e↵ect of feed-down. A general formula is derived for the
polarization transfer in two-body decays and, particularly, for strong and electromagnetic decays.
We find that accounting for such e↵ects is crucial when extracting vorticity and magnetic field from
the experimental data.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh

I. INTRODUCTION

Heavy ion collisions at ultrarelativistic energies create
a strongly interacting system characterized by extremely
high temperature and energy density. For a large fraction
of its lifetime the system shows strong collective e↵ects
and can be described by relativistic hydrodynamics. In
particular, the large elliptic flow observed in such colli-
sions, indicate that the system is strongly coupled, with
extremely low viscosity to entropy ratio [1]. From the
very success of the hydrodynamic description, one can
also conclude that the system might possess an extremely
high vorticity, likely the highest ever made under the lab-
oratory conditions.

A simple estimate of the non-relativistic vorticity, de-
fined as

! =
1

2
r⇥ v, (1)

1 can be made based on a very schematic picture of the
collision depicted in Fig. 1. As the projectile and target
spectators move in opposite direction with the velocity
close to the speed of light, the z component of the collec-
tive velocity in the system close to the projectile specta-
tors and that close to the target spectators are expected
to be di↵erent. Assuming that this di↵erence is a frac-
tion of the speed of light, e.g. 0.1 (in units of the speed of
light), and that the transverse size of the system is about
5 fm, one concludes that the vorticity in the system is of
the order 0.02 fm�1 ⇡ 1022 s�1.

1
sometimes the vorticity is defined without the factor 1/2; we use

the definition that gives the vorticity of the fluid rotating as a

whole with a constant angular velocity ⌦, to be ! = ⌦

FIG. 1. Schematic view of the collision. Arrows indicate the
flow velocity field. The +ŷ direction is out of the page; both
the orbital angular momentum and the magnetic field point
into the page.

In relativistic hydrodynamics, several extensions of the
non-relativistic vorticity defined above can be introduced
(see ref. [2] for a review). As we will see below, the
appropriate relativistic quantity for the study of global
polarization is the thermal vorticity:

$µ⌫ =
1

2
(@⌫�µ � @µ�⌫) (2)

where � = (1/T )u is the four-temperature vector, u be-
ing the hydrodynamic velocity and T the proper temper-
ature. At an approximately constant temperature, the
thermal vorticity can be roughly estimated by $ ⇠ !/T
which, for typical conditions, appears to be of the order
of a percent by using the above estimated vorticity and
the temperature T ⇠ 100 MeV.
Vorticity plays a very important role in the system

evolution. Accounting for vorticity might be the only
way to quantitatively describe the rapidity dependence
of directed flow [3, 4], which, at present, can not be de-
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One can write the relation between T -vorticity and kine-
matical vorticity by expanding the definition (5):

!µν = 1
2

[
(∂νT ) uµ − (∂µT ) uν

]
+ Tωµν,

implying that the double-transverse projection of !,

%µρ%νσ !ρσ ≡ !%
µν = Tω%

µν .

Hence, the tensor ω% shares the same conservation proper-
ties of !%, namely it vanishes at all times if it is vanishing
at the initial time. Conversely, the mixed projection of the
kinematical vorticity,

uρωρσ %σν = 1
2
Aσ ,

does not. It then follows that for an ideal uncharged fluid with
ω% = 0 at the initial time, the kinematical vorticity is simply

ωµν = 1
2
(Aµuν − Aνuµ). (9)

2.3 The thermal vorticity

This is defined as [13]:

(µν = 1
2
(∂νβµ − ∂µβν) (10)

where β is the temperature four-vector. This vector is defined
as (1/T )u once a four-velocity u, that is a hydrodynamical
frame, is introduced, but it can also be taken as a primordial
quantity to define a velocity through u ≡ β/

√
β2 [16]. The

thermal vorticity features two important properties: it is adi-
mensional in natural units (in cartesian coordinates) and it
is the actual constant vorticity at the global equilibrium with
rotation [17] for a relativistic system, where β is a Killing
vector field whose expression in Minkowski space–time is
βµ = bµ +(µνxν , b and ( being constant. In this case the
magnitude of thermal vorticity is – with the natural constants
restored – simply h̄ω/kBT where ω is a constant angular
velocity. In general (replacing ω with the classical vortic-
ity defined as the curl of a proper velocity field) it can be
readily realized that the adimensional thermal vorticity is a
tiny number for most hydrodynamical systems, though it can
be significant for the plasma formed in relativistic nuclear
collisions.

Furthermore, the thermal vorticity is responsible for the
local polarization of particles in the fluid according to the
formula [12]

*µ(x, p) = −1
8
εµρστ (1 − nF )(ρσ pτ

m
, (11)

which applies to spin 1/2 fermions, nF being the Fermi–
Dirac–Juttner distribution function,

nF = 1
eβ(x)·p−µ/T + 1

. (12)

Similarly to the previous subsection, one can readily
obtain the relation between T -vorticity and thermal vorticity:

(µν = 1
2T 2

[
(∂µT ) uν − (∂νT ) uµ

]
+ 1

T 2 !µν . (13)

Again, the double-transverse projection of ( is proportional
to the one of !:

%µρ%νσ (ρσ ≡ (%
µν = 1

T 2 !%
µν = 1

T
ω%,

whereas the mixed projection turns out to be, using Eq. (13),

uρ(ρσ %σν = 1
2T 2 ∇νT + Aν

2T
.

Again, for an ideal uncharged fluid with ω% = 0 at the initial
time, by using the equations of motion (6), one sees that the
above projection is just Aν/T and that the thermal vorticity
is simply

(µν = 1
T
(Aµuν − Aνuµ). (14)

A common feature of the kinematical and thermal vorticity
is that their purely spatial components can be non-vanishing
if the acceleration and velocity field are non-parallel, even
though velocity is vanishing at the beginning.

3 High energy nuclear collisions

In nuclear collisions at very large energy, the QCD plasma is
an almost uncharged fluid. Therefore, according to previous
section’s arguments, in the ideal fluid approximation, if the
transversely projected vorticity tensor ω% initially vanishes,
so will the transverse projection !% and (% and the kine-
matical and thermal vorticities will be given by the formu-
las (9) and (14), respectively. Indeed, the T -vorticity ! will
vanish throughout because also its longitudinal projection-
vanishes according to Eq. (6). This is precisely what hap-
pens for the usually assumed BIC for the flow at τ0, that is
ux = uy = uη = 0, where one has ω% = 0 at the beginning
as it can be readily realized from the definition (1). On the
other hand, for a viscous uncharged fluid, transverse vortic-
ities can develop even if they are zero at the beginning.

It should be noted, though, that even if the space–space
components (x, y, η indices) of the kinematical vorticity ten-
sor vanish at the initial Bjorken time τ0, they can develop at
later times even for an ideal fluid if the spatial parts of the
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Polarization four-vector in the LAB frame

At first order in the gradients:

F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32 

Same formula obtained with a perturbative expansion of the solution of the Wigner function 
e.o.m. in

R. Fang, L.G. Pang, Q. Wang, X.N. Wang, arXiv:1604.04036

BEWARE the factor 1/8! If polarization is normalized to 100% must be ¼ instead. 
For the properly normalized polarization I will use the symbol P, so P = 2P

h⇧µi ⇡ 1
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At first order in the gradients:

F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32 

Same formula obtained with a perturbative expansion of the solution of the Wigner function 
e.o.m. in

R. Fang, L.G. Pang, Q. Wang, X.N. Wang, arXiv:1604.04036

BEWARE the factor 1/8! If polarization is normalized to 100% must be ¼ instead. 
For the properly normalized polarization I will use the symbol P, so P = 2P

h⇧µi ⇡ 1
8"µ⇢�⌧ (1� nF )@⇢�� p

µ

m

�µ = uµ/T

!̃
xz

6= 0 ! ⇢,� = 1, 3; µ = 2

Fluid rest frame ! d⌃�p� ! E dV

h⇧2i ⇡ hs2i = !̃
4
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�
0, 1

2r⇥ v
�

dN
d cos ✓⇤

/ 1 + ↵HPH cos ✓⇤
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hsyi = 1
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2
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Hyperon polarization

Compare to nonrelativistic result: 
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(a)	

(b)	

(c)	

FIG. 1. A sketch of the collision from several perspectives, illus-
trating the vectors and angles discussed in this study. Panel (a): The
direction of the system angular momentum, Ĵsys is estimated by mea-
suring the azimuthal angle of projectile fragments in forward detec-
tors; the vorticity of the hot system at midrapidity and resulting po-
larized hyperons are schematically illustrated. Panel (b): At the ener-
gies under study, spectators “bounce off” [26]. The impact parameter
vector~b points from the center of the ion traveling in the �ẑ direc-
tion, to the ion traveling in the +ẑ direction; thus, Ĵsys = b̂⇥ ẑ. Panel
(c): The angles used in equation 2 are shown; here, ~p⇤p is the compo-
nent of the daughter proton’s momentum transverse to the beam, in
the L frame.

ence [20]; further details and representative invariant-mass86

distributions are found there. Our analysis is restricted to87

midrapidity hyperons, |yH| < 1.88

We focus on L and L hyperons because their decay topol-89

ogy reveals their polarization. In particular, in the L (L)90

frame, the daughter proton (antiproton) tends to be emitted91

along (opposite) the parent’s polarization direction. If q⇤ is92

the angle between the daughter proton (antiproton) momen-93

tum and the hyperon polarization vector ~
PH, then94

dN

d cosq⇤
= 1

2

⇣
1+aH|~PH|cosq⇤

⌘
, (1)

where aL = 0.642 and aL =�0.642.95

Symmetry demands that, averaged over all phasespace, ~P is96

parallel to Ĵsys, the unit vector in the direction of the angular97

momentum of the system. Both the magnitude (0  |~P|  1)98

and direction of ~
P may depend strongly on transverse momen-99

tum, azimuthal angle and rapidity. The limited statistics of the100

datasets prohibits extensive exploration of these dependences,101

and we extract only the average projection of the polarization102

on Ĵsys. It may be shown [27] that103

PH ⌘ h~PH · Ĵsysi=
8

paH

D
sin

⇣
f⇤

p

�Y(1)
EP

⌘E

R

(1)
EP

, (2)

where Y(1)
EP is the angle of the first-order event plane, f⇤

p

is the104

azimuthal angle of the daughter proton (antiproton), and h· · ·i105

 (GeV)NNs
10 210

 (%
)

HP

0
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8
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 PRC76 024915 (2007)Λ
 PRC76 024915 (2007)Λ

Au+Au 20-50%

FIG. 2. (Color online) The average polarization of L and L from
20-50% central Au+Au collisions is plotted as a function of collision
energy. The results of the present study (

p
sNN < 40 GeV) are shown

together with those reported earlier [27] for 62.4 and 200 GeV col-
lisions. Low statistics prevent extraction of PL for

p
sNN =7.7 GeV

collisions. The effects of feed-down have not been removed, and
only statistical errors are plotted; see text for a discussion of system-
atic errors.

indicates an average over the azimuthal angle of the hyperon106

momentum. Since R

(1)
EP depends on collision centrality, in the107

present analysis we calculate PH separately for events of cen-108

trality 20-30%, 30-40%, and 40-50%, and report the weighted109

(with particle yield) average.110

The results are shown in Fig. 2. At collision energies below111

39 GeV, a significant polarization is observed for both L and112

L, at the level of 1.5-3.5 times statistical uncertainty. While113

including a broader centrality range into the analysis increases114

the hyperon statistics, the significantly worse event plane res-115

olution for more central or more peripheral collisions reduces116

the significance of the signal.117

The results in Fig. 2 have been corrected to account for the118

combinatoric background of p+p pairs that pass our topologi-119

cal criteria and fall within the selected invariant mass window;120

this corresponds to a ⇠ 55% (⇠ 35%) correction for L (L) for121

most data points; for the
p

sNN =14.6 GeV data, the correc-122

tion is larger (90% and 70%, respectively) due to the presence123

of additional material for runs at this energy. A very small124

residual signal, at the level of the statistical noise, is observed125

in the combinatoric background for p�p pairs with invariant126

mass slightly different from the mL. Statistics do not allow a127

full study of this residual correlation, and it is unclear whether128

or how one should “correct” for it. Including this residual cor-129

STAR	  Preliminary

dN
d cos ✓⇤

/ 1 + ↵HPH cos ✓⇤

PH =

3

↵H
hcos ✓⇤i = 8

⇡↵H
hsin(�⇤

p � RP)i

↵⇤ = �↵⇤̄ ⇡ 0.624

For  technical reasons it is easier to 
perform the analysis in azimuthal space 

�1 < P = hsyi/s < 1
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(a)	

(b)	

(c)	

FIG. 1. A sketch of the collision from several perspectives, illus-
trating the vectors and angles discussed in this study. Panel (a): The
direction of the system angular momentum, Ĵsys is estimated by mea-
suring the azimuthal angle of projectile fragments in forward detec-
tors; the vorticity of the hot system at midrapidity and resulting po-
larized hyperons are schematically illustrated. Panel (b): At the ener-
gies under study, spectators “bounce off” [26]. The impact parameter
vector~b points from the center of the ion traveling in the �ẑ direc-
tion, to the ion traveling in the +ẑ direction; thus, Ĵsys = b̂⇥ ẑ. Panel
(c): The angles used in equation 2 are shown; here, ~p⇤p is the compo-
nent of the daughter proton’s momentum transverse to the beam, in
the L frame.

ence [20]; further details and representative invariant-mass86

distributions are found there. Our analysis is restricted to87

midrapidity hyperons, |yH| < 1.88

We focus on L and L hyperons because their decay topol-89

ogy reveals their polarization. In particular, in the L (L)90

frame, the daughter proton (antiproton) tends to be emitted91

along (opposite) the parent’s polarization direction. If q⇤ is92

the angle between the daughter proton (antiproton) momen-93

tum and the hyperon polarization vector ~
PH, then94

dN

d cosq⇤
= 1

2

⇣
1+aH|~PH|cosq⇤

⌘
, (1)

where aL = 0.642 and aL =�0.642.95

Symmetry demands that, averaged over all phasespace, ~P is96

parallel to Ĵsys, the unit vector in the direction of the angular97

momentum of the system. Both the magnitude (0  |~P|  1)98

and direction of ~
P may depend strongly on transverse momen-99

tum, azimuthal angle and rapidity. The limited statistics of the100

datasets prohibits extensive exploration of these dependences,101

and we extract only the average projection of the polarization102

on Ĵsys. It may be shown [27] that103

PH ⌘ h~PH · Ĵsysi=
8

paH

D
sin

⇣
f⇤

p

�Y(1)
EP

⌘E

R

(1)
EP

, (2)

where Y(1)
EP is the angle of the first-order event plane, f⇤

p

is the104

azimuthal angle of the daughter proton (antiproton), and h· · ·i105

 (GeV)NNs
10 210

 (%
)

HP

0
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 PRC76 024915 (2007)Λ
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Au+Au 20-50%

FIG. 2. (Color online) The average polarization of L and L from
20-50% central Au+Au collisions is plotted as a function of collision
energy. The results of the present study (

p
sNN < 40 GeV) are shown

together with those reported earlier [27] for 62.4 and 200 GeV col-
lisions. Low statistics prevent extraction of PL for

p
sNN =7.7 GeV

collisions. The effects of feed-down have not been removed, and
only statistical errors are plotted; see text for a discussion of system-
atic errors.

indicates an average over the azimuthal angle of the hyperon106

momentum. Since R

(1)
EP depends on collision centrality, in the107

present analysis we calculate PH separately for events of cen-108

trality 20-30%, 30-40%, and 40-50%, and report the weighted109

(with particle yield) average.110

The results are shown in Fig. 2. At collision energies below111

39 GeV, a significant polarization is observed for both L and112

L, at the level of 1.5-3.5 times statistical uncertainty. While113

including a broader centrality range into the analysis increases114

the hyperon statistics, the significantly worse event plane res-115

olution for more central or more peripheral collisions reduces116

the significance of the signal.117

The results in Fig. 2 have been corrected to account for the118

combinatoric background of p+p pairs that pass our topologi-119

cal criteria and fall within the selected invariant mass window;120

this corresponds to a ⇠ 55% (⇠ 35%) correction for L (L) for121

most data points; for the
p

sNN =14.6 GeV data, the correc-122

tion is larger (90% and 70%, respectively) due to the presence123

of additional material for runs at this energy. A very small124

residual signal, at the level of the statistical noise, is observed125

in the combinatoric background for p�p pairs with invariant126

mass slightly different from the mL. Statistics do not allow a127

full study of this residual correlation, and it is unclear whether128

or how one should “correct” for it. Including this residual cor-129

STAR	  Preliminary

dN
d cos ✓⇤

/ 1 + ↵HPH cos ✓⇤

PH =

3

↵H
hcos ✓⇤i = 8

⇡↵H
hsin(�⇤

p � RP)i

↵⇤ = �↵⇤̄ ⇡ 0.624

For  technical reasons it is easier to 
perform the analysis in azimuthal space 

�1 < P = hsyi/s < 1

Polarization of antilambdas is higher than 
that of lambdas
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Polarization four-vector in the LAB frame

At first order in the gradients:

F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32 

Same formula obtained with a perturbative expansion of the solution of the Wigner function 
e.o.m. in

R. Fang, L.G. Pang, Q. Wang, X.N. Wang, arXiv:1604.04036

BEWARE the factor 1/8! If polarization is normalized to 100% must be ¼ instead. 
For the properly normalized polarization I will use the symbol P, so P = 2P
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Polarization of fermions in a vorticular fluid

Ren-hong Fang,1 Long-gang Pang,2 Qun Wang,1 and Xin-nian Wang3, 4
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Fermions become polarized in a vorticular fluid due to spin-vorticity coupling. Such a polarization
can be calculated from the Wigner function in a quantum kinetic approach. Extending previous
results for chiral fermions, we derive the Wigner function for massive fermions up to the next-to-
leading order in spatial gradient expansion. The polarization density of fermions can be calculated
from the axial vector component of the Wigner function and is found to be proportional to the local
vorticity ω. The polarizations per particle for fermions and anti-fermions decrease with the chemical
potential and increase with energy (mass). Both quantities approach the asymptotic value !ω/4
in the large energy (mass) limit. The polarization per particle for fermions is always smaller than
that for anti-fermions, whose ratio of fermions to anti-fermions also decreases with the chemical
potential. The polarization per particle on the Cooper-Frye freeze-out hyper-surface can also be
formulated and is consistent with the previous result of Becattini et al..

I. INTRODUCTION

In non-central high-energy heavy-ion collisions, the large orbital angular momentum present in the colliding system
can lead to non-vanishing local vorticity in the hot and dense fluid [1–6]. The vorticity induced by global orbital
angular momentum in the fluid can be considered as local rotational motion of particles [3, 4, 7, 8]. It is closely
related to the rapidity dependence of the v1 flow and shear of the longitudinal flow velocity inside the reaction plane
[5, 9, 10].

As a result of spin-orbital coupling, quarks and anti-quarks can become polarized along the normal direction of the
reaction plane [1, 2, 5]. Through hadronization of polarized quarks and anti-quarks, hyperons can also be polarized in
the same direction in the final state [1, 2, 11]. Measurements of such global hyperon polarization is feasible through
the parity-violating decay of hyperons [12, 13]. Such measurements will shed light on properties of the vorticular
structures of the strongly coupled quark-gluon plasma (sQGP) in high-energy heavy-ion collisions.

Quark and anti-quark polarization in a vorticular fluid is also closely related to the Chiral Magnetic and Vortical
Effects [14–19]. From the solutions of Wigner functions for chiral or massless fermions in a quantum kinetic approach
one can derive the axial current jµ5 = ρ5uµ+ξ5ωµ+ξB5 Bµ, where ρ5 is the axial charge density, uµ is the fluid velocity,
ωµ ≡ 1

2ε
µσαβuσ∂αuβ is the vorticity 4-vector, and Bµ = 1

2ε
µνλσuνFλσ is the 4-vector of the magnetic field with Fλρ

being the strength tensor of the electromagnetic field. The coefficients ξ5 and ξB5 are all functions of temperatures
and chemical potentials µ and µ5 [19]. In a three-flavor quark matter with u, d and s quarks and their anti-quarks,
ξB5 = 0. In other words, the axial current in a three-flavor quark matter is blind to the magnetic field and solely
induced by the vorticity. Such an axial current leads to the Local Polarization Effect [19] which is also connected to
the spin-vorticity coupling for chiral or massless fermions [20].

In this paper, we will extend our Wigner function method for massless fermions to massive ones and formulate the
polarization of massive fermions induced by vorticity. In Section II, we will give a brief introduction to the Wigner
function method and derive the equations for the Wigner function components for massive fermions based on Ref.
[21, 22]. The Wigner function components can be determined perturbatively by gradient expansion. In Section III,
we will derive the Wigner function at the leading order by definition. Using the projection method we can extract
each component of the Wigner function at the leading order. We will propose the first order solution for the axial
vector component in Section IV by extending the solution for massless fermions. In Section V, we will show that the
axial vector component can be regarded as the spin density in phase space. We can obtain the polarization density
after completion of momentum integration of the axial vector component in Section VI. We will also formulate the
fermion polarization on the freezeout hypersurface by extending the Cooper-Frye formula. We will give a summary
of the results in the final section.

We adopt the same sign conventions for fermion charge Q as in Refs. [19, 20, 22, 23], and the same sign convention
for the axial vector Aµ ∼

〈

ψ̄γµγ5ψ
〉

as in Resf. [19, 20, 23] but different sign convention from Ref. [22].

arXiv:1604.04036v1  [nucl-th]  14 Apr 2016
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One can write the relation between T -vorticity and kine-
matical vorticity by expanding the definition (5):

!µν = 1
2

[
(∂νT ) uµ − (∂µT ) uν

]
+ Tωµν,

implying that the double-transverse projection of !,

%µρ%νσ !ρσ ≡ !%
µν = Tω%

µν .

Hence, the tensor ω% shares the same conservation proper-
ties of !%, namely it vanishes at all times if it is vanishing
at the initial time. Conversely, the mixed projection of the
kinematical vorticity,

uρωρσ %σν = 1
2
Aσ ,

does not. It then follows that for an ideal uncharged fluid with
ω% = 0 at the initial time, the kinematical vorticity is simply

ωµν = 1
2
(Aµuν − Aνuµ). (9)

2.3 The thermal vorticity

This is defined as [13]:

(µν = 1
2
(∂νβµ − ∂µβν) (10)

where β is the temperature four-vector. This vector is defined
as (1/T )u once a four-velocity u, that is a hydrodynamical
frame, is introduced, but it can also be taken as a primordial
quantity to define a velocity through u ≡ β/

√
β2 [16]. The

thermal vorticity features two important properties: it is adi-
mensional in natural units (in cartesian coordinates) and it
is the actual constant vorticity at the global equilibrium with
rotation [17] for a relativistic system, where β is a Killing
vector field whose expression in Minkowski space–time is
βµ = bµ +(µνxν , b and ( being constant. In this case the
magnitude of thermal vorticity is – with the natural constants
restored – simply h̄ω/kBT where ω is a constant angular
velocity. In general (replacing ω with the classical vortic-
ity defined as the curl of a proper velocity field) it can be
readily realized that the adimensional thermal vorticity is a
tiny number for most hydrodynamical systems, though it can
be significant for the plasma formed in relativistic nuclear
collisions.

Furthermore, the thermal vorticity is responsible for the
local polarization of particles in the fluid according to the
formula [12]

*µ(x, p) = −1
8
εµρστ (1 − nF )(ρσ pτ

m
, (11)

which applies to spin 1/2 fermions, nF being the Fermi–
Dirac–Juttner distribution function,

nF = 1
eβ(x)·p−µ/T + 1

. (12)

Similarly to the previous subsection, one can readily
obtain the relation between T -vorticity and thermal vorticity:

(µν = 1
2T 2

[
(∂µT ) uν − (∂νT ) uµ

]
+ 1

T 2 !µν . (13)

Again, the double-transverse projection of ( is proportional
to the one of !:

%µρ%νσ (ρσ ≡ (%
µν = 1

T 2 !%
µν = 1

T
ω%,

whereas the mixed projection turns out to be, using Eq. (13),

uρ(ρσ %σν = 1
2T 2 ∇νT + Aν

2T
.

Again, for an ideal uncharged fluid with ω% = 0 at the initial
time, by using the equations of motion (6), one sees that the
above projection is just Aν/T and that the thermal vorticity
is simply

(µν = 1
T
(Aµuν − Aνuµ). (14)

A common feature of the kinematical and thermal vorticity
is that their purely spatial components can be non-vanishing
if the acceleration and velocity field are non-parallel, even
though velocity is vanishing at the beginning.

3 High energy nuclear collisions

In nuclear collisions at very large energy, the QCD plasma is
an almost uncharged fluid. Therefore, according to previous
section’s arguments, in the ideal fluid approximation, if the
transversely projected vorticity tensor ω% initially vanishes,
so will the transverse projection !% and (% and the kine-
matical and thermal vorticities will be given by the formu-
las (9) and (14), respectively. Indeed, the T -vorticity ! will
vanish throughout because also its longitudinal projection-
vanishes according to Eq. (6). This is precisely what hap-
pens for the usually assumed BIC for the flow at τ0, that is
ux = uy = uη = 0, where one has ω% = 0 at the beginning
as it can be readily realized from the definition (1). On the
other hand, for a viscous uncharged fluid, transverse vortic-
ities can develop even if they are zero at the beginning.

It should be noted, though, that even if the space–space
components (x, y, η indices) of the kinematical vorticity ten-
sor vanish at the initial Bjorken time τ0, they can develop at
later times even for an ideal fluid if the spatial parts of the
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relation in the combinatoric background correction leads to a130

downward shift on the order of 0.2% for most data points; this131

effect is indicated as a systematic uncertainty represented as132

asymmetric boxes in Fig. 2; once again, the effect is somewhat133

larger for the
p

sNN =14.6 GeV data.134

Systematic errors associated with reasonable variation of135

topological cuts to select L candidates were consistent with136

zero within statistical errors. The systematic error associated137

with uncertainty in the event-plane resolution is ⇠ 2% [25],138

much smaller than statistical errors.139

Figure 2 also includes the polarization measurements STAR140

has published previously [27], for Au+Au collisions at
p

sNN141

=62.4 GeV and 200 GeV. In order to account for a sign error142

in the direction of Ĵsys in reference [27], the sign on these data143

have been flipped, here.144

Both L and L exhibit a similar and positive polarization,145

consistent with a common spin-orbit or vortical origin. While146

the difference is of the order of the uncertainties, PL is slightly147

larger than PL at all collision energies, suggesting the pos-148

sibility of an additional magnetic contribution. This differ-149

ence could also arise due to finite baryonic chemical poten-150

tial [13, 28].151

Primary L and L (i.e. those emitted directly from the hot152

source created in the collision) may encode important physics153

information in the vortical and magnetic polarization contri-154

butions, which, for small polarizations, may be considered to155

add:156

PL,primary = PV +PM PL,primary = PV�PM. (3)

Disentangling this information is complicated, however, by157

significant feed-down contributions from the decay of S0, X�,158

and X0 baryons. To account for feed-down effects, we assume159

that these baryons are themselves polarized by the same mech-160

anisms that polarize L and L. In particular, we assume that161

all particles experience an identical vortical polarization [29]162

contribution (PV), as well as a magnetic contribution whose163

sign and magnitude are proportional to the particle’s magnetic164

dipole moment.165

The polarization of daughter Ls (Ls) from S0 (S0) decay is166

� 1
3 that of their parents [30, 31], while for X� (X+) and X0

167

(X0), the polarization transmission fraction, integrated over all168

daugher momentum, is +0.927 and +0.900, respectively [32].169

The net effect of feed-down depends on the relative contri-170

butions of these decays to the L and L sample that pass our171

topological cuts. We use the microscopic transport model172

UrQMD [33] and the statistical model THERMUS [34, 35]173

to estimate these contributions. They predict quite different174

feed-down contributions, and we use the difference to esti-175

mate systematic uncertainties. The overall effect of feed-down176

is ⇠ 50% for PV and ⇠ 5% for PM.177

The vortical and magnetic contributions to primary hyperon178

polarization is shown in figure 3. The systematic uncertainty179

on PV, including contributions from feed-down and residual180

correlations in the combinatoric background, is of order 15%,181

though significantly smaller than statistical errors. Systematic182

errors on PM are of the order of the symbol size in most cases.183
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FIG. 3. (Color online.) The vortical (top panel) and magnetic (bot-
tom) contributions to primary L. Systematic uncertainties are smaller
than statistical ones in all cases and are shown by error-bar ends.
These include effects of residual correlations in the combinatoric
background (shown in Fig. 2) as well as from varying the yields in
the feed-down calculatons; see text for details.

The vortical polarization contribution is statistically signifi-184

cant for
p

sNN  39 GeV and decreases with collision energy.185

A negative value of PM would be consistent with a magnetic186

interpretation, but more statistics and/or a better event plane187

determination will be required to make a definitive experimen-188

tal statement about magnetically-induced splitting between L189

and L polarization.190

The contributions of the fluid vorticity (~w) and mag-191

netic field to the hyperon polarizations may be esti-192

mated in the nonrelativistic thermal equilibrium limit, in193

which Boltzmann factors determine the distribution ⇠194

exp
⇣
~
SH ·~w/T +~µH ·~B/T

⌘
[36–38] In this case, for spin 1/2195

particles, PV ⇡ 1
2 w/T and PM ⇡ µLB/T . Thus, our results196

would suggest a thermal vorticity [15] w/T on order of a few197

percent; a magnetic polarization of ⇠ PM ⇠ 5⇥ 10�3 would198

suggest a magnetic field eB ⇡ PMmHT ⇠ 10�2
m

2
p. These es-199

timates are well within the range of theoretical predictions,200

which at present differ sometimes by a few orders of magni-201

tude.202

Early spin-orbit-based calculations [5] predicted quark po-203

larization P

q

⇠ 10 � 30%, though a more complete cal-204
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relation in the combinatoric background correction leads to a130

downward shift on the order of 0.2% for most data points; this131

effect is indicated as a systematic uncertainty represented as132

asymmetric boxes in Fig. 2; once again, the effect is somewhat133

larger for the
p

sNN =14.6 GeV data.134

Systematic errors associated with reasonable variation of135

topological cuts to select L candidates were consistent with136

zero within statistical errors. The systematic error associated137

with uncertainty in the event-plane resolution is ⇠ 2% [25],138

much smaller than statistical errors.139

Figure 2 also includes the polarization measurements STAR140

has published previously [27], for Au+Au collisions at
p

sNN141

=62.4 GeV and 200 GeV. In order to account for a sign error142

in the direction of Ĵsys in reference [27], the sign on these data143

have been flipped, here.144

Both L and L exhibit a similar and positive polarization,145

consistent with a common spin-orbit or vortical origin. While146

the difference is of the order of the uncertainties, PL is slightly147

larger than PL at all collision energies, suggesting the pos-148

sibility of an additional magnetic contribution. This differ-149

ence could also arise due to finite baryonic chemical poten-150

tial [13, 28].151

Primary L and L (i.e. those emitted directly from the hot152

source created in the collision) may encode important physics153

information in the vortical and magnetic polarization contri-154

butions, which, for small polarizations, may be considered to155

add:156

PL,primary = PV +PM PL,primary = PV�PM. (3)

Disentangling this information is complicated, however, by157

significant feed-down contributions from the decay of S0, X�,158

and X0 baryons. To account for feed-down effects, we assume159

that these baryons are themselves polarized by the same mech-160

anisms that polarize L and L. In particular, we assume that161

all particles experience an identical vortical polarization [29]162

contribution (PV), as well as a magnetic contribution whose163

sign and magnitude are proportional to the particle’s magnetic164

dipole moment.165

The polarization of daughter Ls (Ls) from S0 (S0) decay is166

� 1
3 that of their parents [30, 31], while for X� (X+) and X0

167

(X0), the polarization transmission fraction, integrated over all168

daugher momentum, is +0.927 and +0.900, respectively [32].169

The net effect of feed-down depends on the relative contri-170

butions of these decays to the L and L sample that pass our171

topological cuts. We use the microscopic transport model172

UrQMD [33] and the statistical model THERMUS [34, 35]173

to estimate these contributions. They predict quite different174

feed-down contributions, and we use the difference to esti-175

mate systematic uncertainties. The overall effect of feed-down176

is ⇠ 50% for PV and ⇠ 5% for PM.177

The vortical and magnetic contributions to primary hyperon178

polarization is shown in figure 3. The systematic uncertainty179

on PV, including contributions from feed-down and residual180

correlations in the combinatoric background, is of order 15%,181

though significantly smaller than statistical errors. Systematic182

errors on PM are of the order of the symbol size in most cases.183
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FIG. 3. (Color online.) The vortical (top panel) and magnetic (bot-
tom) contributions to primary L. Systematic uncertainties are smaller
than statistical ones in all cases and are shown by error-bar ends.
These include effects of residual correlations in the combinatoric
background (shown in Fig. 2) as well as from varying the yields in
the feed-down calculatons; see text for details.

The vortical polarization contribution is statistically signifi-184

cant for
p

sNN  39 GeV and decreases with collision energy.185

A negative value of PM would be consistent with a magnetic186

interpretation, but more statistics and/or a better event plane187

determination will be required to make a definitive experimen-188

tal statement about magnetically-induced splitting between L189

and L polarization.190

The contributions of the fluid vorticity (~w) and mag-191

netic field to the hyperon polarizations may be esti-192

mated in the nonrelativistic thermal equilibrium limit, in193

which Boltzmann factors determine the distribution ⇠194

exp
⇣
~
SH ·~w/T +~µH ·~B/T

⌘
[36–38] In this case, for spin 1/2195

particles, PV ⇡ 1
2 w/T and PM ⇡ µLB/T . Thus, our results196

would suggest a thermal vorticity [15] w/T on order of a few197

percent; a magnetic polarization of ⇠ PM ⇠ 5⇥ 10�3 would198

suggest a magnetic field eB ⇡ PMmHT ⇠ 10�2
m

2
p. These es-199

timates are well within the range of theoretical predictions,200

which at present differ sometimes by a few orders of magni-201

tude.202

Early spin-orbit-based calculations [5] predicted quark po-203

larization P

q

⇠ 10 � 30%, though a more complete cal-204
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Fig. 1. Magnetic field for static medium with Ohmic conductivity, σOhm.

The decay of the conductivity owing to expansion of the medium can only decrease the life-
time of the magnetic field and thus will not be considered here. Our simulations are done for
Au–Au collisions at energy

√
s = 200 GeV and fixed impact parameter b = 6 fm. In Fig. 1 we

show time evolution of the magnetic field in the origin "x = 0 as a function of the electric con-
ductivity σOhm. The results show that the lifetime of the strong magnetic field (eB > m2

π ) is not
affected by the conductivity, if one uses realistic values obtained in Ref. [5].

4. Energy dependence

In the previous section, we established that for realistic values of the conductivities the elec-
tromagnetic fields in heavy-ion collisions are almost unmodified by the presence of the medium.
Thus one can safely use the magnetic field generated by the original protons only. This magnetic
field can be approximated as follows

eB(t, "x = 0) = 1
γ

cZ

t2 + (2R/γ )2 , (18)

where Z is the number of protons, R is the radius of the nuclei, γ is the Lorentz factor and, finally,
c is some non-important numerical coefficient. We are interested on the effect of the magnetic
field on the matter, otherwise the magnetic field does not contribute to photon production. Thus
we need to compute the magnetic field at the time tm, characterizing matter formation time.
On the basis of a very general argument, one would expect that tm = aQ−1

s . Here we assumed
that the Color Glass Condensate (CGC) provides an appropriate description of the early stage
of heavy ion collisions, namely Qs $ ΛQCD; in the CGC framework, owing to the presence of
only one dimensional scale, the matter formation time is inversely proportional to the saturation
scale. We also note that if the formation time for a particle is much less than this, the magnetic
field has a correspondingly larger effect, as the magnetic field is biggest at early times. The
phenomenological constraints from photon azimuthal anisotropy at the top RHIC energy demand
tm ≈ 2R/γRHIC, i.e. a = 2RQRHIC

s /γRHIC. Using this relation, we can estimate the magnitude of

Allowed values
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Polarization four-vector in the LAB frame

At first order in the gradients:

F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32F. B., V. Chandra, L. Del Zanna, E. Grossi, Ann. Phys. 338 (2013) 32 

Same formula obtained with a perturbative expansion of the solution of the Wigner function 
e.o.m. in

R. Fang, L.G. Pang, Q. Wang, X.N. Wang, arXiv:1604.04036

BEWARE the factor 1/8! If polarization is normalized to 100% must be ¼ instead. 
For the properly normalized polarization I will use the symbol P, so P = 2P

Erratum: ⇤ Polarization in Peripheral Heavy Ion Collisions
F. Becattini, L.P. Csernai, D.J. Wang, Phys. Rev. C 88, 034905 (2013)

F. Becattini, L.P. Csernai, D.J. Wang, and Y.L. Xie

PACS numbers: 25.75.-q, 24.70.+s, 47.32.Ef

In section II, in the unnumbered equation after eq. (4), we reported the angular distribution of the proton momentum
dN/d⌦⇤ as a function of the polarization vector ⇧0. In our convention, which follows that of ref. [10], this vector
has a maximal magnitude of 1/2, i.e. the ⇤ spin, whereas the usual convention in particle physics has as maximal
magnitude 1, i.e. 100% polarization. Therefore, the correct formula for the angular distribution with ↵ = 0.647 reads:

1

N

dN

d⌦⇤ =
1

4⇡
(1 + 2↵⇧0 · p̂⇤)

In section II, below eq. (3), we erroneously stated that, because of parity symmetry, the integral term on the
right hand side of eq. (3) involving the time derivative of � and the gradient of �0 vanishes. In fact, because of the
non-invariance of the � four-vector under reflection (�0,�) ! (�0,��), the Fermi-Dirac distribution gets changed:

n
F

=
1

e�0
"��·p+µ/T + 1

! 1

e�0
"+�·p+µ/T + 1

and the second term on the right-hand-side of eq. (3) does contribute to the polarization vector. This additional term
vanishes in the non-relativistic limit of the flow k�k ⌧ �0 and of the particle as well (kpk ⌧ ").

Under the conditions explored in the paper and according to our calculations, initially the relative contribution of
the neglected term to ⇧0y in eq. (3) is small and positive. However, for later times, it increases and at 4.75 fm/c -
the time chosen for the stopping of the hydrodynamical regime - it overcomes the first term at high |p

x

| and small
|p

y

|. As a consequence, the overall pattern of the p
T

-dependence of ⇧0y(px, py) changes considerably with respect to
our previous calculation, with a maximal positive (i.e. opposite to the angular momentum, see fig. 1 in the paper)
polarization of 8% at high |p

x

| and small |p
y

| and a minimum at -6% (negative, i.e. along the angular momentum) at
high |p

y

| and small |p
x

| momenta, while the momentum average of the ⇧0y remains negative, see figure below.

FIG. 1: (Color online) Replacement of figure 3. The y component (left panel) and the modulus of the polarization (right panel)

in the rest frame of the ⇤s as a function of momentum in the transverse plane (i.e., at pz = 0).

Note that in the corrected figure 3 above, we have plotted the polarization normalized to 1, that is 2⇧ with ⇧ as
in eq. (1), (3), (4).
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Note that in the corrected figure 3 above, we have plotted the polarization normalized to 1, that is 2⇧ with ⇧ as
in eq. (1), (3), (4).

GLOBAL POLARIZATION MEASUREMENT IN Au+Au . . . PHYSICAL REVIEW C 76, 024915 (2007)

The global polarization may provide valuable insights into the
evolution of the system, the hadronization mechanism, and
the origin of hadronic spin preferences. The system orbital
angular momentum may be transformed into global particle
spin orientation preferences by spin-orbit coupling at various
stages of the system evolution. It can happen at the partonic
level, while the system evolves as an ensemble of deconfined
polarized quarks. The polarization of the secondary produced
hadrons could also be acquired via hadron rescattering at a later
hadronic stage. An example of such system orbital momentum
transformation into global polarization of produced ρ mesons,
due to pion rescattering, is discussed in Ref. [2].

One specific scenario for the spin-orbit transformation
via the polarized quark phase is discussed in Ref. [1].
There, it is argued that parton interactions in noncentral
relativistic nucleus-nucleus collisions lead first to the global
polarization of the produced quarks. The values for this global
quark polarization at energies currently available at the BNL
Relativistic Heavy Ion Collider (RHIC) were estimated to be
quite high, around 30% percent. In the case of a strongly
interacting quark gluon plasma (QGP), this global quark
polarization can have many observable consequences, such as
a left-right asymmetry in hadron production at large rapidity
(similar to the single-spin asymmetry in pp collisions) or
polarization of thermal photons, dileptons, and final hadrons
with nonzero spin. In particular, it would lead to global
polarization of the hyperons, which could be measured via
their weak, self-analyzing decays. Assuming that the strange
and nonstrange quark polarizations, Ps and Pq , are equal, in
the particular case of the “exclusive” parton recombination
scenario [1], the values of the global polarization PH for
",#, and $ hyperons appear to be similar to those for quarks:
PH = Pq ! 0.3. Recently, more realistic calculations [4] of
the global quark polarization were performed within a model
based on the hard thermal loop (HTL) gluon propagator. The
resulting hyperon polarization was predicted to be in the range
from −0.03 to 0.15 depending on the temperature of the QGP
formed.

In this paper, we present the results of " and "̄ hyperon
global polarization measurements in Au+Au collisions per-
formed at

√
sNN = 62.4 and 200 GeV with the solenoidal

tracker at RHIC (STAR) detector. In this work, the polar-
ization is defined to be positive if the hyperon spin has
a positive component along the system orbital momentum,
while in Refs. [1,4] the opposite convention is used. The
paper is organized as follows. First we overview the global
polarization measurement technique and introduce relevant
observables. Then the results of " and "̄ hyperon global
polarization are presented as functions of pseudorapidity,
transverse momentum, and collision centrality. Subsequently,
the possible systematic uncertainties of the method and the
detector acceptance effects are discussed and systematic errors
are estimated.

II. GLOBAL POLARIZATION OF HYPERONS

The global polarization of hyperons can be determined from
the angular distribution of hyperon decay products relative to

the system orbital momentum L:

dN

d cos θ∗ ∼ 1 + αHPH cos θ∗, (1)

where PH is the hyperon global polarization, αH is the hyperon
decay parameter, and θ∗ is the angle in the hyperon rest
frame between the system orbital momentum L and the
three-momentum of the baryon daughter from the hyperon
decay.

The global polarization PH in Eq. (1) can depend on
hyperon kinematic variables such as transverse momentum
pH

t and pseudorapidity ηH , as well as on the relative azimuthal
angle between the hyperon three-momentum and the direction
of the system orbital momentum L. In this work, we report
the pH

t and ηH dependence of the global polarization averaged
over the relative azimuthal angle (see Sec. II C for a detailed
discussion of this definition).

Since the system angular momentum L is perpendicular to
the reaction plane, the global polarization can be measured via
the distribution of the azimuthal angle of the hyperon decay
baryon (in the hyperon rest frame) with respect to the reaction
plane. Thus, the known and well-established anisotropic flow
measurement techniques [5,6] can be applied.

To write an equation for the global polarization in terms
of the observables used in anisotropic flow measurements, we
start with the equation that directly follows from the global
polarization definition (1):

PH = 3
αH

〈cos θ∗〉. (2)

The angle brackets in this equation denote averaging over the
solid angle of the hyperon decay baryon three-momentum in
the hyperon rest frame and over all directions of the system
orbital momentum L or, in other words, over all possible
orientations of the reaction plane. Similarly, we can write an
equation for the global polarization in terms of the reaction
plane angle (RP and the azimuthal angle φ∗

p of the hyperon
decay baryon three-momentum in the hyperon rest frame
(see Fig. 1 for notations). By using a trigonometric relation
among the angles, cos θ∗ = sin θ∗

p sin(φ∗
p − (RP) (θ∗

p is the
angle between the hyperon decay baryon three-momentum in
the hyperon rest frame and the beam direction), and integrating
distribution (1) over the angle θ∗

p , one finds the following
equation for the global polarization:

PH = 8
παH

〈sin(φ∗
p − (RP)〉. (3)

In this equation, perfect detector acceptance is assumed. See
Sec. II C for the discussion of the detector acceptance effects.

Equation (3) is similar to that used in directed flow
measurements [7–10]. For example, the hyperon directed
flow can be defined as vH

1 = 〈cos(φH − (RP)〉, where φH is
the azimuthal angle of the hyperon transverse momentum.
The similarity to Eq. (3) allows us to use the corresponding
anisotropic flow measurement technique, and in this paper we
will follow the same naming conventions and notations as
those adopted in an anisotropic flow analysis.
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One of many model calculations (but recall that there is no model that 
describes the slopes of directed flow!)

7

FIG. 11: Averaged vorticity 〈ωy〉 from the AMPT model as a
function of time at various impact parameter b for fixed beam
energy

√
sNN = 200 GeV. The solid curves are from fitting

formula (see text for details).

So what does that imply? It suggests that, to extract
the component of local vorticity that is truly associated
with the global rotation, one needs to perform an average
over the fireball. Upon such averaging, the background
flow contributions to local vorticity would cancel out, and
what remains can be attributed to the rotational motion.

B. Averaged Vorticity for the QGP

In this subsection we present our key results: the prop-
erly averaged vorticity 〈ωy〉 that encodes information on
the global rotation of the fireball. For the averaging pro-
cess, we will use the weighing function as given in Eq.(4)
for the fireball over the full transverse plane and a spatial
rapidity span of η ∈ [−4, 4].
Let us first present the centrality dependence of 〈ωy〉

at given beam energy
√
sNN = 200 GeV: see Fig. 11. The

〈ωy〉 briefly increases with time which is most likely due
to parton scatterings during the early stage (when the
transverse radial expansion is not developed yet) that in
certain way decrease the fluid moment of inertia. The av-
eraged vorticity reaches peak value at an almost universal
time around 1 fm/c and then follows a steady decrease
with time. The decrease is due to the system’s expansion
which increases total moment of inertia at the price of re-
duced vorticity due to the constraint of constant angular
momentum. The results also clearly demonstrate that
the averaged vorticity increases from central to periph-
eral collisions: this trend is different from the angular
momentum. Such difference again can be understood as
follows: while the vorticity increases with b, the fluid mo-
ment of inertia (pertinent to rotation) in the fireball de-
creases with b, thus the angular momentum shows a non-
monotonic behavior due to the two competing trends.
We next show the beam energy dependence of 〈ωy〉 at

FIG. 12: Averaged vorticity 〈ωy〉 from the AMPT model as a
function of time at varied beam energy

√
sNN for fixed impact

parameter b = 7 fm. The solid curves are from fitting formula
(see text for details).

given impact parameter b = 7 fm: see Fig. 12. Simi-
lar time evolution patterns are observed at all energies.
We notice that the averaged vorticity increases with de-
creasing beam energy, in quite the opposite trend to the
angular momentum. This may be understood as follows:
with increasing beam energy, the fluid moment of inertia
(pertinent to rotation) increases more rapidly than the
decrease of vorticity, thus the total angular momentum
is still increasing. We have numerically checked that this
is indeed the case.
Finally, we present a parameterization of averaged vor-

ticity as a function of time, centrality as well as beam en-
ergy, which provides comprehensive and very good fit to
the numerical results of Au+Au collisions from AMPT.
This is given by:

〈ωy〉(t, b,
√
sNN ) = A(b,

√
sNN )

+B(b,
√
sNN) (0.58t)0.35 e−0.58t (8)

with the two coefficients A and B given by:

A =
[

e−0.016 b
√
sNN + 1

]

× tanh(0.28 b)

× [0.001775 tanh(3− 0.015
√
sNN ) + 0.0128] ,

B =
[

e−0.016 b
√
sNN + 1

]

× [0.02388 b+ 0.01203]

× [1.751− tanh(0.01
√
sNN )] .

In the above relations,
√
sNN should be evaluated in the

unit of GeV, b in the unit of fm, t in the unit of fm/c, and
ωy in the unit of fm−1. The solid curves in Figs. 11 and 12
are obtained from the above formula, in comparison with
actual AMPT results. As can be seen, the agreement is
excellent and we have checked that in all cases the relative
error of the above formula is at most a few percent. Such
parameterization could be conveniently used for future
studies of various vorticity driven effects in QGP.
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Rotating quark-gluon plasma in relativistic heavy ion collisions
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We study the rotational collective motion of the quark-gluon plasma in relativistic heavy ion
collisions using the widely-adopted AMPT (A Multi-Phase Transport) model. The global angular
momentum, the average vorticity carried by the quark-gluon plasma, and the locally defined vorticity
fields are computed for Au+Au collisions, with detailed information of their time evolution, spatial
distribution, as well as the dependence on beam energy and collision centrality.

PACS numbers: 25.75.-q, 12.38.Mh

I. INTRODUCTION

In relativistic heavy ion collisions a hot deconfined
form of QCD matter, the quark-gluon plasma (QGP),
has been created [1, 2]. In such collision experiments
at the Relativistic Heavy Ion Collider (RHIC) and the
Large Hadron Collider (LHC), the QGP is found to un-
dergo strong collective expansion as a relativistic fluid
with extremely small dissipation [3].
Recently there have been significant interests in the

rotational aspects of the QGP collective motion, partic-
ularly regarding possible observable consequences of such
rotation. Indeed in the non-central heavy ion collisions,
there is a nonzero total angular momentum J ∝ b

√
sNN

(with b as the impact parameter) carried by the system
of two colliding nuclei. Note that the beam energy

√
sNN

is the nucleon-nucleon center-of-mass energy. After the
initial impact, most of this total angular momentum is
carried away by the so-called “spectators” but there is a
sizable fraction that remains in the created QGP and im-
plies a nonzero rotational motion in the fluid. It was pro-
posed a while ago that such rotation may affect the spin
polarization of certain hadron production [4, 5]. More re-
cent ideas concern possible anomalous transport effects
in a chiral QGP (for reviews and further references on
this topic, see e.g. [6–8]). The initial interest focused
on effects induced by external electromagnetic fields [9]
such as the well known Chiral Magnetic Effect, Chiral
Magnetic Wave, etc [10–16]. It was later pointed out [11]
that fluid rotation bears a lot of similarity to an exter-
nal magnetic field and can also induce similar anomalous
transport effects. One example is the Chiral Vortical Ef-
fect [11, 17, 18] which predicts a baryon current induced
along the fluid rotation axis that can be measured via
baryon separation across the reaction plane. Another
example is the Chiral Vortical Wave [19] which predicts
a baryonic charge quadrupole formed along the fluid ro-
tation axis that can be measured via baryon/anti-baryon
elliptic flow splitting. Active experimental efforts are un-
derway to detect possible signals of these effects, and it
is of great phenomenological importance to quantify the
rotational motion of the QGP in these collisions.

In this paper, we will present the quantification of QGP
rotation in the relativistic heavy ion collisions, utilizing
the tool of AMPT (A Multi-Phase Transport) model sim-
ulations. We will report our results for the QGP global
angular momentum, the average vorticity carried by the
QGP, and the locally defined vorticity fields with detailed
information of their time evolution, spatial distribution,
as well as the dependence on beam energy and collision
centrality. The rest of the paper is organized as follows:
we give some general discussions on the fluid rotation in
Section II; a brief discussion is given in Section III on
our method of extracting rotational motion from AMPT
and we further present results for the QGP angular mo-
mentum; we report results for the vorticity fields and
the fireball-averaged vorticity in Section IV; finally the
summary is given in Section V.

II. DISCUSSIONS ON THE FLUID ROTATION

A. Angular Momentum and Vorticity

The global rotation of a fluid can be quantified by the
total angular momentum. For a many-body system of
discrete classical (quasi)particles, one could calculate the
total angular momentum !J unambiguously by summing
each particle’s contribution together.

!J =
∑

i

!ri × !pi (1)

with !ri and !pi the position and momentum of each par-
ticle in given reference frame. For a large enough sys-
tem after proper coarse-graining (e.g. like the fluid being
made of many fluid cells), it can be considered as a con-
tinuous medium characterized by a series of locally de-
fined quantities like momentum density, energy density
and particle number density !p(!r), ε(!r) and n(!r) respec-
tively. One then could rewrite the total angular momen-
tum as

!J =

∫

d3r !r × !p(!r). (2)
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M
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B
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L
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n
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B
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m
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D
epa
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y
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E
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C
a
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U
n
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G
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N
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,
U
S
A
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3
R
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E
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B
N
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R
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C
en
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B
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A
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B
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a
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N
a
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n
a
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L
a
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ra
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,
U
p
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n
,
N
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U
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(D
ated

:
F
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24,
2016)

W
e
stu

d
y

th
e
rotation

al
collective

m
otion

of
th
e
q
u
ark

-glu
on

p
lasm

a
in

relativ
istic

h
eav

y
ion

collision
s
u
sin

g
th
e
w
id
ely

-ad
op

ted
A
M
P
T

(A
M
u
lti-P

h
ase

T
ran

sp
ort)

m
o
d
el.

T
h
e
glob

al
an

gu
lar

m
om

en
tu
m
,
th
e
average

vorticity
carried

b
y
th
e
q
u
ark

-glu
on

p
lasm

a,
an

d
th
e
lo
cally

d
efi

n
ed

vorticity
fi
eld

s
are

com
p
u
ted

for
A
u
+
A
u
collision

s,
w
ith

d
etailed

in
form

ation
of

th
eir

tim
e
evolu

tion
,
sp
atial

d
istrib

u
tion

,
as

w
ell

as
th
e
d
ep

en
d
en

ce
on

b
eam

en
ergy

an
d
collision

cen
trality.

P
A
C
S
n
u
m
b
ers:

2
5
.7
5
.-q

,
1
2
.3
8
.M

h

I.
IN

T
R
O
D
U
C
T
IO

N

In
relativ

istic
h
eav

y
ion

collision
s
a

h
ot

d
econ

fi
n
ed

form
of

Q
C
D

m
atter,

th
e
q
u
ark

-glu
on

p
lasm

a
(Q

G
P
),

h
as

b
een

created
[1,

2].
In

su
ch

collision
ex
p
erim

en
ts

at
th
e
R
elativ

istic
H
eav

y
Ion

C
ollid

er
(R

H
IC

)
an

d
th
e

L
arge

H
ad

ron
C
ollid

er
(L

H
C
),

th
e
Q
G
P

is
fou

n
d
to

u
n
-

d
ergo

stron
g
collective

ex
p
an

sion
as

a
relativ

istic
fl
u
id

w
ith

ex
trem

ely
sm

all
d
issip

ation
[3].

R
ecen

tly
th
ere

h
ave

b
een

sign
ifi
can

t
in
terests

in
th
e

rotation
al

asp
ects

of
th
e
Q
G
P

collective
m
otion

,
p
artic-

u
larly

regard
in
g
p
ossib

le
ob

servab
le
con

seq
u
en
ces

of
su
ch

rotation
.
In
d
eed

in
th
e
n
on

-cen
tral

h
eav

y
ion

collision
s,

th
ere

is
a
n
on

zero
total

an
gu

lar
m
om

en
tu
m

J
∝

b √
s
N

N

(w
ith

b
as

th
e
im

p
act

p
aram

eter)
carried

b
y
th
e
sy
stem

of
tw

o
collid

in
g
n
u
clei.

N
ote

th
at

th
e
b
eam

en
ergy

√
s
N

N

is
th
e
n
u
cleon

-n
u
cleon

cen
ter-of-m

ass
en
ergy.

A
fter

th
e

in
itial

im
p
act,

m
ost

of
th
is

total
an

gu
lar

m
om

en
tu
m

is
carried

aw
ay

b
y
th
e
so-called

“sp
ectators”

b
u
t
th
ere

is
a

sizab
le
fraction

th
at

rem
ain

s
in

th
e
created

Q
G
P
an

d
im

-
p
lies

a
n
on

zero
rotation

al
m
otion

in
th
e
fl
u
id
.
It

w
as

p
ro-

p
osed

a
w
h
ile

ago
th
at

su
ch

rotation
m
ay

aff
ect

th
e
sp
in

p
olarization

of
certain

h
ad

ron
p
ro
d
u
ction

[4,
5].

M
ore

re-
cen

t
id
eas

con
cern

p
ossib

le
an

om
alou

s
tran

sp
ort

eff
ects

in
a
ch
iral

Q
G
P

(for
rev

iew
s
an

d
fu
rth

er
referen

ces
on

th
is

top
ic,

see
e.g.

[6–8]).
T
h
e
in
itial

in
terest

fo
cu
sed

on
eff

ects
in
d
u
ced

b
y
ex
tern

al
electrom

agn
etic

fi
eld

s
[9]

su
ch

as
th
e
w
ell

k
n
ow

n
C
h
iral

M
agn

etic
E
ff
ect,

C
h
iral

M
agn

etic
W
ave,

etc
[10–16].

It
w
as

later
p
oin

ted
ou

t
[11]

th
at

fl
u
id

rotation
b
ears

a
lot

of
sim

ilarity
to

an
ex
ter-

n
al

m
agn

etic
fi
eld

an
d
can

also
in
d
u
ce

sim
ilar

an
om

alou
s

tran
sp
ort

eff
ects.

O
n
e
ex
am

p
le

is
th
e
C
h
iral

V
ortical

E
f-

fect
[11,

17,
18]

w
h
ich

p
red
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a
b
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cu
rren

t
in
d
u
ced

alon
g
th
e
fl
u
id

rotation
ax

is
th
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can
b
e
m
easu

red
v
ia

b
aryon
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aration

across
th
e
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p
lan

e.
A
n
oth

er
ex
am

p
le

is
th
e
C
h
iral

V
ortical

W
ave

[19]
w
h
ich

p
red
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a
b
aryon

ic
ch
arge

q
u
ad

ru
p
ole

form
ed

alon
g
th
e
fl
u
id

ro-
tation

ax
is
th
at

can
b
e
m
easu

red
v
ia

b
aryon

/an
ti-b

aryon
ellip

tic
fl
ow

sp
littin

g.
A
ctive

ex
p
erim

en
tal

eff
orts

are
u
n
-

d
erw

ay
to

d
etect

p
ossib

le
sign

als
of

th
ese

eff
ects,

an
d
it

is
of

great
p
h
en
om

en
ological

im
p
ortan

ce
to

q
u
an

tify
th
e

rotation
al

m
otion

of
th
e
Q
G
P

in
th
ese

collision
s.

In
th
is
p
ap

er,w
e
w
illp

resen
t
th
e
q
u
an

tifi
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of
Q
G
P

rotation
in

th
e
relativ

istic
h
eav

y
ion

collision
s,

u
tilizin

g
th
e
to
olof

A
M
P
T
(A

M
u
lti-P

h
ase

T
ran

sp
ort)

m
o
d
elsim

-
u
lation

s.
W
e
w
ill

rep
ort

ou
r
resu

lts
for

th
e
Q
G
P

glob
al

an
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lar
m
om

en
tu
m
,
th
e
average

vorticity
carried

b
y
th
e

Q
G
P
,an

d
th
e
lo
cally

d
efi
n
ed

vorticity
fi
eld

s
w
ith

d
etailed

in
form

ation
of

th
eir

tim
e
evolu

tion
,
sp
atial

d
istrib

u
tion

,
as

w
ell

as
th
e
d
ep

en
d
en
ce

on
b
eam

en
ergy

an
d
collision

cen
trality.

T
h
e
rest

of
th
e
p
ap

er
is

organ
ized

as
follow

s:
w
e
give

som
e
gen

eral
d
iscu

ssion
s
on

th
e
fl
u
id

rotation
in

S
ection

II;
a
b
rief

d
iscu

ssion
is

given
in

S
ection

III
on

ou
r
m
eth

o
d
of

ex
tractin

g
rotation

al
m
otion

from
A
M
P
T

an
d
w
e
fu
rth

er
p
resen

t
resu

lts
for

th
e
Q
G
P

an
gu

lar
m
o-

m
en
tu
m
;
w
e
rep

ort
resu

lts
for

th
e
vorticity

fi
eld

s
an

d
th
e
fi
reb

all-averaged
vorticity

in
S
ection

IV
;
fi
n
ally

th
e

su
m
m
ary

is
given

in
S
ection

V
.

II.
D
IS

C
U
S
S
IO

N
S

O
N

T
H
E

F
L
U
ID

R
O
T
A
T
IO

N

A
.

A
n
g
u
la
r
M

o
m
e
n
tu

m
a
n
d

V
o
r
tic

ity

T
h
e
glob

al
rotation

of
a
fl
u
id

can
b
e
q
u
an

tifi
ed

b
y
th
e

total
an

gu
lar

m
om

en
tu
m
.

F
or

a
m
an

y
-b
o
d
y
sy
stem

of
d
iscrete

classical
(q
u
asi)p

articles,
on

e
cou

ld
calcu

late
th
e

total
an

gu
lar

m
om

en
tu
m

!J
u
n
am

b
igu

ou
sly

b
y
su
m
m
in
g

each
p
article’s

con
trib

u
tion

togeth
er.

!J
=

∑

i

!r
i ×

!p
i

(1)

w
ith

!r
i
an

d
!p
i
th
e
p
osition

an
d
m
om

en
tu
m

of
each

p
ar-

ticle
in

given
referen

ce
fram

e.
F
or

a
large

en
ou

gh
sy
s-

tem
after

p
rop

er
coarse-grain

in
g
(e.g.

like
th
e
fl
u
id

b
ein

g
m
ad

e
of

m
an

y
fl
u
id

cells),
it
can

b
e
con

sid
ered

as
a
con

-
tin

u
ou

s
m
ed
iu
m

ch
aracterized

b
y
a
series

of
lo
cally

d
e-

fi
n
ed

q
u
an

tities
like

m
om

en
tu
m

d
en
sity,

en
ergy

d
en
sity

an
d
p
article

n
u
m
b
er

d
en
sity

!p(!r),
ε(!r)

an
d
n
(!r)

resp
ec-

tively.
O
n
e
th
en

cou
ld

rew
rite

th
e
total

an
gu

lar
m
om

en
-

tu
m

as

!J
=

∫

d
3r

!r
×

!p(!r).
(2)
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Collision energy dependence II
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FIG. 11. (Color online) Beam energy dependence of v1(y) slope for p, ⇤, p̄, ⇤̄, K±, K0
S , and ⇡

± in 10-40% centrality
Au+Au collisions [46, 90].
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FIG. 12. (Color online) Beam energy dependence of the slope of v1(y) for net protons and net kaons in 10-40%
centrality Au+Au collisions, as reported by STAR [46, 90].

higher energies that are a focus of the present review, it can flag the softening, or drop in pressure, that
may accompany a transition to a di↵erent phase, notably Quark Gluon Plasma. For example, there may be
a spinodal decomposition associated with a first-order phase transition [92, 93], which would cause a large
softening e↵ect. However, interpretation of flow measurements is not straightforward, and it is known that
directed flow can also be sensitive to poorly-understood model inputs like momentum-dependent potentials
[91] in the nuclear medium. More theoretical work is needed to elucidate the quantitative connection between
softening signatures, like the beam energy dependence directed flow, and QCD phase changes.

During the period since publication of the STAR BES directed flow results in 2014, there have been several
theoretical papers [19, 20, 91, 94, 95] aimed towards interpretation of these measurements. The Frankfurt
hybrid model [96] used for the data comparison by Steinheimer et al. [94] is based on a Boltzmann transport

2

(a)	

(b)	

(c)	

FIG. 1. A sketch of the collision from several perspectives, illus-
trating the vectors and angles discussed in this study. Panel (a): The
direction of the system angular momentum, Ĵsys is estimated by mea-
suring the azimuthal angle of projectile fragments in forward detec-
tors; the vorticity of the hot system at midrapidity and resulting po-
larized hyperons are schematically illustrated. Panel (b): At the ener-
gies under study, spectators “bounce off” [26]. The impact parameter
vector~b points from the center of the ion traveling in the �ẑ direc-
tion, to the ion traveling in the +ẑ direction; thus, Ĵsys = b̂⇥ ẑ. Panel
(c): The angles used in equation 2 are shown; here, ~p⇤p is the compo-
nent of the daughter proton’s momentum transverse to the beam, in
the L frame.

ence [20]; further details and representative invariant-mass86

distributions are found there. Our analysis is restricted to87

midrapidity hyperons, |yH| < 1.88

We focus on L and L hyperons because their decay topol-89

ogy reveals their polarization. In particular, in the L (L)90

frame, the daughter proton (antiproton) tends to be emitted91

along (opposite) the parent’s polarization direction. If q⇤ is92

the angle between the daughter proton (antiproton) momen-93

tum and the hyperon polarization vector ~
PH, then94

dN

d cosq⇤
= 1

2

⇣
1+aH|~PH|cosq⇤

⌘
, (1)

where aL = 0.642 and aL =�0.642.95

Symmetry demands that, averaged over all phasespace, ~P is96

parallel to Ĵsys, the unit vector in the direction of the angular97

momentum of the system. Both the magnitude (0  |~P|  1)98

and direction of ~
P may depend strongly on transverse momen-99

tum, azimuthal angle and rapidity. The limited statistics of the100

datasets prohibits extensive exploration of these dependences,101

and we extract only the average projection of the polarization102

on Ĵsys. It may be shown [27] that103

PH ⌘ h~PH · Ĵsysi=
8

paH

D
sin

⇣
f⇤

p

�Y(1)
EP

⌘E

R

(1)
EP

, (2)

where Y(1)
EP is the angle of the first-order event plane, f⇤

p

is the104

azimuthal angle of the daughter proton (antiproton), and h· · ·i105
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FIG. 2. (Color online) The average polarization of L and L from
20-50% central Au+Au collisions is plotted as a function of collision
energy. The results of the present study (

p
sNN < 40 GeV) are shown

together with those reported earlier [27] for 62.4 and 200 GeV col-
lisions. Low statistics prevent extraction of PL for

p
sNN =7.7 GeV

collisions. The effects of feed-down have not been removed, and
only statistical errors are plotted; see text for a discussion of system-
atic errors.

indicates an average over the azimuthal angle of the hyperon106

momentum. Since R

(1)
EP depends on collision centrality, in the107

present analysis we calculate PH separately for events of cen-108

trality 20-30%, 30-40%, and 40-50%, and report the weighted109

(with particle yield) average.110

The results are shown in Fig. 2. At collision energies below111

39 GeV, a significant polarization is observed for both L and112

L, at the level of 1.5-3.5 times statistical uncertainty. While113

including a broader centrality range into the analysis increases114

the hyperon statistics, the significantly worse event plane res-115

olution for more central or more peripheral collisions reduces116

the significance of the signal.117

The results in Fig. 2 have been corrected to account for the118

combinatoric background of p+p pairs that pass our topologi-119

cal criteria and fall within the selected invariant mass window;120

this corresponds to a ⇠ 55% (⇠ 35%) correction for L (L) for121

most data points; for the
p

sNN =14.6 GeV data, the correc-122

tion is larger (90% and 70%, respectively) due to the presence123

of additional material for runs at this energy. A very small124

residual signal, at the level of the statistical noise, is observed125

in the combinatoric background for p�p pairs with invariant126

mass slightly different from the mL. Statistics do not allow a127

full study of this residual correlation, and it is unclear whether128

or how one should “correct” for it. Including this residual cor-129

STAR	  

The slope of directed flow might closely follow the vorticity value.
It can be used for an estimate of vorticity (hyperon polarization) at 
energies where no (precise) measurements have been done yet:
~0.3% @ 200 GeV
~0.1% @ 2.76 TeV  
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The global polarization of the vector mesons, such as φ or K*, can be 
accessed via the so-called spin alignment. Strong decays of those particles 
obey parity, and as a consequence, the daughter particle distribution is the 
same for the states corresponding to ms=±1. But it is different from the state |
ms = 0, and this can be used in estimates of the average polarization.

First STAR measurements yielded results
consistemt with zero

5

TABLE I: The averaged spin density matrix elements ρ00 with
respect to the reaction plane in mid-central Au+Au collisions
at

√
sNN = 200 GeV.

K∗0 φ

ρ00(pT < 2.0 GeV/c) 0.31 ± 0.04 ± 0.09 0.33 ± 0.01 ± 0.03

ρ00(pT > 2.0 GeV/c) 0.37 ± 0.04 ± 0.09 0.35 ± 0.04 ± 0.05

ρ00(pT < 5.0 GeV/c) 0.32 ± 0.03 ± 0.09 0.34 ± 0.02 ± 0.03

values at larger pT .
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FIG. 2: (color online) The spin density matrix elements ρ00

with respect to the reaction plane in mid-central Au+Au col-
lisions at

√
sNN = 200 GeV versus pT of the vector meson.

The sizes of the statistical uncertainties are indicated by er-
ror bars, and the systematic uncertainties by caps . The K∗0

data points have been shifted slightly in pT for clarity. The
dashed horizontal line indicates the unpolarized expectation
ρ00 = 1/3. The bands and continuous horizontal lines show
predictions discussed in the text.

The measurements of the K∗0 and φ global spin align-
ment versus pT of the vector meson for mid-central
Au+Au collisions at

√
sNN = 200 GeV are presented

in Fig. 2, and are summarized in Table I. Both statis-
tical and systematic uncertainties are shown. The dom-
inant contribution to the systematic uncertainty for the
φ (K∗0) meson ranges from 0.020 (0.05) to 0.045 (0.10),
originating from uncertainty in the magnitude and shape
of the residual background after the subtraction of com-
binatorial background. This residual arises from the in-
complete description of combinatorial background via the
event mixing technique and from distortions to the back-
ground in the invariant mass distribution near the φ peak
caused by photon conversions and other correlated back-
grounds such as K0∗ → K+π−, ρ0 → π+π−, Λ → pπ−

and ∆ → Nπ decays [31]. In the case of the K∗0

these backgrounds include K0
S → π+π−, ρ0 → π+π−,

φ → K+K−, Λ → pπ− and ∆ → Nπ decays [32].
Other point-to-point systematic uncertainty associated
with particle identification for the φ (K∗0) meson were

estimated to range from 0.007 (0.06) to 0.012 (0.09) by
tightening the K± (π and K) 〈dE/dx〉 cut from 2σ to 1σ.
An additional sizable contribution to the φ uncertainty
was estimated to range from 0.007 to 0.012 by varying
the fitted invariant mass range from 1.00–1.04 GeV/c2

to 1.00–1.06 GeV/c2, and to the K∗0 uncertainty rang-
ing from 0.02 to 0.05 by changing its analyzed rapidity
range from |y| < 1 to |y| < 0.5. The systematic uncer-
tainties in the K0∗ measurements are larger than those
in the φ measurement mainly because of the lower signal-
to-background ratio of ∼ 1/1000 compared to ∼ 1/25 for
the φ meson. The contributions to the systematic uncer-
tainty caused by elliptic flow effects and the event plane
resolution are found to be negligible. The K∗0 and φ
data are consistent with each other and are consistent
with 1/3 at all pT .

Hadronization of globally polarized thermal quarks,
typically having pT < 1 GeV/c, in mid-central Au+Au
collisions is predicted to cause pT dependent deviations
of ρ00 from the unpolarized value of 1/3 [1, 4, 6, 33]. Re-
combination of polarized thermal quarks and anti-quarks
is expected to dominate for pT < 2GeV/c and leads to
values of ρ00 < 1/3 as indicated in Fig. 2 for a typi-
cal range of expected light (strange) quark polarizations
Pq(s) [6]. The fragmentation of polarized thermal quarks
with larger pT , however, would lead to values of ρ00

> 1/3 for 1 < pT < 3 GeV/c [6, 33], which is indi-
cated as well. In the region of 1 < pT < 2 GeV/c both
hadronization mechanisms could occur and their effects
on ρ00 may cancel. As observed in Fig. 2 these effects
are predicted to be smaller than our experiment sensi-
tivity. However, the large (strange) quark polarization,
Pq,s = −0.3, considered in the recombination scenario
of Ref. [1] results in worse agreement of ρ00 with our
φ data than −0.03 < Pq,s < 0.15 discussed in Ref. [4].
Our data are consistent with the unpolarized expectation
ρ00 = 1/3. Recent measurement of the Λ and Λ̄ global
polarization also found no significant polarization and an
upper limit, |PΛ,Λ| ≤ 0.02, was obtained [21].

The centrality dependence of the global spin align-
ment measurements for K∗0 and φ vector mesons with
low and intermediate pT is shown in Fig. 3. The or-
bital angular momentum of the colliding system depends
strongly on the collision centrality. Global polarization
is predicted to be vanishingly small in central collisions
and to increase almost linearly with impact parameter
in semi-central collisions due to increasing particle angu-
lar momentum along with effects of spin-orbit coupling
in QCD [1]. The data exhibit no significant spin align-
ment at any collision centrality and thus can constrain
the possible size of spin-orbit couplings.

Figure 4 and Table II present the K∗0 and φ spin align-
ment measurements with respect to the production plane
in mid-central Au+Au collisions at

√
sNN = 200 GeV to-

gether with the φ meson results in p+p collisions at the
same incident energy. As is the case for our measure-
ments with respect to the reaction plane, the uncertain-
ties in the measurement with respect to the production
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The global polarization of the vector mesons, such as φ or K*, can be 
accessed via the so-called spin alignment. Strong decays of those particles 
obey parity, and as a consequence, the daughter particle distribution is the 
same for the states corresponding to ms=±1. But it is different from the state |
ms = 0, and this can be used in estimates of the average polarization.

First STAR measurements yielded results
consistemt with zero

p
0

= 1

1+2 cosh$ ⇡ 1

3+$2 ⇡ 1

3

(1�$2/3)

In thermodynamic equilibrium, probability for ms = 0:

Global hyperon polarization at local thermodynamic equilibrium with vorticity,

magnetic field and feed-down
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The system created in ultrarelativistic nuclear collisions is known to behave as an almost ideal
liquid. In non-central collisions, due to the large orbital momentum, such a system might be the fluid
with the highest vorticity ever created under laboratory conditions. Particles emerging from such
a highly vorticous fluid are expected to be globally polarized with their spins on average pointing
along the system angular momentum. Vorticity-induced polarization is the same for particles and
antiparticles, but the intense magnetic field generated in these collisions may lead to the splitting
in polarization. In this paper we outline the thermal approach to the calculation of the global
polarization phenomenon for particles with spin and we discuss the details of the experimental
study of this phenomenon, estimating the e↵ect of feed-down. A general formula is derived for the
polarization transfer in two-body decays and, particularly, for strong and electromagnetic decays.
We find that accounting for such e↵ects is crucial when extracting vorticity and magnetic field from
the experimental data.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh

I. INTRODUCTION

Heavy ion collisions at ultrarelativistic energies create
a strongly interacting system characterized by extremely
high temperature and energy density. For a large fraction
of its lifetime the system shows strong collective e↵ects
and can be described by relativistic hydrodynamics. In
particular, the large elliptic flow observed in such colli-
sions, indicate that the system is strongly coupled, with
extremely low viscosity to entropy ratio [1]. From the
very success of the hydrodynamic description, one can
also conclude that the system might possess an extremely
high vorticity, likely the highest ever made under the lab-
oratory conditions.

A simple estimate of the non-relativistic vorticity, de-
fined as

! =
1

2
r⇥ v, (1)

1 can be made based on a very schematic picture of the
collision depicted in Fig. 1. As the projectile and target
spectators move in opposite direction with the velocity
close to the speed of light, the z component of the collec-
tive velocity in the system close to the projectile specta-
tors and that close to the target spectators are expected
to be di↵erent. Assuming that this di↵erence is a frac-
tion of the speed of light, e.g. 0.1 (in units of the speed of
light), and that the transverse size of the system is about
5 fm, one concludes that the vorticity in the system is of
the order 0.02 fm�1 ⇡ 1022 s�1.

1
sometimes the vorticity is defined without the factor 1/2; we use

the definition that gives the vorticity of the fluid rotating as a

whole with a constant angular velocity ⌦, to be ! = ⌦

FIG. 1. Schematic view of the collision. Arrows indicate the
flow velocity field. The +ŷ direction is out of the page; both
the orbital angular momentum and the magnetic field point
into the page.

In relativistic hydrodynamics, several extensions of the
non-relativistic vorticity defined above can be introduced
(see ref. [2] for a review). As we will see below, the
appropriate relativistic quantity for the study of global
polarization is the thermal vorticity:

$µ⌫ =
1

2
(@⌫�µ � @µ�⌫) (2)

where � = (1/T )u is the four-temperature vector, u be-
ing the hydrodynamic velocity and T the proper temper-
ature. At an approximately constant temperature, the
thermal vorticity can be roughly estimated by $ ⇠ !/T
which, for typical conditions, appears to be of the order
of a percent by using the above estimated vorticity and
the temperature T ⇠ 100 MeV.
Vorticity plays a very important role in the system

evolution. Accounting for vorticity might be the only
way to quantitatively describe the rapidity dependence
of directed flow [3, 4], which, at present, can not be de-
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TABLE I: The averaged spin density matrix elements ρ00 with
respect to the reaction plane in mid-central Au+Au collisions
at

√
sNN = 200 GeV.

K∗0 φ

ρ00(pT < 2.0 GeV/c) 0.31 ± 0.04 ± 0.09 0.33 ± 0.01 ± 0.03

ρ00(pT > 2.0 GeV/c) 0.37 ± 0.04 ± 0.09 0.35 ± 0.04 ± 0.05

ρ00(pT < 5.0 GeV/c) 0.32 ± 0.03 ± 0.09 0.34 ± 0.02 ± 0.03

values at larger pT .
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FIG. 2: (color online) The spin density matrix elements ρ00

with respect to the reaction plane in mid-central Au+Au col-
lisions at

√
sNN = 200 GeV versus pT of the vector meson.

The sizes of the statistical uncertainties are indicated by er-
ror bars, and the systematic uncertainties by caps . The K∗0

data points have been shifted slightly in pT for clarity. The
dashed horizontal line indicates the unpolarized expectation
ρ00 = 1/3. The bands and continuous horizontal lines show
predictions discussed in the text.

The measurements of the K∗0 and φ global spin align-
ment versus pT of the vector meson for mid-central
Au+Au collisions at

√
sNN = 200 GeV are presented

in Fig. 2, and are summarized in Table I. Both statis-
tical and systematic uncertainties are shown. The dom-
inant contribution to the systematic uncertainty for the
φ (K∗0) meson ranges from 0.020 (0.05) to 0.045 (0.10),
originating from uncertainty in the magnitude and shape
of the residual background after the subtraction of com-
binatorial background. This residual arises from the in-
complete description of combinatorial background via the
event mixing technique and from distortions to the back-
ground in the invariant mass distribution near the φ peak
caused by photon conversions and other correlated back-
grounds such as K0∗ → K+π−, ρ0 → π+π−, Λ → pπ−

and ∆ → Nπ decays [31]. In the case of the K∗0

these backgrounds include K0
S → π+π−, ρ0 → π+π−,

φ → K+K−, Λ → pπ− and ∆ → Nπ decays [32].
Other point-to-point systematic uncertainty associated
with particle identification for the φ (K∗0) meson were

estimated to range from 0.007 (0.06) to 0.012 (0.09) by
tightening the K± (π and K) 〈dE/dx〉 cut from 2σ to 1σ.
An additional sizable contribution to the φ uncertainty
was estimated to range from 0.007 to 0.012 by varying
the fitted invariant mass range from 1.00–1.04 GeV/c2

to 1.00–1.06 GeV/c2, and to the K∗0 uncertainty rang-
ing from 0.02 to 0.05 by changing its analyzed rapidity
range from |y| < 1 to |y| < 0.5. The systematic uncer-
tainties in the K0∗ measurements are larger than those
in the φ measurement mainly because of the lower signal-
to-background ratio of ∼ 1/1000 compared to ∼ 1/25 for
the φ meson. The contributions to the systematic uncer-
tainty caused by elliptic flow effects and the event plane
resolution are found to be negligible. The K∗0 and φ
data are consistent with each other and are consistent
with 1/3 at all pT .

Hadronization of globally polarized thermal quarks,
typically having pT < 1 GeV/c, in mid-central Au+Au
collisions is predicted to cause pT dependent deviations
of ρ00 from the unpolarized value of 1/3 [1, 4, 6, 33]. Re-
combination of polarized thermal quarks and anti-quarks
is expected to dominate for pT < 2GeV/c and leads to
values of ρ00 < 1/3 as indicated in Fig. 2 for a typi-
cal range of expected light (strange) quark polarizations
Pq(s) [6]. The fragmentation of polarized thermal quarks
with larger pT , however, would lead to values of ρ00

> 1/3 for 1 < pT < 3 GeV/c [6, 33], which is indi-
cated as well. In the region of 1 < pT < 2 GeV/c both
hadronization mechanisms could occur and their effects
on ρ00 may cancel. As observed in Fig. 2 these effects
are predicted to be smaller than our experiment sensi-
tivity. However, the large (strange) quark polarization,
Pq,s = −0.3, considered in the recombination scenario
of Ref. [1] results in worse agreement of ρ00 with our
φ data than −0.03 < Pq,s < 0.15 discussed in Ref. [4].
Our data are consistent with the unpolarized expectation
ρ00 = 1/3. Recent measurement of the Λ and Λ̄ global
polarization also found no significant polarization and an
upper limit, |PΛ,Λ| ≤ 0.02, was obtained [21].

The centrality dependence of the global spin align-
ment measurements for K∗0 and φ vector mesons with
low and intermediate pT is shown in Fig. 3. The or-
bital angular momentum of the colliding system depends
strongly on the collision centrality. Global polarization
is predicted to be vanishingly small in central collisions
and to increase almost linearly with impact parameter
in semi-central collisions due to increasing particle angu-
lar momentum along with effects of spin-orbit coupling
in QCD [1]. The data exhibit no significant spin align-
ment at any collision centrality and thus can constrain
the possible size of spin-orbit couplings.

Figure 4 and Table II present the K∗0 and φ spin align-
ment measurements with respect to the production plane
in mid-central Au+Au collisions at

√
sNN = 200 GeV to-

gether with the φ meson results in p+p collisions at the
same incident energy. As is the case for our measure-
ments with respect to the reaction plane, the uncertain-
ties in the measurement with respect to the production
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Part I. Gyromagnetic EBects'

INTRODUCTION

T HIS paper has to do with two closely related
classes of phenomenon: (1) Gross magnetic

or dynamical phenomena which are due to the
behavior of the elementary magnet as the rotor
of a gyroscope and which are known as gyro-
magnetic or magnetomechanical phenomena; and
(2) Gross mechanical or electrical phenomena
which must be attributed to the inertia of the
free electrons in conductors or bound electrons
in insulators. Gyromagnetic phenomena will be
treated in Part I of this article, the others in
Part II.

momentum, or a definite angular momentum
might be accompanied by no magnetic moment.
Otherwise the magnetic element must behave
both as a magnet and as the rotor of a gyroscope.
$2. A simple gyroscopic model
It will aid in the discussion of all the gyro-

magnetic phenomena hitherto looked for, of
which there are four, if we consider at this
point the behavior of the gyroscopic model
illustrated in Fig. 2—l and first used some years

A. INTRODUCTORY, HISTORICAL AND GENERAI.

$1. The fundamental basis of the effects
Everyone who has predicted the possible dis-

covery of any gyromagnetic effect has based the
prediction on the assumption of the validity of
the celebrated hypothesis of Ampere and Weber, '
according to which the magnetic element in a
magnetic substance consists of a permanent
molecular or intramolecular whirl of electricity
endowed with mass or inertia. On this hypothesis
the magnetic element must have both angular
momentum and magnetic moment, unless it is
constituted of both positive and negative elec-
tricities rotating in opposite directions. In this
case it is obvious that a definite magnetic
moment might be accompanied by no angular

~ Earlier and less complete reviews of work on gyro-
magnetic phenomena have been given by the author in the
Bull. Nat. Research Coun. 3, 235, August (1922). (Trans-
lation by J. Wiirschmidt, after revision by the author, in
Die Wissenschaft '74, 270 (1925));in Physica 13, 241 (1933);
and in the Physik. Zeits. 35, 203 (1934). The last paper
goes fully into the matter of priority, about which very
numerous errors have been made in the literature ever
since 1915.
'For Weber's ultimate ideas, which greatly resemble

those in vogue in recent years, see Abhandlungen d. K.
Sachs. Ges. d. Wiss. 10, 1871, f17; or W. Weber's I4'erke
(Berlin, J. Springer} 4, p. 281.

FIG. 2-1.

ago. ' It differs from a common type of gyroscope
only in the addition of two springs SS, con-
veniently in the form of rubber bands, and the
arrangement for their attachment. The wheel,
pivoted in a ring, can be rotated rapidly about
its axis A. Except for the action of the springs,
the ring and the axis A are free to move in
altitude about a horizontal axis B, the axis A
making an angle 0 with the vertical C; while
the axis 8, together with the wheel and the
framework supporting it and the springs, can be
rotated about the vertical axis C. If the wheel
is spun rapidly about the axis A, and the instru-
ment then rotated about the vertical C slowly,
' See S.J. Barnett, Science 48, 303 (1918).

Vor..VI.
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state is exactly the same as if the body were at rest and the system were
acted upon by a torque T"=—T' due to an extraneous magnetic Geld
with strength JI equal to the intrinsic magnetic intensity of rotation.
The complete expression for T" is known (and can readily be shown
from first principles) to be

T" = —T' = —~Q sin 0 —jgQ sin 0 cos 0,
where 8 denotes the excess of the moment of inertia of the system about
the axis of its orbital angular velocity co over the moment of inertia
about that diameter of the orbit making with AB the angle 90 —0. If
the orbit is circular

3'8 = mr' ——' mr' =—.2 2Q)

Eliminating 8 and 3f from (5), we get
m f Q7" = —y sin 0 2—0 ( x + —', —cos 0 ~

.
e i co

(6)

(7)

Dividing this expression by —p, sin 0, as in the case of an ordinary mag-
netic field, we get the intrinsic intensity of rotation:

m t, QH = 2 —II i t + —', —cos 8 i .e (8)

The values of 0 experimentally attainable are so small in comparison
with cu that the second term is negligible. If the orbit is not circular
we obtain for II an expression whose 6rst term is identical with that of
(8) and whose second term has the same order of magnitude as that of (8).
If we assume that e/m has the value ordinarily accepted for the negative

electron in slow motion, viz. , —x.7p X Io', and put Q = 2~v, where e
is the angular velocity in revolutions per second, we obtain for the in-
tensity per unit angular velocity

gauss
H/11 = —7,I X Io r.p.s. '

This is on the assumption that the negative electron alone is effective.
According to this, all substances would be acted upon by precisely the
same intensity for the same angular velocity.
If some or all of the positive ions also have orbital motions, propor-

tionality with angular velocity will evidently still exist, but the coefficient
of Q will be reduced in magnitude or even changed in sign, and the in-
tensities acting on different substances may differ for the same value of Q.

I This equation, as stated above, also follows immediately from Maxwell's equation for the
torque when the conditions here assumed are put in.

~ The erst term of this equation has been given previously by Einstein and, de Haas (1. c.),
but is incorrectly derived in their paper, equations for a molar magnet instead of a molecular
magnet being employed. All the terms of their equations reduce to zero unless the body
is originally magnetized.
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MAGNETIZATION BY ROTATION. '

BY S. J. BARNETT.

ftI. In I909 it occurred to me, while thinking about the origin of
terrestrial magnetism, that a substance which is magnetic (and there-
fore, according to the ideas of Langevin and others, constituted of atomic
or molecular orbital systems with individual magnetic moments 6xed
in magnitude and differing in this from zero) must become magnetized
by a sort of molecular gyroscopic action on receiving an angular velocity.
Thus consider a cylinder of iron, with zero magnetic moment in its

initial state. If it is given an angular acceleration about its axis, each
individual system, which we may suppose for simplicity to consist of a
number of electrons revolving in fixed orbits with constant average
velocities .about an oppositely charged nucleus, will change its orienta-
tion in such a way as to contribute a minute angular momentum, and
therefore a minute magnetic moment, parallel to the axis of the cylinder.
This increment of angular momentum of each system is in the direction
of the axis of rotation, and the corresponding increment of the magnetic
moment is either in this direction or in the opposite direction according
as the particles in revolution are positive or negative. If the revolving
electrons are all negative, in conformity with most of the experimental
evidence, the cylinder will become magnetized in the direction. in which
it would be magnetized by an electric current flowing around it in a
direction opposite to that of the angular velocity imparted to it. This
corresponds to the direction of magnetization of the earth and the sun.
(2. Preliminary experiments made at the Tulane University of Louisi-

ana at the time this idea occurred to me appeared to show, ' though
doubtf'ully, a very minute e8ect of the sort in question, on the assumption
that the revolving electrons are negative, in the case of a steel rod about

I Revision of papers read before the Ohio Academy of Sciences, November, x9I4, and the
American Physical Society, November, x9I3, December, x9I4, and April, x9xS.

2 S. J. Barnett, Science, 30, I909, p. 4I3.
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Part I. Gyromagnetic EBects'

INTRODUCTION

T HIS paper has to do with two closely related
classes of phenomenon: (1) Gross magnetic

or dynamical phenomena which are due to the
behavior of the elementary magnet as the rotor
of a gyroscope and which are known as gyro-
magnetic or magnetomechanical phenomena; and
(2) Gross mechanical or electrical phenomena
which must be attributed to the inertia of the
free electrons in conductors or bound electrons
in insulators. Gyromagnetic phenomena will be
treated in Part I of this article, the others in
Part II.

momentum, or a definite angular momentum
might be accompanied by no magnetic moment.
Otherwise the magnetic element must behave
both as a magnet and as the rotor of a gyroscope.
$2. A simple gyroscopic model
It will aid in the discussion of all the gyro-

magnetic phenomena hitherto looked for, of
which there are four, if we consider at this
point the behavior of the gyroscopic model
illustrated in Fig. 2—l and first used some years

A. INTRODUCTORY, HISTORICAL AND GENERAI.

$1. The fundamental basis of the effects
Everyone who has predicted the possible dis-

covery of any gyromagnetic effect has based the
prediction on the assumption of the validity of
the celebrated hypothesis of Ampere and Weber, '
according to which the magnetic element in a
magnetic substance consists of a permanent
molecular or intramolecular whirl of electricity
endowed with mass or inertia. On this hypothesis
the magnetic element must have both angular
momentum and magnetic moment, unless it is
constituted of both positive and negative elec-
tricities rotating in opposite directions. In this
case it is obvious that a definite magnetic
moment might be accompanied by no angular

~ Earlier and less complete reviews of work on gyro-
magnetic phenomena have been given by the author in the
Bull. Nat. Research Coun. 3, 235, August (1922). (Trans-
lation by J. Wiirschmidt, after revision by the author, in
Die Wissenschaft '74, 270 (1925));in Physica 13, 241 (1933);
and in the Physik. Zeits. 35, 203 (1934). The last paper
goes fully into the matter of priority, about which very
numerous errors have been made in the literature ever
since 1915.
'For Weber's ultimate ideas, which greatly resemble

those in vogue in recent years, see Abhandlungen d. K.
Sachs. Ges. d. Wiss. 10, 1871, f17; or W. Weber's I4'erke
(Berlin, J. Springer} 4, p. 281.

FIG. 2-1.

ago. ' It differs from a common type of gyroscope
only in the addition of two springs SS, con-
veniently in the form of rubber bands, and the
arrangement for their attachment. The wheel,
pivoted in a ring, can be rotated rapidly about
its axis A. Except for the action of the springs,
the ring and the axis A are free to move in
altitude about a horizontal axis B, the axis A
making an angle 0 with the vertical C; while
the axis 8, together with the wheel and the
framework supporting it and the springs, can be
rotated about the vertical axis C. If the wheel
is spun rapidly about the axis A, and the instru-
ment then rotated about the vertical C slowly,
' See S.J. Barnett, Science 48, 303 (1918).

p(T, µi,B,!) / exp[(�E + µiQi + µ ·B+ ! · J)/T ]

Vor..VI.
No. 4. MAGNZTIZA TION BF ROTA TION.

state is exactly the same as if the body were at rest and the system were
acted upon by a torque T"=—T' due to an extraneous magnetic Geld
with strength JI equal to the intrinsic magnetic intensity of rotation.
The complete expression for T" is known (and can readily be shown
from first principles) to be

T" = —T' = —~Q sin 0 —jgQ sin 0 cos 0,
where 8 denotes the excess of the moment of inertia of the system about
the axis of its orbital angular velocity co over the moment of inertia
about that diameter of the orbit making with AB the angle 90 —0. If
the orbit is circular

3'8 = mr' ——' mr' =—.2 2Q)

Eliminating 8 and 3f from (5), we get
m f Q7" = —y sin 0 2—0 ( x + —', —cos 0 ~

.
e i co

(6)

(7)

Dividing this expression by —p, sin 0, as in the case of an ordinary mag-
netic field, we get the intrinsic intensity of rotation:

m t, QH = 2 —II i t + —', —cos 8 i .e (8)

The values of 0 experimentally attainable are so small in comparison
with cu that the second term is negligible. If the orbit is not circular
we obtain for II an expression whose 6rst term is identical with that of
(8) and whose second term has the same order of magnitude as that of (8).
If we assume that e/m has the value ordinarily accepted for the negative

electron in slow motion, viz. , —x.7p X Io', and put Q = 2~v, where e
is the angular velocity in revolutions per second, we obtain for the in-
tensity per unit angular velocity

gauss
H/11 = —7,I X Io r.p.s. '

This is on the assumption that the negative electron alone is effective.
According to this, all substances would be acted upon by precisely the
same intensity for the same angular velocity.
If some or all of the positive ions also have orbital motions, propor-

tionality with angular velocity will evidently still exist, but the coefficient
of Q will be reduced in magnitude or even changed in sign, and the in-
tensities acting on different substances may differ for the same value of Q.

I This equation, as stated above, also follows immediately from Maxwell's equation for the
torque when the conditions here assumed are put in.

~ The erst term of this equation has been given previously by Einstein and, de Haas (1. c.),
but is incorrectly derived in their paper, equations for a molar magnet instead of a molecular
magnet being employed. All the terms of their equations reduce to zero unless the body
is originally magnetized.

Second Series. October, rgzg Vol. VI.,¹.y
THE

MAGNETIZATION BY ROTATION. '

BY S. J. BARNETT.

ftI. In I909 it occurred to me, while thinking about the origin of
terrestrial magnetism, that a substance which is magnetic (and there-
fore, according to the ideas of Langevin and others, constituted of atomic
or molecular orbital systems with individual magnetic moments 6xed
in magnitude and differing in this from zero) must become magnetized
by a sort of molecular gyroscopic action on receiving an angular velocity.
Thus consider a cylinder of iron, with zero magnetic moment in its

initial state. If it is given an angular acceleration about its axis, each
individual system, which we may suppose for simplicity to consist of a
number of electrons revolving in fixed orbits with constant average
velocities .about an oppositely charged nucleus, will change its orienta-
tion in such a way as to contribute a minute angular momentum, and
therefore a minute magnetic moment, parallel to the axis of the cylinder.
This increment of angular momentum of each system is in the direction
of the axis of rotation, and the corresponding increment of the magnetic
moment is either in this direction or in the opposite direction according
as the particles in revolution are positive or negative. If the revolving
electrons are all negative, in conformity with most of the experimental
evidence, the cylinder will become magnetized in the direction. in which
it would be magnetized by an electric current flowing around it in a
direction opposite to that of the angular velocity imparted to it. This
corresponds to the direction of magnetization of the earth and the sun.
(2. Preliminary experiments made at the Tulane University of Louisi-

ana at the time this idea occurred to me appeared to show, ' though
doubtf'ully, a very minute e8ect of the sort in question, on the assumption
that the revolving electrons are negative, in the case of a steel rod about

I Revision of papers read before the Ohio Academy of Sciences, November, x9I4, and the
American Physical Society, November, x9I3, December, x9I4, and April, x9xS.

2 S. J. Barnett, Science, 30, I909, p. 4I3.
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FIG. 1. (Color online) Experimental apparatus for observation of Barnett effect. (a) Capsule (left) and Gd sample (right). (b) Schematic
of setup. The positive directions of magnetization, stray field detected by the sensor, and rotation are defined as indicated by arrows.
(c) Temperature dependence of inverse magnetic susceptibility. The rotational experiments were performed in paramagnetic states between
297 and 305 K.

III. RESULTS AND DISCUSSIONS

To characterize the sample for the present measurements,
we measured the temperature dependence of the magnetic
susceptibility χ for the same polycrystalline Gd metal
sample measuring 1.2 × 1.3 × 3.5 mm3 using a commer-
cial magnetometer (MPMS, Quantum Design). Figure 1(c)
shows the temperature dependence of its inverse magnetic
susceptibility in an external field of 1 mT. At experimental
temperatures, 1/χ shows linear temperature dependence,
following the Curie-Weiss law. Effective magnetic moment
was estimated from the slope of 1/χ to be 8.5 µB which is good
agreement with the theoretical value 2[J (J + 1)]1/2 µB for
J = 7/2(S = 7/2, L = 0).

Figure 2 shows the rotational frequency dependence of the
magnetization of the Gd sample at 300 ± 0.5 K and that of
a blank capsule. Each data point was averaged over three
measurements, the error bar in the standard deviation 1σ
includes the fluctuation in rotational frequency. We estimate
the magnetization of the rotating sample M# from the stray
field $Hstray [20,21] measured by the fluxgate magnetic sensor
using a dipole model as follows:

M# = −4πµ0(R2 + L2/4)3/2$Hstray/V, (2)

where µ0 is the magnetic constant, R = 15 mm is the sensor-
sample distance, L = 20 mm is the sample length, and V is
the sample volume [22]. We found that the magnetization
was proportional to the rotational frequency and its polarity
changed with the rotation direction. For the blank capsule,
no rotation frequency and direction dependence were ob-
served. Thus, the magnetization arose from the rotating Gd
sample.

In Fig. 3(a) we plot the temperature dependence of the
Gd sample’s magnetization or different rotational frequencies
(#/2π = ±0.5, ±1.0, and ±1.5 kHz). Each data point was
averaged over three measurements, with the vertical error
bar being the same as in Fig. 2 and the horizontal error
bar indicating the fluctuation in sample temperature during

measurement. All data curves for fixed rotational frequencies
show systematic temperature dependence. The magnetization
decreases with increasing temperature. In Fig. 3(b) we plot
the values of magnetization divided by susceptibility M#/χ
as a function of temperature. The values of M#/χ are
constant against temperature, indicating that the temperature
dependence of the observed magnetization arises from the
material’s susceptibility. This result implies the existence of
an emergent magnetic field B# due to rotation because in
paramagnetic states, the magnetization is proportional to the
magnetic field as follows:

M# = χB#. (3)

FIG. 2. (Color online) Rotational frequency dependence of mag-
netization observed at 300 ± 0.5 K for Gd sample (orange solid
circles) and blank capsule (black open circles). Each data point is
averaged over three measurements with the error bar in the standard
deviation 1σ , including the fluctuation in rotational frequency. The
insets indicate the rotational directions of the capsule (black arrows)
and magnetization (red arrows).
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We report the observation of the Barnett effect in paramagnetic states by mechanically rotating gadolinium
(Gd) metal with a rotational frequency of up to 1.5 kHz above the Curie temperature. An in situ magnetic
measurement setup comprising a high-speed rotational system and a fluxgate magnetic sensor was developed
for the measurement. Temperature dependence of the observed magnetization follows that of paramagnetic
susceptibility, indicating that any emergent magnetic field is proportional to the rotational frequency and is
independent of temperature. From the proportionality constant of the emergent field, the gyromagnetic ratio of
Gd is calculated to be −29 ± 5 GHz/T. This study revisits the primordial issue of magnetism with modern
technologies to shed new light on the fundamental spin-rotation coupling.
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I. INTRODUCTION

The Barnett effect is a phenomenon that a rotating
object is magnetized. The effect was discovered in 1915
[1,2] and is categorized together with the Einstein−de
Haas effect [3–8] as a gyromagnetic effect for which the
relationship between rotation and magnetism such as gy-
romagnetic ratio has been investigated [9–13]. The Barnett
effect can be described by introducing an emergent magnetic
field [14]

B! = !/γ , (1)

where ! is the angular frequency of rotation and γ is the
gyromagnetic ratio of the sample. In recent times we studied
effects of the emergent field, the so-called Barnett field,
on nuclear spins such as line shift [15,16] and line split
[17] in nuclear magnetic resonance. Furthermore, spin-current
generation in liquid metals is observed, where the Barnett field
is induced by local rotational motion of fluid [18].

Despite its own generality, no experiments on the Bar-
nett effect have been conducted in paramagnetic states.
The main reason lies in its measurement method, i.e.,
to observe the Barnett effect in paramagnetic materials
with zero coercivity and small susceptibility, in situ ob-
servation under rapid rotation is required, which has been
the major obstacle to explore the effect in paramagnetic
states.

In this study we observe the Barnett effect in paramagnetic
Gd metal. To this end, we developed an in situ magnetic
measurement setup comprising a high-speed rotational system
and a fluxgate magnetic sensor, both of which were unavailable
in previous studies [1,2]. The sample used in the present
study shows ferromagnetic transition at a Curie temperature

*ono.masao@jaea.go.jp

Tc of 292.5 ± 0.5 K [19]. The Curie constant is large because
of Gd’s 4f local moment with J = 7/2 (S = 7/2, L = 0).
Therefore, magnetic susceptibility χ around room temperature
is high, which allows us to measure small stray fields from the
magnetized Gd sample due to rotation, even in paramagnetic
states.

II. EXPERIMENTAL DETAILS

The apparatus used in the present study mainly comprises
a high-speed rotational system and a magnetic field sensor
equipped outside the rotor to monitor any stray field created
by the magnetization of a rotating sample [Fig. 1(b)]. We
used a commercial high-speed rotational system (produced by
JEOL) that can generate rotation frequencies of up to 8 kHz,
almost 100 times higher than that in the previous study [1,2].
The rotational system is driven by airflow to avoid the severe
electromagnetic background noise caused by an electric-driven
system. A polycrystalline Gd sample formed in a cylindrical
shape with a size of ϕ6 × 20 mm3 was installed in a nonmag-
netic rotor comprising a ZrO2 capsule and an impeller made
of a polyimide resin, as shown in Fig. 1(a). Fluctuation in the
rotation frequency was ±30 Hz. The rotation direction could
be switched by changing the direction of airflow. For magnetic
field measurement, we used a fluxgate magnetic sensor (Stefan
Mayer Instruments) with a high sensitivity of 0.1 nT. The
magnetic field fluctuation in the shield is suppressed to within
±0.1 nT. The directions of rotation, magnetization, and sensor
polarity are defined in Fig. 1(b). The rotation experiments were
performed at temperatures of 297–305 K. During rotation,
the sample temperature increases to a value greater than
the room temperature because of friction between the rotor
and air. Therefore, we measure the sample temperature by
attaching a thermocouple to the capsule just after stopping
the rotation. The deviation in the sample temperature is
± 0.1 K.
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FIG. 1. (Color online) Experimental apparatus for observation of Barnett effect. (a) Capsule (left) and Gd sample (right). (b) Schematic
of setup. The positive directions of magnetization, stray field detected by the sensor, and rotation are defined as indicated by arrows.
(c) Temperature dependence of inverse magnetic susceptibility. The rotational experiments were performed in paramagnetic states between
297 and 305 K.

III. RESULTS AND DISCUSSIONS

To characterize the sample for the present measurements,
we measured the temperature dependence of the magnetic
susceptibility χ for the same polycrystalline Gd metal
sample measuring 1.2 × 1.3 × 3.5 mm3 using a commer-
cial magnetometer (MPMS, Quantum Design). Figure 1(c)
shows the temperature dependence of its inverse magnetic
susceptibility in an external field of 1 mT. At experimental
temperatures, 1/χ shows linear temperature dependence,
following the Curie-Weiss law. Effective magnetic moment
was estimated from the slope of 1/χ to be 8.5 µB which is good
agreement with the theoretical value 2[J (J + 1)]1/2 µB for
J = 7/2(S = 7/2, L = 0).

Figure 2 shows the rotational frequency dependence of the
magnetization of the Gd sample at 300 ± 0.5 K and that of
a blank capsule. Each data point was averaged over three
measurements, the error bar in the standard deviation 1σ
includes the fluctuation in rotational frequency. We estimate
the magnetization of the rotating sample M# from the stray
field $Hstray [20,21] measured by the fluxgate magnetic sensor
using a dipole model as follows:

M# = −4πµ0(R2 + L2/4)3/2$Hstray/V, (2)

where µ0 is the magnetic constant, R = 15 mm is the sensor-
sample distance, L = 20 mm is the sample length, and V is
the sample volume [22]. We found that the magnetization
was proportional to the rotational frequency and its polarity
changed with the rotation direction. For the blank capsule,
no rotation frequency and direction dependence were ob-
served. Thus, the magnetization arose from the rotating Gd
sample.

In Fig. 3(a) we plot the temperature dependence of the
Gd sample’s magnetization or different rotational frequencies
(#/2π = ±0.5, ±1.0, and ±1.5 kHz). Each data point was
averaged over three measurements, with the vertical error
bar being the same as in Fig. 2 and the horizontal error
bar indicating the fluctuation in sample temperature during

measurement. All data curves for fixed rotational frequencies
show systematic temperature dependence. The magnetization
decreases with increasing temperature. In Fig. 3(b) we plot
the values of magnetization divided by susceptibility M#/χ
as a function of temperature. The values of M#/χ are
constant against temperature, indicating that the temperature
dependence of the observed magnetization arises from the
material’s susceptibility. This result implies the existence of
an emergent magnetic field B# due to rotation because in
paramagnetic states, the magnetization is proportional to the
magnetic field as follows:

M# = χB#. (3)

FIG. 2. (Color online) Rotational frequency dependence of mag-
netization observed at 300 ± 0.5 K for Gd sample (orange solid
circles) and blank capsule (black open circles). Each data point is
averaged over three measurements with the error bar in the standard
deviation 1σ , including the fluctuation in rotational frequency. The
insets indicate the rotational directions of the capsule (black arrows)
and magnetization (red arrows).
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sample distance, L = 20 mm is the sample length, and V is
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was proportional to the rotational frequency and its polarity
changed with the rotation direction. For the blank capsule,
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bar being the same as in Fig. 2 and the horizontal error
bar indicating the fluctuation in sample temperature during

measurement. All data curves for fixed rotational frequencies
show systematic temperature dependence. The magnetization
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constant against temperature, indicating that the temperature
dependence of the observed magnetization arises from the
material’s susceptibility. This result implies the existence of
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and magnetization (red arrows).
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FIG. 3. (Color online) Temperature dependence of (a) magnetization M! and (b) M!/χ for rotational frequency of !/2π = ±0.5 (red
open circles), ±1.0 (green open diamonds), and ±1.5 kHz (blue crosses). Each data point is averaged over three measurements with the error
bar in the standard deviation 1σ , including the fluctuation in rotational frequency. The sample temperature fluctuation during the measurements
is within ± 0.1 K, as indicated by the horizontal error bars. The dotted curves serve as visual guides.

Figure 4 summarizes the values of M!/χ as a function
of rotational frequency. All data follow the linear dependence
of rotation frequency within the experimental accuracy. The
dotted line in the graph is the linear fit of all experi-
mental results. According to Eqs. (1) and (3), the inverse
of the line’s slope gives the gyromagnetic ratio γ /2π =
−29 ± 5 GHz/T. This value is comparable to γe/2π =
−28 GHz/T for an electron in a vacuum or Gd compounds
[23–26].

More precise values can be obtained by improving the
present apparatus. It is worthwhile to revisit the investigation of
the difference in g factors measured by spectroscopic and gy-
romagnetic methods [10–12] using current technologies. This
mechanical method can be applied to estimate gyromagnetic

FIG. 4. (Color online) Rotational frequency dependence of
M!/χ . The dotted line is the linear fit of all experimental results
in the temperature range of 297–305 K. The inverse of the slope of
this fitting line is −29 ± 5 GHz/T.

ratio in a variety of paramagnetic materials. These studies are
worth pursuing in the future.

Furthermore, because of recent progress in spintronics,
increasing attention has been paid to the interconversion of
angular momentum between spin and rotational motion by
relying on the Barnett field concept [27–29]. The present study
provides evidence of the Barnett field in paramagnetic states
and paves the way for “spin mechatronics,” in which spin and
mechanical rotation are harmonized.

IV. CONCLUSIONS

We have observed the Barnett effect in paramagnetic
states using Gd metal by developing an apparatus for in situ
magnetization measurements of a rapidly rotating sample.
The temperature and rotation frequency dependence of the
observed magnetization were identified with paramagnetic
susceptibility and the Barnett field emerging in the Gd
sample, respectively. The Barnett field analysis shows the
gyromagnetic ratio of Gd as −29 ± 5 GHz/T.
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The most direct analogy to the HI case.

http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf
http://file://localhost/users/voloshin/desktop/untitled.xcf


ICPPA-2, Moscow, October 10-14, 2016 page S.A. Voloshin

SUMMARY

27

Vorticity: an important piece in the picture of heavy ion collisions
- Likely determines the directed flow; might also have a significant contribution 
to elliptic flow)
- Leads to global polarization, which can be used for a direct measurements of 
vorticity fields

- The (preliminary) global polarization measurements indicate thermal vorticity 
values of  the order of a percent
- The split between lambda and lambda-bar polarization is likely due to the 
strong magnetic fields of the order of 

Very reach and extremely interesting physics. We need statistics!

eB ⇠ 10�3 m2
⇡
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