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In . 

Based on the effective Klein–Fock–Gordon equation, a description is given of the emission of cumulative

protons, pions, and fragments (p, π, K, d, t) in heavy-ion collisions at energies of the U-70 accelerator

(IHEP, Protvino), КI (Moscow), and the BM@N collaboration (JINR, Dubna). The advantage of this

approach in describing the experimental data of IHEP and KI for the emission of protons, pions, kaons, and

fragments of H, 2H, 3H, 3He, 4He, 6Li, 7Li, compared to other theoretical models, is shown.

An explanation for the splitting effect in the momentum spectra of protons and light fragments in the (230

MeV/A)56Fe+9Be→f+X reaction in the FRAGM (KI) experiment is provided. This splitting is explained by

the nucleon potential, which depends quadratically on the distance from the particle emission center. The

spectrum splitting disappears with increasing ion collision energy and upon transition to heavier fragments.

When describing the available experimental data, it is essential to identify the resulting hot spot, which is

compatible with the hydrodynamic model of hot jet separation in heavy-ion collisions, and which has

recently been developed in elementary particle physics .

In the BM@N collaboration experiment, double differential distributions of transverse

momentum and rapidity of positively charged pions and kaons have recently been found for

collisions of 40Ar ions with different targets at 3.2 GeV per nucleon [1]. The distributions of

secondary particles in transverse momentum can be described using a Boltzmann distribution

by fitting different temperatures at different rapidities [1]. One can say that the "transverse

temperature" is approximately half the "longitudinal temperature

.



 To take into account dissipation in the process of 

collisions of complex systems, in addition to equations 

(2)-(3), a dissipative function related to the temperature 

of the system should be introduced into these equations

2
2Ψ
Ψ + Ψ

2
i U

t m


  



ρ
ρυ 0

t


 



22 ρρυ
( ρυ)υ = -  ρ ρ

2 ρ

m
m U

t m

 
        

2ρ Φ υ S

Ψ Φexp( / )imS

Уравнения квантовой релятивистской
гидродинамики можно получить из
уравнения Клейна–Фока–Гордона по
аналогии с представлением Маделунга для
временного уравнения Шредингера.
В 2026 г. этим работам исполнилось 100 Лет!.
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EQUATIONS OF QUANTUM RELATIVISTIC HYDRODYNAMICS
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The equations of relativistic hydrodynamics can be related to the effective Klein-

Fock-Gordon equation.

It contains the effective mean field , where is 

the effective density-dependent mean nucleon potential, is the nucleon mass, с 

is the speed of light, is the Planck constant, and also the dissipative term , 

where is the thermal energy density, is the adiabatic index .
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In addition to the Klein-Gordon equation (1) with the dissipative term, or the equations of

hydrodynamics (the continuity equation and the Euler equation), an equation for the thermal

term should be added
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From equation (1) follow the equations of relativistic quantum hydrodynamics, 

containing the Madelung quantum potential
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EQUATIONS OF ANISOTROPIC HYDRODYNAMICS

• The equations of anisotropic hydrodynamics can be obtained on the basis of our quantum 
hydrodynamic approach [2, 3, 4], associated with the Klein-Fock-Gordon equation. The 
nonequilibrium state of a nuclear system is described as a result of solving the kinetic 
equation

• , (1)
• where f(r,p,t) is the sought nucleon distribution function, f0 is the equilibrium distribution 

function, τ is the relaxation time, ν is the parameter in the expansion of the collision term to 
the second order for the deviation of f from f0 . If we seek a solution to equation (1) in the 
form of a function that depends only on time f=f(t), then we find the solution

• , (2)
• where                    is the relaxation factor, f1 is the initial distribution function, and here , 

• which follows from the solution of equation (1) in the form (2). From here, for the single-
particle excitation energy we find

• , (3)
• where                 are the longitudinal and transverse energies, respectively. If we put               , 

then from (3) we can express                       . That is, at t=0          , and at .              Also, the 
Boltzmann temperatures              are related by the relation
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Нot spot from quantum theory

• Переходя от кинетического уравнения к уравнениям гидродинамики и
совершая выкладки с учетом дельта функции, можно получить отрыв струи,
или как в нашем случае отрыв файебола от спектаторов, И рассматривать
участники и файербол, как независимую систему.

• Таким образом, наличие возмущающего члена взаимодействия в
самосогласованном потенциале приводит к необходимости учета hot spot
наряду с вкладом каскадных моделей, вклад которых мал для
высокоэнергетических кумулятивных частиц и плохо описывает имеющиеся
экспериментальные данные.
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HYDRODYNAMIC  MODEL OF FRAGMENTATION

• L.D. Landau drew attention to the propagation of a shock wave as the only possibility of realizing the
first stage of the process of collisions of protons and nuclei with nuclei, and proposed a one-dimensional
solution of the hydrodynamic equations for the subsequent adiabatic stage of expansion of the system
during the collision of high-energy protons. In our hydrodynamic approach, after the passage of a shock
wave with a changing front, a hot spot is formed – a source of high-energy particles. In the

approximation and pressureρ ρ( )t ( )P P t for the Hubble law for 4 velocities 
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Аn approximate analytical solution
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• The variables are separated here , and for the time-dependent          , we obtain a linear 
differential equation of the second order

That is,  for        we find an approximate analytical solution
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and the onset of fragmentation for an expanding fireball – hot spot at 
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This hydrodynamic consideration has an analogy with the expanding early Universe during the 
formation of stars and galaxies [35] (the well-known Jeans instability). 
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i.e. there is no growing solution with increasing time 

This means that for small hot spot radii, the qunntum terms in hydrodynamics lead to stability with respect to 
fragmentation

becomes negative
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NUMERICAL IMPLEMENTATION. COMPARISON WITH EXPERIMENTAL DATA

• In the previous section, an approximate analytical solution for the onset of fragmentation in the
hydrodynamic approach was obtained. In our approach , after the formation of a hot spot and its
subsequent hydrodynamic evolution, fragmentation occurs when the system reaches a critical density ,
determined from the condition .0

ρ

U




In this case, the double differential cross section in the A+B Xf  reaction has the form
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COMPARISON WITH EXPERIMENTAL DATA

• We compared the transverse momentum distributions (5)-(6) with temperature
(4) for pions in the reactions 40Ar + 64Cu → π+ +X (Fig. 1) and 40Ar + 208Pb → π+ +X
(Fig. 2) at an energy of 3.2 GeV per nucleon for incident argon nuclei with the
corresponding experimental data obtained in [1]. Here MeV, in the calculations,
the chemical potential of pions was assumed to be zero, since the number of
pions is not specified. The calculations performed at rapidities y = 1.65, 2.5, 3.1
for two reactions are in agreement with the experimental data [1], which are
shown in the figures as dots.
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• In Figs. 3, 4 the distributions of the transverse momentum of
kaons calculated by formulas (5)-(6) are compared with the
experimental data [1] in the reactions 40Ar + 64Cu → K+ +X (Fig. 3)
and 40Ar+ 208Pb→ K+ +X (Fig. 4) at an energy of 3.2 GeV per
nucleon for incident argon nuclei at rapidities y=1.15, 1.45 and 1.8.
The temperature is MeV, the chemical potential is also small here.
It can be seen that the calculation with an effective temperature
changing with the angle (rapidity) satisfactorily reproduces the
experimental data [1] (points). The calculations for kaons carried
out in [1] using cascade models somewhat overestimate the kaon
yields compared to these experimental data. Although there are
few experimental points.
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Cumulative  (IHEP)

• Figure 5 shows the invariant double differential cross sections for the emission of protons, deuterons
and tritons at an angle of 40º in the reaction 12C+12C f+X at an energy of 19.6 GeV per nucleon for
incident 12C nuclei. The results of calculations using formula (15) (red line – protons, blue line –
deuterons, green line – tritons), dots – experimental data from work [30], obtained at the U-70
accelerator (IHEP). One can see agreement with the experiment in the emission spectra of these
fragments and the presence of scaling – the same slope of these curves. In this case, good agreement
was obtained for tritons, for deuterons there is an agreement closer to the end of the experimental
spectrum. These are the spectra of cumulative fragments, the average temperature in our approach is
150 MeV, as in our previous work [29], devoted to the description of the emission of cumulative
protons, pions, kaons and antiprotons at the U-70 accelerator at the same energy of incident carbon
nuclei.
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



FRAGM(ITEP)

• Fig. 6 shows the double differential cross sections of the yield of 11Be fragments emitted at an angle of
3.5º in the reaction 12C+9Be 11Be+X at an energy of 300 MeV per nucleon for incident carbon nuclei .

• Fig. 7 shows the double differential cross sections of the yield of 12B for the incident carbon nuclei.
• The dots correspond to the experimental data obtained in the FRAGM (ITEP) experiment [24] Our

calculated curves red and blue in these figures correspond to the average 40 MeV temperature, and red
curves were obtained in the calculation taking into account the quantum terms, as in our works, and
blue curves – without taking these terms into account. As can be seen from Figs. 6 and 7, there is
agreement between our calculations and the available experimental data. The calculated curves
obtained in work [24] for cascade models and for quantum molecular dynamics [16] differ significantly
from each other and from these experimental data.



ICPPA-2026 MEPHI 29 October 17



(230 MeV/A)56Fe+9Be→f+ X

• This splitting is explained by the nucleon potential, which depends
quadratically on the distance from the particle emission center. The spectrum
splitting disappears with increasing ion collision energy and upon transition to
heavier fragments
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FRAGMENTATION(BM@N)

• Fig. 8 shows the double differential cross sections of the yield of p,d,t fragments emitted at the rapidity
of y=1.4 in the reaction 40Ar+64Cu ->f(p,d,t)+X at an energy of 3.2 GeV per nucleon for incident argon
nuclei Fig. 9 shows the double differential cross sections of the yield of p,d,t for the incident argon
nuclei in the reaction 40Ar+208Pb ->f(p,d,t)+X at the centrality of 40%.

• The dots correspond to the experimental data obtained in the BM@N (NICA) experiment As can be seen
from Figs. 4 and 5, there is agreement between our calculations and the available experimental data.
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(BM@N)12C+12C(Pb) ->Λ +X

• In the BM@N collaboration experiment , differential distributions of 
the transverse momentum and rapidity of Λ-hyperons were recently 
found in collisions of carbon nuclei on a fixed target with various 
nuclei at energies of 4.0 and 4.5 GeV per nucleon, which we can 
successfully describe in our approach, along with pions and kaons for 
collisions of 40Ar ions with various nuclei at an energy of 3.2 GeV per 
nucleon from [6].
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ABOUT HUBBLE'S LAW AND POLARIZATION

• Equations admit a simple solution - Hubble's law with the Hubble constant
• or .
• For in the work [Baznat, Teryaev and Zinchenko] the results were obtained by

the PHSD model for the collision of Au+Au nuclei at the energy of . For the impact
parameter b=7fm it turned out that H=0.05 fm-1at t=16 fm/c and H=0.04 fm-1at t=19fm/c.
This agrees with the experimental data of STAR (RHIC).

• That is, the Hubble law is approximately satisfied for peripheral collisions. It turns out
better when choosing t0 =-4 fm/c. Such a choice of t0 means, in our opinion, that the
agreement with the Hubble law and hydrodynamics is achieved at earlier times than in the
PHSD model, i.e. when a hot spot is formed after the initial shock-wave compression. In
this case, for everything to converge correctly, for example for the speed of light, the
Hubble constant should be equal to 0.08 fm-1 at t=16 fm/c.

• Dependence of particle velocity on transverse radius at z = 0 and energy = 7.7 GeV with impact
parameter b = 7 fm

1/H t 01/ ( )H t t 

01/ ( )H t t 
7.7GeVs 

2 2ρ x y  s

ICPPA-2026 MEPHI 29 October 21



On the polarization of - hyperons in Au+Au collisions at energy of

• In equations, we can distinguish the radial Hubble velocity component                                
and the tangential              one during the expansion of the hot spot. Neglecting the 
expansion, we obtain 

• From equation (2) in this approximation for the hydrodynamic equations, we can obtain 

• . 
• From here, moving to the reduced thermodynamic velocity, we find the polarization for the 

impact parameter b=8 fm and temperature T=150 MeV 

• This is in agreement with the experimental data of STAR We can calculate for taking into 
account the Hubble expansion. In this case, we obtain 

• ,
•

• which leads to             in agreement with the experimental data
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Klein-Gordon equation,  Cornell potential and EOS

• Предложен путь к построению функционала плотности кварковой
материи. В этом контексте разумным представляется дальнейшее
рассмотрение зависимости функционала плотности кварковой материи от
температуры, Используемый метод может быть использован для
формулировки модели фрагментации.
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Conclusions

• Thus, in developing the nonequilibrium hydrodynamic approach to describing the
yields of cumulative particles and fragments, light and close in mass to the
incident nucleus, agreement has been achieved with the available experimental
data obtained in the IHEP (Serpukhov) experiments at an energy of 19.6 GeV per
nucleon and FRAGM (ITEP, Moscow) at an energy of 300 MeV per nucleon for
incident carbon nuclei and 230 MeV per nucleon for incident 56Fe nuclei.

• We have further developed the nonequilibrium anisotropic
hydrodynamics model for describing high-energy heavy ion collisions. As
a result, we have explained the first experimental results of the BM@N
collaboration at the NICA accelerator in collisions of various nuclei with
various targets at an energy of 3.2, 4-5 GeV per nucleon. The transverse
momentum distributions for different rapidities for pions and kaons
reveal a change in the effective temperature with the emission angle of
secondary particles in accordance with the features of our anisotropic
hydrodynamics.

• We have proposed a new model of fragmentation
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