MCCINEOOBAHUE KINNACTEPHOMW
CTPYKTYPbl ATOMHbIX A0EP U EE
NMPOABNEHNU B AOEPHbIX @
PEAKLIMSIX MEPhI

baxuH AHTOH CepreeBuy

1.3.15 ®un3nka atTomHbIX A4ep U 3NeMEHTAPHbIX

4yacTuu, GU3MKa BbICOKMX SHEPTUN

Kadenpa N2 40 «Pnsmnka anemeHTapHbIX 4acTUL»

Hay4Hbin pykoBoguTtenbs: a.do-M.H. ['ypos KOpuin bopucosuy

KoHCynbTaHT: 0.d-m.H CamapuH Bavyecnas Bnagummposuny

2025, MockBa



Oo6wmun nnaH paboThbl

Pa3paboTka MeTo0B ANS M3YyYeHUst CTPYKTYPbl KNacTePHbIX aaep: meTtod dyHKumn MocTa,
metoq PerHMaHa rno TpaekTopusm, MeTos runepchepnyecknx PyHKUnn.

3y4eHne CTpyKTypbl anbda-KrnacTepHbiX S4ep Ha OCHOBE UX 3KCMepUMeEHTarnbHbIX JaHHbIX.
[MpoBegeHo uccnenosaHue aaep 9Be, 6Li, 12C, 180 n 160.

Aicnonb3oBaHWe MonyyYeHHbIX NPOCTPAHCTBEHHbLIX CTPYKTYP B pacyeTax s4epHbIX peakuumn ¢

nomoLlbto metoaa DWBA.



In the recent time there was rising interest
in the study of neutron-rich and exotic
weakbound nuclei — exotic cluster
structures (see, for example, [1]).

[1] W. von Oertzen, M. Freer, Y. Kanada-
En’'yo, Physics Reports 432 (2006) 43

Core + valence neutron structures can be
identified near the alpha-cluster decay
threshold. Also, cluster states and structures
can be seen in the collisions reactions near
the Coulomb barrier, for example, in

‘Be, 12C, 16.18Q, 24Mg nuclei.
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Hyperspherical functions method for three body problem

Jacobi’s vectors

| . _ [M
R=r-n, X= 2
fn3 moxo
4
0
@ _\
m, R

m1m2 _ m3 (ml +m2)

M =

m1+m2 m1+m2 +m3 (2)

Xo=1fm, my=1a.um.
7 Hyperspherical coordinates
X=pcosa, y=psina

Replacing wave function for the ground
state v, by a series of hyperspherical
funcnons

v, (. 6.p) ZXK 6) (3)
[.=0,24,. n—0,1,2 . K=2[+2n;
Functions XK(p) are found from system of

=12,n,,.=12

S/Zq)ll

KOO(

hyperradial equations /.
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d
d—plefi(P)+

=2b, > Ugi (p).
K

2B~ (K +3/2)(K +5/2)
p

1 (p)=
(4)

Coefficient m, of the cubic spline
equals to the second derivative

dp’

k(P =m, (5)

of hyperradial wave functions F = Xi,( (p,-) (6)
The system of equations for the cubic
spline Am = HF (7)

Matrices A and H can be found in

[Marchuk 6.I. Methods of Numerical Mathematics. -Springer NY, 1982]

BF = \F,
B=-A"HF+WF, A= ;—fE

The problem is reduced to the problem
of eigenvalues and eigenvectors of
matrix B

[xnbytn PU., lunTtukosa K.B. MeTopg runepcgepmnyecknx gyHKLMA B aTOMHON 1 gaepHon gmamke. 1993 r]
[V.V. Samarin. Study of spatial structures in a-cluster nuclei, Eur. Phys. J. A (2022) 58,117 .]

(8)



Cubic spline interpolation allows to get smooth function
between grid points

0,4 - — _
1% =0 n=0| | The values of hyperradial
- = x%=0n=1| | wave fucntions in grid
0,3 - %%, I=2n=0| | points are found from
x% 1=2 n=1| | eigenvectors.
021
=
0.1 Smooth interpolation
0,0 pmm—0me==07 | . - - o

The example of spline interpolation of hyperradial wave functions xf; n=01;L.=1=
0,2; h=1fm, p=1[0,20 fm])



Interaction potential of alpha- par"rlcles  TVeu(n)=rs(r )+V(C)( )

()m ol ()[31
2WS

All—Bodmer' (AB) ol

100 g

The potential of strong interaction v, is
based on data of alpha-alpha scattering, B0
known as Ali-Bodmer (AB) potential [1] '

v (r)=v, exp(—rz/af)—v2 exp(—rz/azz) (1)
Coulomb interaction V) () obtained

from [1,2]. |
Vof_ci (r,ac,bc):ac -erf(bcr)/r (2)
0 2 4 6 8 10 0 . é I 4I1 I (I?» I é I 10

Potential with two Woods-Saxon's functions r, u . . r, o
(2WS) has more parameters. It is important when Alpha-alpha scattering potentials AB (left) and 2WS

describing experimental data [3] (right) are almost the same.
VOEN;( )_ oclf(r Bocl’a )+Uoc2f(r Boc2’ ) (3)
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It is known that potential AB doesn't fit for describing

Wood-Saxon’s type function f(r.B.a) bound energy of alpha-cluster nuclei, for example 2C.
Y Because of that, potential 2WS was used for describing
f(r,B,a)z[lJrexp( ] } (4) interaction of alpha-clusters.
a

[1] S. Ali, A.R. Bodmer, Nucl. Phys. 80, 99 (1966).
[2] H. Suno, Y. Suzuki, P. Descouvemont, Phys. Rev. C 91, 014004 (2015).
[3] V.V. Samarin, Study of spatial structures in a-cluster nuclei, Eur. Phys. J. A, 58, 117 (2022).



Selection of parameters of o—a interaction potential for making an
agreement with experimental properties of

alpha-cluster nucleus 2C (3a)

1. To get an agreement with experimental data /

parameters of potential 2WS of 12C were modified.
Obtained charge distribution and separation energy into
3a-particles of 12C are close to the experimental one.

2. After o-particle separation in 2C, unbound hycleus
8Be is formed. Because of that, the ground state
energy was obtained £,=-7.272 MeV that is close to
experimental value of a-particle separation of 12C

E=7.366 MeV [1] (E~E.).

3. Calculated root-mean-square (rms) charge radii is
also close to the experimental one

(s =274 fm, (XY =2.47 fm.

theor

The difference occurs because of the errors in calculation the charge
distribution at the region of large radii, where the charge density is low.
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Interaction potentials V, ,

Potential 2WS has more soft
repulsive core unlike AB potential.

Charge distribution of 12C.
Experimental data

0,051

The agreement with
experimental charge distribution
was obtained using 2WS
potential unlike AB potential.

[1] Nuclear Reaction Video. Low Energy Nuclear Knowledge Base. http://nrv.jinr.ru
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The probability density

for the ground state of 3| ol o=mnn2
alpha-cluster nucleues | |

, M

12C  (logarithmic scale)

Positions of alpha-clusters, radii of
alpha-clusters was chosen as rms radii
of 4He - 1.67 fm.

Triangular

In different positions of Jacobi's
vectors r,~2.3 dm
3 2
&) 5,
i, " AP

The softening of the repulsive core
leads to overlapping of pure alpha-
cluster structure.

Charge distribution and rms radii ("¢ e
calculated as average for all positions of

vectors R and 7.

r, &

Less probable configurations

configuration

The most probable configuration is
triangular, when alpha-clusters are
located at the vertices of
equilateral triangle with length of

sides ~2.6 fm.

Linear
configuration
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Selection of parameters of o—a interaction potential for making an

agreement with experimental properties of

alpha-cluster nucleus °Li (o-n-p)

The parameters of the SX variant [1] of
the A-T-potential

The nuclear part of the nucleon-nucleon interaction may be B} - -
described by the effective pairwise central soft-core Afnan- POEV) | VAMEV) | WOEV) | B | Bt | Bim )
Tang (A-T) potential [7] for a triplet state () and for a singlet ¢ 5001 -102 0 -2 1 1141 1 0.625 1 0.141
s) state 3 _ _
(s) V(1) = 3 exp(—per) s | 500 | 102 | 2 | 415 | 0625 0.141
i=1 1 u, B a

We using effective nucleon-nucleon pseudopotentials v, and V,_ in calculations MeV) | (fm) | (fm)
[1]. The pseudopotentials do not take into account the data on phase shifts, but 1 | 648 | 195 | 025
their forms are similar to a-a and nucleon-nucleon potentials. The parameters of
the pseudopotentials were determined from the condition of equality of the > | 558 | 122 | 03
calculated and experimental values of the ground state energies for systems a-
cluster + nucleons. 3 | 119 | 09 | 05

Vofivj\)f(r):_ulf(raBlaal)+u2f(r9B29a2)_u3f(r9B3aa3)f(raB4aa4)a y . :

r—B |

f(r,B,m{Hexp( ﬂ =V, Ve (=P () VO ()
a




ol . 4 2,4 0
The probability density for o _decay HerH | e
the ground state of alpha- @ : s
cluster nucleues °Li g3
The ground state J=1: y g.s. (a+>‘ 2 0001006
Esep =3.725 MeV (to 3 paticles a, p and n). P 1 d-cluster) 1 0004008
The calculated energy of the ground state with the O XED 0 0,008000

triplet state of (p+n) subsystem is -3.7 MeV.

2E-6
2,948E-6
4,344E-6
6,402E-6
9,435E-6
1,391E-5
2,049E-5
3,02E-5
4,451E-5
6,56E-5
9,668E-5
1,425E-4
2,1E-4

The excited state J=0: decay ‘He+p+n ” '
with E,,.=3.563 MeV, E,, =0.162 MeV (to 3 paticles q, R ’

p and n) may be presented as the ground state with
the singlet state of (p+n) subsystem, calculated
energy is -0.3 MeV.

y (fm)

. \D)
Opi, fm—

0l otsinglet
i (p+n)-clustey,

Electric charge distribution
density (in units of

elementary charge) for the |
ground state of the 6Li A
nucleus. :

0. 27 4 6
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Core-nucleon potential in 170, 180

The two-body Schrodinger equation was
also solver by spline-interpolation
method. The calculated energy
separation for 70 is -4.01 MeV and the
experimental value is 4.14 MeV. This
potential gives the correct energy.

o - decay -6358.67
B - decay -2760.43

1 7 B* - decay -9700.87
e-capture -3673.87
O 1p - decay -13781.67
2p - decay -25259.91

in - decay -4143.06

The similar potential was used to
calculate the separation energy of 20.

U, MeV

U, MeV

10

-10

10



Nucleon—nucleon potentials for description of 180

Below we use the nucleon-nucleon potentials SX and a-nucleon pseudopotential to
calculate of the ground state energies for system 180 (core+n+n).

U, MeV

Core-nucleon
pseudopotential

10

Uyws> MaB

400

300

100

-100

nucleon-nucle
potential

on

10



Wave function of the ground state of the 80
nuclei in the core+neutrons model is
calculated hyperspherical functions [1,2].
For 180 the energy of separation is E, = -
12.38 MeV and the experimental value is
12.188 MeV.

1. V.V. Samarin, Eur. Phys. J. A, 88, 117 (2022).
2. A.S. Bazhin, V.V. Samarin, Bull. Russ. Acad. Sci: Phys, 88, 1177 (2024).
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Feynman’s path integrals (FPI) method

Feynman'’s approach [1] is not based on the Schodinger equation, and the Lagrange
method is used instead of Hamiltonian one [2]. The main object in the Feynman
formulation is a propagator K(q,t;q,,t;), which enables to express a wave function y(q,?)
in terms of it’s initial value w(qy; {,) at the time t = {,. Here q can stand for any dynamic
variables describing our system at time £, and q, is the same variables at time .

V(g:1) = [ K(q:5:40:1,)0(q0:1,)dg, :
The propagator K(q,t,q,,t;) may be represented in the forms:

K(q,t:q0:1) = [ K(q.5:9" 1)K (q":1"3q,,1,)dq"
t
K(q,t;9,,t)) = I---jK(Qat;qN—latN—l)K(%v—latN—15%v-zatzv—z)--O-

- K(q,,1,39,,6)K(q,, 1394, 1,)dqy_dqy._, ... dg,

1. R.P. Feynman, A.R.Hibbs, Quantum Mechanics and Path
Integrals (McGraw-Hill, New York, 1965).

2. D. |. Blokhintsev, Quantum Mechanics (Springer, 1964);
QUANTUM MECHANICS (Chapter 25),
https://vixra.org/pdf/2207.0018v1.pdf

O.U. bnoxmnHues, OcHoBbI KBaHTOBOW MexaHukn. M.: Hayka,
1983.

o

Particle trajectories which are subject for integration over in the
Markov chain. The time interval ({,; t) is broken down into seven
subintervals, q the particle coordinate.



The propagator in Feynman’s path integrals method has properties:

The propagator K for an infinitesimal time interval At = t,,— t, is taken as

2\ At 2mihAt
The propagator K for the total time interval (f,; t) is:

. 2
K(x,t;x,,t,) = ]lvlilgo_[ ..ICXp {%{%(%) — V(xk)}At} CN/deldxz codxy
At—0

; _ 2 12
K(karkﬂ;xk,rk)=Cexp{i{ﬁ(uj —V(x»}m}, c:( " j L K =8(x, —x,), At >0.

The propagator K(x, t; x,; t,) is a matrix element of the evolution operator

K(q,t;9y,t,) =(q| U(tato) 14,7 =4(q| eXp[_%ﬁ(t_to)} 1 90)

K(q,:q,0) = [(n| q)| exp {—%Ent} =>"|w,(q)] exp {—%Enf}

n

v, (q)| dg exp{—%Ent} = Zexp{—%b}t}

TK(q,t;q,O)dq = ZT



Feynman’s path integrals method in imaginary time ¢ = —it [1]

] 1 |
K(q,—l"[;q,O) = KE (q,T;q, ’ GXPI:—LE,[ (_ZT):| = ’ CXp |:—%En'f:| ~ |\|IO (q)|2 exp|:_%E0T:|> T—>®

n

(1)
IK (g,7:9,0)dg = Z“\V (q)‘ dqexp{——E ’C:l Zexp[—— }~exp{—%Eor}, T —> 0

n —xo

The formula (1) is used to obtain the ground state energy E, as the slope of the linear part of the
graph of In K¢ as a function of 1. The squared modulus of the ground state wave function |@,(q)|?
in the points g of the finite region corresponding to finite motion can be determined based on
expression (1) at r values in the linear part of the graph of dependence In K.(q,T1;9,0) on T.

anE (qaraqao) ~ ln|\PO(q)|2 _EO T/h’ T—= 0,

B ) 1/2

At—0

The values of the propagator (2) in Jacobi coordinates were calculated using algorithm proposed
in [2, 3] based on the Monte—Carlo method and parallel calculations [4] using NVIDIA CUDA
technology [5, 6] were performed mainly on the Heterogeneous Cluster of the Joint Institute for
Nuclear Research [7]. Also, the calculations can be performed on CPU using parallel libraries (for
example, OpenMP, IntelTBB).

1. E.V. Shuryak, O.V. Zhirov, Nucl. Phys. B 242, 393 (1984); 3. B. Wypsk, YOH 143, 309 (1984).

2. V.V. Samarin, M.A. Naumenko, Phys. Atom. Nucl. 80, 877 (2017).

3. V.V. Samarin, Study of spatial structures in a-cluster nuclei, Eur. Phys. J. A, 58, 117 (2022).

4. M.A. Naumenko, V.V. Samarin, Supercomp. Front. Innov. 3, 80 (2016)
5. NVIDIA CUDA, http://developer.nvidia.com/cuda-zone/

6. J. Sanders, E. Kandrot, CUDA by Example: An Introduction to General-Purpose GPU Programming
(Addison-Wesley, New York, 2011)

7. Heterogeneous Cluster, Joint Institute for Nuclear Research, http:// hybrilit.jinr.ru/



http://developer.nvidia.com/cuda-zone/

The capabilities of the FPI method is tested for exactly solvable oscillatory models
with A=4

504 E

an p— —_ — . .
U=15 £, . 6 Jacobi coordinates: N=4

At=0.005 N=7*10"

s, At=0.005 N=7*10"

S At=0.01 N=7*10’
-100 S acobi coordinates for 4 - body system
024680 RRf R (3 4R) - (T4F) 3
' o n

The slope of resulting straight lines equals

the energy of the ground state o
m =1, i=1..N; U==Uj+> —r,

2
In K, (q,r;q,O) & ln|\P0(q)| - E,t, T o0, = 2
(h _ 1) Exact E, vaIL3Je:
E,=-U, +hcoE(N—1)\/N, w=1, h=1.
FPI Monte-Carlo calculations To demonstrate the capabilities of this
with statistics n=107. method, we use it for harmonic oscillatory

systems (exactly solvable) with exact
expressions for the ground state energy.
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The capabilities of the FPI method is tested for exactly solvable oscillatory models

with A=4

2
InK = — : :
504 E U=15 kg 6 Jacobi coordinates: N=4

At=0.005 N=7*10"

s, At=0.005 N=7*10" 1

-0 At=0.01 N=7*10’

S

] ==~ n
oy
-100+ U, =0 E=9 e Jacobi coordinates for 4 - body system
' ' ' T - L T T B,
0 2 4 6 1'8 10 R =F-F,R =V -F r:E(r +7,)-=(F+5) . 3

The slope of resulting straight lines equals
the energy of the ground state o
m =1, i=1..N; U==Uj+> —r,

In K, (g,74,0) =~ n|¥ (q) —E,t, 1 o, 2.5
(h — 1) Exact E, value:

E, :—U0+hco%(N—1)\/N, w=1, h=1.

One can see that the FPI method yields

the exact values of the ground state energy N, Uy Bt vl By | Cllemlbied! vl
with small uncertainties, which makes it N=4 Uy=15
possible to use this method in calculations N=4U,=0
of the ground state energies for nuclear N-

body systems with N > 3.

-6 —5.98+0.02
9 8.98+0.02
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Calculation the energy of separation from 160 to 4-alpha

Calculation of K- was performed using
CUDA (float) with in-build generator of
random numbers, the number of
simulations is 107 .

Potential alpha-alpha

VOEFO)L(}’) == oclf(r;Balﬂaal)'l'

+Uoc2f(r; Ba2 ” aoc2)
1

f(r;B.a)= —
1+exp(r J

a

with parameters

U, = 39.8, B, = 1.93, a, = 0.8;
U, =40.0, B, = 1.7, a, = 0.25;

Y Axis Title

= B
. _A -357,25771 6,25336 Linear Fit of EVC
B 1417447 0,11213

600 =

00
400
(1444)
200

4I0 4I5 slu l sls l 6I0 l 65 ?Iu
X Axis Title

Y Axis Title

1 1 1 1
4 6 8 10
X Axis Title



Probability density for ground state of 16O (4a) in a-cluster model
using Feynman’s path integrals

20, /> MeV This region is important for
15] _ o potential the description of the one and .
10! a-ap two alpha-cluster transfer The results was obtained froE few aIpha aEI ha potentials.
5 reactions and resonances. 0=90° K, (¢,1:4.0)= ZI‘P (@) eXp == |+ _[ ¥, (@)f eXp(—— g(E)dE
o\ " o Mgy
-10 kn; °
0 2 4 6 & 10 12 @ g | ; 2 . I\PO(R 2y
r, fm .
tetrahedron 0

160

X L -
square
|
5® ot < resion
, i oo This region is
319 = 6=15" important for
rectangle the description of
the alpha-
rotation of R cluster transfer
2 .
parallel shift of R, reactions.
6=0°
o £
a+”C o
tetrahedron . G_%’/@
X Jacobi
v . coordinates : f &k m
— (Ry, 1, R,) e
Logarithmic square .

scale Calculation of charge density for 160 is in process.



Meton dyHkumin Mocta

Im £
MeTtoa doyHkumnm Nlocta ocHOBLIBaETCS Ha rnepexone

oT AndodepeHumnanbHOro ypaBHEHUA BTOPOro K ABYM t
andppepeHunarnbHbIM ypaBHEHUAM MepPBOro Nopsiaka, .
C NMOMOLLLIO cdreprnyecknx QyHKLNN
Beccensa/Henmana Re k&

[.:F . EE+1)

— + k" — ——— (e (E.r) = Vir)ge(E, r)
dr= r-

Wi E, r) = r-:j_.“[m-al

LL-'E:“”“[E. r} = fag“[kra

(+) _

: hy™ (kr) 3 . - HadanbHble ycrnosugd, anga peleHnsa cuctembl
(in) ¢ (—) (in) (+) (out) .

o by = T Vir) hhf (kr)Fy " +hy (kr)Fy | andpdepeHumanbHbIX ypaBHEHUN

- 1
(—) (in) {out)
hy " (kr) e - - FiV(E, 0)= FOYE, 0) = -
9, F,"" = —EM V(r) | hy 'kr)F™ + b (k) FLO™ ¢ ¢ 2
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3akn4veHue

MpoBeneHbl pacyéTbl cTPYkTYpbl gaep '2C, 5Li, 180 n 0. NMonyyeHHble pac4EéTbl cornacyoTcs ¢
aKCnepuMeHTarnbHbIMU 3HAYEHNAMU (SHEPTNSt OCHOBHOIO COCTOSIHUS, 3apsiioBbLIA paauyc, 3apsiaoBoe

pacripeaerieHme)

PaspaboTaHbl nporpammMbl Ha C++ ans metonos: yHkumi Mocta n deitHmana no TpaekTopusim.
[aHHble MeToabl ByayT NMCNONb30BaTbLCS B AarbHENLLIEM NU3YYEHUN CTPYKTYPbI S4ep, Kak CBA3aHHbIX

COCTOSIHUWN, TaK U BO3DY>XOEHHbIX COCTOAHUN.



Cnacnb6o 3a BHUMmaHue!
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