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FEATURES OF THE NON-EQUILIBRIUM QUANTUM
HYDRODYNAMIC APPROACH FOR DESCRIBING THE
EMISSION OF SECONDARY PARTICLES IN COLLISIONS OF
HEAVY IONS OF HIGH AND INTERMEDIATE ENERGIES

A.T. D’yachenko'?

INRC “Kurchatov Institute” B.P. Konstantinov Petersburg Nuclear
Physics Institute

2Emperor Alexander | Petersburg State Transport University;
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Based on the effective Klein—Fock—Gordon equation, a description is given of the emission of cumulative
protons, pions, and fragments (p, m, K, d, t) in heavy-ion collisions at energies of the U-70 accelerator
(IHE®P, Protvino), KI (Moscow), and the BM@N collaboration (JINR, Dubna). The advantage of this
approach in describing the experimental data of IH'EP and KI for the emission of protons, pions, Raons, and"
fragments of H, °H, *H, *He, *He, °Li, "Li, compared to other theoretical models, is shown.

An explanation for the splitting effect in the momentum spectra of protons and light fragments in the (230
MeV/A)5Fe+Be— f+X reaction in the FRAGM (K1) experiment is provided. This splitting is explained by
the nucleon potential, which depends quadratically on the distance from the particle emission center. The
spectrum splitting disappears with increasing ion collision energy and upon transition to heavier fragments.
When describing the available experimental data, it is essential to identify the resulting hot spot, which is
compatible with the hydrodynamic model of hot jet separation in heavy-ion collisions, and which has
recently been developedin elementary particle physics .

In| the BM@N collaboration experiment, double differential distributions of transverse
momentum and rapidity of positively charged pions and Rgons have recently been found for
collisions of 40A4r ions with different targets at 3.2 GeV per nucleon [1]. The distributions of
secondary particles in transverse momentum can be described using a Boltzmann distribution
by fitting different temperatures at different rapidities [1]. One can say that the "transverse
temperature"is approximately half the "longitudinal temperature

ICPPA-2026 MERHI 29 October 3
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YpaBHeHusA KBaHTOBOW penatusuctckon O\ h? 5
rMapPoANHAMUKN MOXHO NOAYyYNTb s Nh—=———+VY¥Y+UY¥Y
vypaBHeHua  KneitHa—®Poka-lopaoHa no t m

aHanornn ¢ npeacrasneHnem MapgenyHra gns

BpemeHHoro ypasHeHus LLpeauHrepa.

B 2026 r. 3Tum paboTtam ucrionHunoco 100 Jlet!. ¥Y=0 exp(imS / h)

o + va 0
ot
W +V(mpd)v =- pVU — p?( ;lm v J

—_

VS

p=° v

v’ q0 take into account dissipation in the process of
collisions of complex systems, in addition to equations
(2)-(3), a dissipative function related to the temperature

of the system should be introduced into these equations
ICPPA-2026 MERHI 29 October 4
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EQUATIONS OF QUANTUM RELATIVISTIC HYDRODYNAMICS

The equations of relativistic hydrodynamics can be related to the effective Klein-
Fock-Gordon equation.

It contains the effective mean field Us =mc?/(1-U /mc?)?/2-mc?/2 , wheseU(p)  is
the effective density-dependent mean nucleon potential, ™ isthe nucleon mass,, ¢
is the speed of light,# is the Planck constant, and also the dissipative term J =x~
where lis the thermal energy density, K=3Q+§(1—Q) is the adiabatic index .

%Y om
— oxaxg oxlox; 1P _ " _
In addition to the Klein-Gordon equation (1) with the dissipative term, or the equations of

hydrodynamics (the continuity equation and the Euler equation), an equation for the thermal
term should be added

2
OE 0Ev, | £ _ Pme i B
—+ ==V (vP), ==
a  ox - 1= (v/c)?

(Uf+J+mC2/2)‘P

_d(elp) df _fg-f
d@/p) dt T

p
P, | €=8in+Cint, Gt =]Usth. P=
0

From equation (1) follow the equations of relativistic guantum hydrodynamics,
containing the Madelung quantum potential

Opup _ dpUy _
oXg | OX|

a(mczpuouk)Jra(mczpuku|)__ dUs+d) o #? 52p1/2 _Ap1/2
OXg X, P o Paxk 2m| pl2¢2p12 | pli2
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EQUATIONS OF ANISOTROPIC HYDRODINAMICS

The equations of anisotropic hydrodynamics can be obtained on the basis of our quantum
hydrodynamic approach [2, 3, 4], associated with the Klein-Fock-Gordon equation. The
nonequilibrium state of a nuclear system is described as a result of solving the kinetic
equation df  fo—f 2

a1 et , (1)
where f(r,p,t) is the sought nucleon distribution function, f0 is the equilibrium distribution
function, tis the relaxation time, v is the parameter in the expansion of the collision term to
the second order for the deviation of f from f0 . If we seek a solution to equation (1) in the
form of a function that depends only on time f=f(t), then we find the solution

] 2etl f(t)= 9+ fo(1-0a) (2)
where 97 .77 js the relaxation factor, f, is the initial distribution function, and here,

V(fl—fo)=2—T

which follows from the solution of equation (1) in the form (2). From here, for the single-
particle excitation energy we find

) Ei=Eq+E (1-q) (3)
where  E»E. are the longitudinal an_q transverse energies, respectively. If we put  Ei=E+E,
then from (3) we can express E, —=E,+—— . That s, at t=0 e, —o,and attll 1§, =E,/2 Also, the
Boltzmann temperatures T, T,  are rélated by the relation
’ q -1
= (4)
when T1 =T/2 4t th t , Which is observed in the experiment [1].
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Hot spot from quantum theory

2m a’
B\I’Ozh[ = j\yf\yo \Plzexp(_lv(x—vot)lﬂyHIZI)
1—73 Uf a
n
af —h ()QE fo—f A ﬁa(r)E
dt = opr T ar T '

Mepexoaa OT KUHETUYECKOTO YPaBHEHUA K YPaBHEHUAM FMAPOAUHAMUKK U
COBepLUasA BbIKNaAKW € y4yeTom aenbta GYHKUMU, MOXKHO NOAYYUTb OTPbIB CTPYMU,
MW KaK B Hawem cnyyae oTpbiB ¢ariebona ot crekraTtopos, M paccmatpuBaTb
YYACTHUKKN U daliepbon, Kak HE3aBUCUMYIO CUCTEMY.

Takum 06pasom, HaaMuMe | BO3MYLLAKOWEro 4YjeHa  B3aMMOAENCTBUS | B
CaMOCOr/TaCOBaHHOM MOTeHLUMane npmeoanT K HeobxoammocTn ydeta hot spot
Hapsagy |C  BKN3aAOM KaCKafiHbIX = MOJENEeN, BKAaA4, KOTOPbIX Man Aana
BbICOKOSHEPreTUYEeCKUX KYMYNIATUBHDBIX YaCTUL, U MI0X0 ONUCbIBAET UMEIOLLMEcA
IKCnepmumeHTaibHble AaHHble.
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HYDRODYNAMIC MODEL OF FRAGMENTATION

L.D.-Landauldrew-attention-to-the propagation-of-a-shock-wave-as-the-only possibility of realizing-the
first stage of the process of collisions of protons and nuclei with nuclei, and proposed a one-dimensional
solution of the hydrodynamic equations for the subsequent adiabatic stage of expansion of the system
during the collision of high-energy protons. In our hydrodynamic approach, after the passage of a shock
wave - with a changing front, a hot spot is formed = _a source of high-energy particles., Inthe

v

approximation p=p(t) and pressure P =P(t) o the Hubble law for 4 velocities Cu(r,t) = I oy
where | H(t)=d(R)/dt/R  the hydrodynamic equations are reduced to the equations Vi (ore)
%+3Hp =0, dd_l-:+ H2 L0 | these equations have a simple solution H=1/t pT Pltg /3
K
Taking into account equation (2), we have for adiabatic expansion | _ |1&£j
Using this approximate solution in the next order approximation, we ca ‘Obtain the linear
equations
00 -
—+ Hrvé+Veu=0,
ot
ocu 2
——+Hcu+Hrveu =-c5 Vo,
ot
P mdp
ICPRA-2026 MEPHI 28 Ogtober 10
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An approximate analytical solution

The variables are separated here §=35,(r)5,(t) , and for the time-dependent §,(t) , we obtain a linear
differential equation of the second order

2 2
4%, 205 |, o
a2

dt2 |t dt

That is, for §,(t)we find an approximate analytical solution

t t
8y = exp(~In(t/tg)) /[K(D(Cyexp( | K(t)dt)+Cp exp(~[ K(t)dt)), — K(t) = \/1/ t? +(cs /a)?
t t

0 0

From this formula we can see the first term growing exponentially with time t

and the onset of fragmentation for an expanding fireball — hot spot at t> 2ty =2a/cq

This hydrodynamic consideration has an analogy with the expanding early Universe during the
formation of stars and galaxies [35] (the well-known Jeans instability).

If we take into account the quantum terms in equation (5), this leads to an additional

term in equation (12): »? son its left-hand side, then there will be K (t) = \/1/t2 a2 —- e}
2m?a?
a< h/\/zmcs =~ fm the expression under the square root for K becomes negative

i.e. there is no growing solution with increasing time

This means that for small hot spot radii, {th& guriintiiiv E€rihg indhydiredynamics lead to stability with respect to 11
fragmentation presentation-creation.ru



NUMERICAL IMPLEMENTATION. COMPARISON WITH EXPERIMENTAL DATA

In the previous section, an approximate analytical solution for the onset of fragmentation in the
hydrodynamic approach was obtained. In our approach , after the formation of a hot spot and its
subsequent hydrodynamic evolution, fragmentation occurs when the system reaches a critical density ,

determined from the condition oY _ .
op
In this case, the double differential cross section in the A+B — f + X reaction has the form

uN +vZ —TN(E —pv))dr

d% _ 2m(2s+1)
"pldpida )

E

j GhdbyN (E — pv)F exp(y

3 | 2
L (2mn) exp[—(pf Pot) Jp*

| (21[6% )3/2 20%

275712 m: L N +vZ
3/2 |
Y ~ |1y N exp| —m———
N,Z { TJ p( T J

i ) ) 2
GZNIGgN(A N@-U /mc?))
A-1
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COMPARISON WITH EXPERIMENTAL DATA

We compared the transverse momentum distributions (5)-(6) with temperature
(4) for pions in the reactions °Ar + 4Cu = nt* +X (Fig. 1) and °Ar + 2°8Pbh > n* +X
N  (Fig. 2) at an energy of 3.2 GeV per nucleon for incident argon nuclei with the
) corresponding experimental data obtained in [1]. Here MeV, in the calculations,
N} the chemical potential of pions was assumed to be zero, since the number of
‘ pions is not specified. The calculations performed at rapidities y = 1.65, 2.5, 3.1
A} for two reactions are in agreement with the experimental data [1], which are
shown in the figures as dots.

\
'\: ".\‘) o 4 - I | ' ’ I . 4 A e rt r
AV 1w (3.2GeV Ay Ar+ Cu->x +X (3.2 GeV A) Ar+ Cu->K +X
B ot
"“.\‘ 1 o “\‘\"\‘\
\ y""Y | —— -
. 7 0 ﬁq\
2D S ~ A o = ® K y=115exp
) o 2 —
\ / (5 . ~
4 - @ = =105 ap w128 | H o R r -
z — U -E K
A = .- ; L s A ¥ =18
QLY i A - xf :: y
< |5 5 ——k y=1.15DCM
N\ !
Q YV o
1" d .
B 1 4 a,7 L 31 4 |
QY ». . GeVik p. . GeVi
D ] 1 ] T ] T ] | 1 | ] | I ] 1 } } ; } ] } ] T ] } 5
Q V/
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(3.2 GeV A)"Ar+ "Pb->z +X °T (32 GeV A)"Ar+ "Pb->K +X
2.2 0eV 4 ATl >R T
\:\:\'\’\.\ ; ,\&‘\
A - 3 -
/ ® K y=1.15 exp
2 P
- N
— y=1.0 r— g 3 1.45
® < cuw qg ——
- : P »_‘.:; A K 1 I
. i B
A */; " 1.150CM
il 10 =
| | 04
P, . GeVic P, . GeVie

In Figs. 3, 4 the distributions of the transverse momentum o
kaons calculated by formulas (5)-(6) are compared with the
experimental data [1] in the reactions 40Ar + 64Cu > K+ +X (Fig. 3)
and 40Ar+ 208Pb-> K+ +X (Fig. 4) at an energy of 3.2 GeV per
nucleon for incident argon nuclei at rapidities y=1.15, 1.45 and 1.8.
The temperature is MeV, the chemical potential is also small here.
It can be seen that the calculation with an effective temperature
changing with the angle (rapidity) satisfactorily reproduces the
experimental data [1] (points). The calculations for kaons carried
out in [1] using cascade models somewhat overestimate the kaon
yields compared to these experimental data. Although there are
few experimental points.
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Cumulative (IHEP)

Figure 5 shows the invariant double differential cross-sgctions for the emission of protons, deuterons
and tritons at an angle of 402 in the reaction 12C+12C  f+X at an energy of 19.6 GeV per nucleon for
incident 2C nuclei. The results of calculations using formula (15) (red line — protons, blue line -
deuterons, green line — tritons), dots — experimental data from work [30], obtained at the U-70
accelerator (IHEP). One can see agreement with the experiment in the emission spectra of these
fragments and the presence of scaling — the same slope of these curves. In this case, good agreement
was obtained for tritons, for deuterons there is an agreement closer to the end of the experimental
spectrum. These are the spectra of cumulative fragments, the average temperature in our approach is
150 MeV, as in our previous work [29], devoted to the description of the emission of cumulative
protons, pions, kaons and antiprotons at the U-70 accelerator at the same energy of incident carbon
nuclei.

I (19.6 THB A4) P+ C-=p(n)+X b 10 b
= 10° - s -
\é ": 10
"y 10° F 2 F
q .o 10
T, E "t E
=10 &
5 L el L
107 o
- || ) _—
10°
P 10— 2 3 i 5 — 3 B
L1 ! p. TaB/e -
e ——
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FRAGMITEP)

Fig. 6 shows the double differential cross sections of the yield of 1Be fragments emitted at an angle of
3.52 in the reaction 2C+°Be — !'Be+X at an energy of 300 MeV per nucleon for incident carbon nuclei .

@, Fig. 7 shows the double differential cross sections of the yield of 12B for the |incident carbon nuclei.

The dots correspond to the experimental data obtained in the FRAGM (ITEP) experiment [24] Our
calculated curves red and blue in these figures correspond to the average 40 MeV temperature, and red
curves were obtained in the calculation taking into account the quantum terms, as in our works, and
blue curves — without taking these terms into account. As can be seen from Figs. 6 and 7, there is
agreement between our calculations and the available experimental data. The calculated curves
obtained in work [24] for cascade models and for quantum molecular dynamics [16] differ significantly

from each other and from these experimental data.

deldpidd, ¢ mb 'GeVisr
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R
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(230 MeV/A)**Fe+'Be—f+ X

lll' | .
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* This splitting is explained by the nucleon potential, which depends

- quadratically on the distance from the particle emission center. The spectrum
splitting disappears with increasing ion collision energy and upon transition to
‘heavier fragments | | |
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FRAGUENTATIONBME@N)

Fig. 8 shows the double differential cross sections of the yield of p,d,t fragments emitted at the rapidity
of y=1.4 in the reaction %°Ar+%%Cu ->f(p,d,t)+X at an energy of 3.2 GeV per nucleon for incident argon
nuclei Fig. 9 shows the double differential cross sections of the yield of p,d,t for the incident argon
nuclei in the reaction “°Ar+2°¢pPb ->f(p,d,t)+X at the centrality of 40%.

The dots correspond to the experimental data obtained in the BM@N (NICA) experiment As can be seen
from Figs. 4 and 5, there is agreement between our calculations and the available experimental data.
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(BM@N)2C+12C(Pb) =>A +X
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In the BM@N collaboration experiment , differential distributions of
the transverse momentum and rapidity of A-hyperons were recently
found in collisions of carbon nuclei on a fixed target with various
nuclei at energies of 4.0 and 4.5 GeV per nucleon, which we can
successfully describe in our approach, along with pions and kaons for
collisions of 40Ar ions with various nuclei at an energy of 3.2 GeV per
nucleon from [6].
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ABOUT HUBBLE'S| LAWAND BOLARIZATION

Equations admit a simple solution - Hubble's law with the Hubble constant
H=1/t or H =1/(t-j—t0)

For H =1/(t+ty) in the work [Baznat, Teryaev and Zinchenko] the results were obtained by
the PHSD model for the collision of Au+Au nuclei at the energy of/s =7.7GeV. For the impact
parameter b=7fm it turned out that H=0.05 fmat t=16 fm/c and H=0.04 fmat t=19fm/c.
This agrees with the experimental data of STAR (RHIC).

That is, the Hubble law is approximately satisfied for peripheral collisions. It turns out
better when choosing t, =-4 fm/c. Such a choice of t; means, in our opinion, that the
agreement with the Hubble law and hydrodynamics is achieved at earlier times than in the
PHSD model, i.e. when a hot spot is formed after the initial shock-wave compression. In
this case, for everything to converge correctly, for example for the speed of light, the
Hubble constant should be equal to 0.08 fm* at t=16 fm/c.

v=1y + Hp k
1.0 T T T T I 1.0 T T T
Ly = 0.24 i L r
= 0.05 L
— 08— 16 fm /e 1 = 08r — 0.9 | F
= [r=T s e
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Dependence of particle velocity on transverse radius p =«/X2 + y2 at z = 0 and energy \/g = 7.7 GeV with impact
parameter b =7 fm
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On the polarization of A- yperons in Au+Au collisions at enetgy of Ns.=1.7GeV.

In equations, we can distinguish the radial Hubble velocity component | v/41-(v/c)? =Hr
and the tangential v, one during the expansion of the hot spot. Neglecting the
expansion, we obtain

2 2
(vﬁﬁl—(n/c)zj /r:C—S%

From equation (2) inpthis approximation for the hydrodynamic equations, we can obtain

v, /1= (0/c)? =3

From here, moving to the reduced thermodynamic velocity, we find the polarization for the
impact parameter b=8 fm and temperature T=150 MeV

Pz%’):th/\/l—(U/C)z/szh;/b_%ES%

This is in agreement with the experimental data of STAR We can calculate for taking into
account the Hubble expansion. In this case, we obtain

" v 1= (v/c)2 :\/ECS(%-F /1+%]

which leads to p ~ 6% in agreement with the experimental data
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Klein-Gordon equation, Cornell potential and EOS
U (r)=mc*/(@=(br=a/lr)/mc?)*/2=mc*/2.

V(o)== [d°Ro(RIU (RIP(R) 5

Ap.)p, MeV

e:l kg = P k2.
5m°m  4rn° T

-0 : L \ . : ' ) L |8
00 01 02 03 04 05 06 07 D8 09 10

P GeVie B
e, e, e e e . e

Ipenyoxked Nyrb K IMOCTPOCHHUIO (PYHKIMOHAJIA IUIOTHOCTH KBAaPKOBOH
marepuu. B 3ToM KOHTEKCTE Ppa3yMHBLIM IMpeACTABJASCTCH  JaJbHeEHIIee
paccMoTpeHHre 3aBUCUMOCTH (PYHKIMOHAJIA IVIOTHOCTH KBAPKOBOM MaTepuH OT
Temneparypol, Hcnoab3yeMblii METON MOXKET ObITb HCIOJIb30BAH JIJIA
(opMyTHUpOBKHU Moae/ M pparMeHTALMH.
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Conclusions

Thus, in developing the nonequilibrium hydrodynamic approach to describing the
yields of cumulative particles and fragments, light and close in mass to the
incident nucleus, agreement has been achieved with the available experimental
data obtained in the IHEP (Serpukhov) experiments at an energy of 19.6 GeV per
nucleon and FRAGM (ITEP, Moscow) at an energy of 300 MeV per nucleon for
incident carbon nuclei and 230 MeV per nucleon for incident >¢Fe nuclei.

We have further developed the nonequilibrium anisotropic
hydrodynamics model for describing high-energy heavy ion collisions. As
a result, we have explained the first experimental results of the BM@N
collaboration at the NICA accelerator in collisions of various nuclei with
various targets at an energy of 3.2, 4-5 GeV per nucleon. The transverse
momentum distributions for different rapidities for pions and kaons
reveal a change in the effective temperature with the emission angle of
secondary particles in accordance with the features of our anisotropic
hydrodynamics.

We have proposed-anew model of fragmentation
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