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1 ´´¯˜¯˝¨¯

ˇî äàííßì ŒîººàÆîðàöŁŁ PLANCK [1] îòíîæŁòåºüíàÿ ýíåðªåòŁ÷åæŒàÿ ïºîò-
íîæòü âåøåæòâà âî ´æåºåííîØ æîæòàâºÿåò 
m = 0:315. ˇðŁ ýòîì ÆàðŁîííàÿ
ïºîòíîæòü îŒàçßâàåòæÿ çíà÷Łòåºüíî ìåíüłå äàííîØ âåºŁ÷Łíß: 
b = 0:0493.
ÑóøåæòâîâàíŁå æŒðßòîØ ìàææß (àíªº. ¾hidden mass¿ ŁºŁ ¾dark matter¿,
æîŒðàø…ííî � DM), îÆœÿæíÿþøåå æòîºü æóøåæòâåííóþ ðàçíŁöó, ïîäòâåð-
æäàåòæÿ ìíîªî÷ŁæºåííßìŁ íàÆºþäåíŁÿìŁ Ł àæòðîôŁçŁ÷åæŒŁìŁ äàííßìŁ,
îäíàŒî ïðŁðîäà Ł äŁíàìŁ÷åæŒŁå ıàðàŒòåðŁæòŁŒŁ DM îæòàþòæÿ íåóæòàíîâ-
ºåííßìŁ. ÒàŒŁì îÆðàçîì, ŒàŒ ýŒæïåðŁìåíòàºüíßå ïîŁæŒŁ, òàŒ Ł òåîðåòŁ-
÷åæŒîå Łçó÷åíŁå ŒàíäŁäàòîâ íà ðîºü ÷àæòŁö-ïåðåíîæ÷ŁŒîâ æŒðßòîØ ìàææß
ïî-ïðåæíåìó ŁæŒºþ÷Łòåºüíî àŒòóàºüíß.

˝à æåªîäíÿłíŁØ äåíü ïðåäºîæåíî ìíîæåæòâî ìîäåºåØ, ïðåòåíäóþ-
øŁı íà ðåłåíŁå äàííîØ ïðîÆºåìß. ˛äíîØ Łç íŁı ÿâºÿåòæÿ ìîäåºü ò…ìíßı
àòîìîâ â âŁäå X-ªåºŁÿ (X�2n(He+2)n). Ñîæòàâíßå ÷àæòŁöß äàííîªî òŁïà
äîºæíß âîçíŁŒàòü â ðÿäå ðàæłŁðåíŁØ ÑÌ, ïðåäæŒàçßâàþøŁı ôîðìŁðîâà-
íŁå æòàÆŁºüíßı òÿæ…ºßı æîæòîÿíŁØ X�2n.

Ò…ìíßå àòîìß äîºæíß ôîðìŁðîâàòüæÿ íà ýòàïå íóŒºåîæŁíòåçà ïó-
ò…ì ïîæºåäîâàòåºüíîªî çàıâàòà º…ªŒŁı ÿäåð òÿæ…ºßìŁ ÷àæòŁöàìŁ. ˝îâßå
ïðîöåææß ìîªóò çíà÷Łòåºüíî ïîâºŁÿòü íà æîæòàâ ïåðâŁ÷íîØ ïºàçìß. ´îç-
ìîæíîæòü ôîðìŁðîâàíŁÿ â ýòŁı óæºîâŁÿı àíîìàºüíßı Łçîòîïîâ Ł ïåðåïðî-
Łçâîäæòâà ºŁòŁÿ [2] ïðåäæòàâºÿåò æåðü…çíóþ ïðîÆºåìó äºÿ ðàææìàòðŁâàå-
ìîØ ìîäåºŁ. ´ òî æå âðåìÿ âîçíŁŒàþøŁå âæºåäæòâŁå âçàŁìîäåØæòâŁÿ äâóı
ò…ìíßı àòîìîâ ìîºåŒóºîïîäîÆíßå æòðóŒòóðß íå Łçó÷åíß Ł òàŒæå ìîªóò
ïðåäæòàâºÿòü Łíòåðåæ.

Öåºüþ äàííîØ ðàÆîòß ÿâºÿåòæÿ ïîæòðîåíŁå ìîäåºŁ ôîðìŁðîâàíŁÿ
ò…ìíßı àòîìîâ íà ðàííŁı ýòàïàı ýâîºþöŁŁ ´æåºåííîØ. ˜ºÿ å… äîæòŁæåíŁÿ
íåîÆıîäŁìî ðåłŁòü íåæŒîºüŒî òåîðåòŁ÷åæŒŁı çàäà÷:

� —àçðàÆîòàòü ìîäåºü âíóòðåííåªî æòðîåíŁÿ ò…ìíßı àòîìîâ, ïîçâîºÿþ-
øóþ âßÿâŁòü æòàÆŁºüíßå æîåäŁíåíŁÿ Ł îïðåäåºŁòü Łı ýíåðªåòŁ÷åæŒŁå
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ïàðàìåòðß.
� ÑîæòàâŁòü Œàðòó ÿäåðíßı ðåàŒöŁØ æ ó÷àæòŁåì ò…ìíßı àòîìîâ Ł îïðå-

äåºŁòü Łı æŒîðîæòŁ ïðŁ çàäàííßı òåìïåðàòóðàı.
� ˝àØòŁ çàâŁæŁìîæòü ŒîíöåíòðàöŁØ ÷àæòŁö, æîæòàâºÿþøŁı ïåðâŁ÷íóþ

ïºàçìó, îò òåìïåðàòóðß.

ÒàŒŁì îÆðàçîì, â ïåðæïåŒòŁâå äàííîå ŁææºåäîâàíŁå äîºæíî äàòü
îïŁæàíŁå ìåıàíŁçìîâ âîçíŁŒíîâåíŁÿ æŒðßòîØ ìàææß â ôîðìå Õ-ªåºŁÿ. ÒàŒ-
æå â ıîäå ðàÆîòß ìîªóò Æßòü ïîºó÷åíß òåîðåòŁ÷åæŒŁå îªðàíŁ÷åíŁÿ íà æó-
øåæòâîâàíŁå ìíîªîçàðÿäíßı ÷àæòŁö X�2n. ˝àó÷íàÿ íîâŁçíà Łææºåäîâà-
íŁÿ îïðåäåºÿåòæÿ îòæóòæòâŁåì íà òåŒóøŁØ ìîìåíò òàŒîªî ðîäà îïŁæàíŁÿ.

ˇðåäæòàâºåííßØ äàºåå òåŒæò îò÷…òà ðàçäåº…í íà íåæŒîºüŒî ªºàâ. ´
ªºàâå 2 ïðåäæòàâºåíß ðåçóºüòàòß ìîäåºüíî íåçàâŁæŁìîªî ðàææìîòðåíŁÿ æôà-
ºåðîííßı ïåðåıîäîâ. Ñ Łı ŁæïîºüçîâàíŁåì ïðîâåäåíî Æîºåå ªºóÆîŒîå Łæ-
æºåäîâàíŁå ðàææìîòðåííßı ðàíåå ìîäåºåØ. ˝àØäåíß îªðàíŁ÷åíŁÿ íà ìàææó,
æîîòâåòæòâóþøŁå æîâðåìåííßì äàííßì ïî ºåïòîííîØ àæŁììåòðŁŁ. ´ ªºàâå
?? îïŁæßâàåòæÿ ðàæ÷…ò æŒîðîæòŁ ðåàŒöŁØ ïðîöåææà íåØòðàºŁçàöŁŁ ò…ìíßı
àòîìîâ. ˛Ææóæäàþòæÿ íåŒîòîðßå îæîÆåííîæòŁ ìîäŁôŁöŁðîâàííîªî ïåðâŁ÷-
íîªî íóŒºåîæŁíòåçà, ïðåäæŒàçßâàåìßå ìîäåºüþ. ´ ˇðŁºîæåíŁŁ ïðåäæòàâ-
ºåí æïŁæîŒ ïóÆºŁŒàöŁØ çà 6 æåìåæòð. ÒåŒæòß æòàòåØ ïðŁºîæåíß.
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2 Ì˝˛ˆ˛˙À—ß˜˝Û¯ ×ÀÑÒ¨ÖÛ

˜ºÿ îïðåäåºåíŁÿ æâÿçŁ ìåæäó âîçìîæíßìŁ ŒîíöåíòðàöŁÿìŁ ÷àæòŁö-ïåðåíîæ÷ŁŒîâ
æŒðßòîØ ìàææß Ł Łı ìàææîØ íåîÆıîäŁìî Łçó÷Łòü îæîÆåííîæòŁ çàŒàºŒŁ æôà-
ºåðîííßı ïåðåıîäîâ æ ó÷…òîì äàííßı î ºåïòîííîØ àæŁììåòðŁŁ [3]:

����
L
B

���� =
����
nl � n�l

nb � n�b

���� < 6:67 � 106: (2.1)

˜ºÿ âæåı ðàæłŁðåíŁØ ÑòàíäàðòíîØ ÌîäåºŁ (ÑÌ) ìîªóò Æßòü âßïŁ-
æàíß óðàâíåíŁÿ äºÿ ïºîòíîæòåØ ÆàðŁîííîªî Ł ºåïòîííîªî ÷Łæåº:

B = (10 + 2�t)�uL + 6�W ; (2.2)

L = 4�+ 6�W ; (2.3)

ªäå �uL, �W Ł ��ıŁìŁ÷åæŒŁå ïîòåíöŁàºß, æîîòâåòæòâåííî, æòàíäàðòíßı ºå-
âîªî u-ŒâàðŒà,W� Æîçîíà Ł òð…ı ºåâßı íåØòðŁíî: � =

P

i
��iL. ÕŁìŁ÷åæŒŁØ

ïîòåíöŁàº Æîçîíà ÕŁªªæà â íàðółåííîØ ôàçå �0 = 0.

´æå àíàºîªŁ÷íßå óðàâíåíŁÿ æâîäÿòæÿ Œ ºŁíåØíîØ ŒîìÆŁíàöŁŁ ıŁìŁ-
÷åæŒŁı ïîòåíöŁàºîâ æòàÆŁºüíîØ ÷àæòŁöß Ł W� Æîçîíà æ ŒîýôôŁöŁåíòàìŁ,
òàŒæå ÿâºÿþøŁìŁæÿ ºŁíåØíßìŁ ŒîìÆŁíàöŁÿìŁ âåæîâßı ôóíŒöŁØ �

�
m
T�

�
.

˚àŒ æºåäæòâŁå, ïîºíàÿ æŁæòåìà óðàâíåíŁØ ðàçäåºÿåòæÿ íà äâå ïîäæŁæòåìß.
ˇåðâàÿ
0

BBBBB@

aBB 0 0 0 bBW
0 aLL 0 0 bLW
0 0 aB0B0�B0 0 bB0W�B0
0 0 0 aL0L0�L0 bL0W�L0
cQB cQL cQB0�B0 cQL0�L0 d1�B0 + d2�L0 + d3

1

CCCCCA
�

0

BBBBB@

�B
�L
�B0
�L0
�W

1

CCCCCA
=

0

BBBBB@

B
L
B0

L0

0

1

CCCCCA
;

(2.4)
ªäå B0 Ł L0 � ïºîòíîæòŁ íîâßı ÆàðŁîííîªî Ł ºåïòîííîªî ÷Łæåº, f�jg îÆîçíà-
÷àåò ìíîæåæòâî âåæîâßı ôóíŒöŁØ, ŒîýôôŁöŁåíòß aij, bij, cij Ł dk � ÷Łæºà,



5

ïåðâßØ ŁíäåŒæ îòðàæàåò òŁï óðàâíåíŁÿ, âòîðîØ �ıŁìŁ÷åæŒŁØ ïîòåíöŁàº,
ïåðåä Œîòîðßì îí æòîŁò. ˛íà ïîçâîºÿåò ŁæŒºþ÷Łòü âæå ıŁìŁ÷åæŒŁå ïîòåí-
öŁàºß.

´ Æîºåå îÆøåì âŁäå:
0

BBBBBBBB@

a11 0 0 � � � 0 b1

0 a22 0 � � � 0 b2

0 0 a33 � � � 0 b3
... ... ... . . . ... ...
0 0 0 : : : an�1;n�1 bn�1

c1 c2 c3 � � � cn� 1 d

1

CCCCCCCCA

�

0

BBBBBBBB@

�1

�2

�3
...

�n�1

�n

1

CCCCCCCCA

=

0

BBBBBBBB@

A1

A2

A3
...

An�1

0

1

CCCCCCCCA

; (2.5)

ªäå âåæà âŒºþ÷åíß â ŒîýôôŁöŁåíòß. ¯… ðåłåíŁÿ

�i =
Ai

aii
+
bi
aii

n�1P

j=1

cj
ajj
Aj

d�
n�1P

j=1

cj
ajj
bj
; �n = �

n�1P

j=1

cj
ajj
Aj

d�
n�1P

j=1

cj
ajj
bj

(2.6)

Ñôàºåðîííîå óðàâíåíŁå
P
si�i = 0 ìîæåò Æßòü ïðåäæòàâºåíî ŒàŒ

n�1X

i=1

1
aii

 

sid� snci +
n�1X

j=1

bj
ajj

(sjci � cjsi)

!

� Ai = 0; (2.7)

ŁºŁ ïåðåïŁæàíî â ôîðìå

(f1B�B0 + f2B�L0 + f3B)B + (f1L�B0 + f2L�L0 + f3L)L+

+
1
�B0

(f1B0�B0 + f2B0�L0 + f3B0)B0 +
1
�L0

(f1L0�B0 + f2L0�L0 + f3L0)L0 = 0;

(2.8)

ªäå fij � ÷Łæºåííßå ŒîýôôŁöŁåíòß. ˛òºŁ÷Łå â ŒîýôôŁöŁåíòàı ïåðåä æòàí-
äàðòíßìŁ Ł íîâßìŁ ïºîòíîæòÿìŁ ÷Łæåº ïðŁâîäŁò Œ òîìó, ÷òî îòíîłåíŁå
ïºîòíîæòåØ L0=B0 æºàÆî çàâŁæŁò îò L=B.
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´ íàŁÆîºåå æå óäîÆíîØ ôîðìå:

B0

B
+

1
a44

 
4P

j=1

bj
ajj

�����
c4 s4

cj sj

�����
�

�����
c4 s4

d s5

�����

!

1
a33

 
4P

j=1

bj
ajj

�����
c3 s3

cj sj

�����
�

�����
c3 s3

d s5

�����

!L
0

B
=

= �

1
a22

 
4P

j=1

bj
ajj

�����
c2 s2

cj sj

�����
�

�����
c2 s2

d s5

�����

!

1
a33

 
4P

j=1

bj
ajj

�����
c3 s3

cj sj

�����
�

�����
c3 s3

d s5

�����

!

0

BBBB@

L
B

+

1
a11

 
4P

j=1

bj
ajj

�����
c1 s1

cj sj

�����
�

�����
c1 s1

d s5

�����

!

1
a22

 
4P

j=1

bj
ajj

�����
c2 s2

cj sj

�����
�

�����
c2 s2

d s5

�����

!

1

CCCCA

(2.9)

¨ç ýòîªî âßðàæåíŁÿ âŁäíî, íàïðŁìåð, ÷òî âßÆîðîì ðàçíîæòŁ ìàææ ìåæ-
äó íîâßìŁ ÆàðŁîííîØ Ł ºåïòîííîØ æîæòàâºÿþøŁìŁ ìîæíî ïîäàâŁòü (ŁºŁ
óæŁºŁòü) ŒîýôôŁöŁåíò 
(�i), æòîÿøŁØ ïåðåä L0=B çà æ÷…ò a33

a44
� �B0

�L0
. ´

÷àæòíîæòŁ, ïðŁ mL0 < mB0: 
(�i) ! 0 Æßæòðåå, ÷åì �i. ˇðàâàÿ æå ÷àæòü
ðàâåíæòâà ïîäàâºÿåòæÿ ìíîæŁòåºåì �B0.

˜îïîºíŁòåºüíßå óðàâíåíŁÿ, ïîºó÷àåìßå Łç óæºîâŁØ íà ıŁìŁ÷åæŒŁå
ïîòåíöŁàºß Æóäóò îäíîðîäíß Ł ºŁíåØíß ïî ïºîòíîæòÿì ÷Łæåº.

ˇîæºåäíŁì óðàâíåíŁåì âòîðîØ ïîäæŁæòåìß ÿâºÿåòæÿ óæºîâŁå îòíîłå-
íŁÿ ýíåðªåòŁ÷åæŒŁı ïºîòíîæòåØ:

n�1X

i=3

mi

mb

����
Ai

B

���� =

DM


b
: (2.10)

´ æºó÷àå n� 1 = 4, ò.å äâóıŒîìïîíåíòíîªî æöåíàðŁÿ,æŒðßòàÿ ìàææà ïî÷òŁ
ïîºíîæòüþ îÆåæïå÷Łâàåòæÿ Æîºåå º…ªŒîØ, â òî âðåìÿ ŒàŒ òÿæ…ºàÿ â ÆîºüłåØ
æòåïåíŁ æâÿçàíà æ îòíîłåíŁåì L=B.

˜åØæòâŁòåºüíî, ðåłàÿ åªî â îÆøåì âŁäå ïîºó÷àåì:
�

1�L0 �B0
mB0

mL0

�B0
�L0


0
�
B0

B
= ��0�B0

�
L
B

+ �
�
�L0

mb

mL0

�B0
�L0


DM


b
; (2.11)

L0

B
= �L0

�
mb

mL0


DM


b
�B0

mB0

mL0

B0

B

�
; (2.12)

ªäå çíàŒŁ �i æîîòâåòæòâóþò çíàŒàì æîîòâåòæòâóþøŁı îòíîłåíŁØ ïºîòíî-
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æòåØ, �i � ïðîòŁâîïîºîæíß Łì, �(�i) = �0�B0 Ł 
(�i) = 
0�B0

�L0
. ˇðŁ mB0 >

mL0 ôóíŒöŁÿ �B0

�L0
! 0, Æßæòðåå âæåı Ł íàîÆîðîò æòàíîâŁòæÿ äîìŁíŁðóþøŁì

æºàªàåìßì ïðŁ mB0 < mL0. ˇîòîìó

B0

B
!

(
��0�B0

�L
B + �

�
;

�B0 mb
mB0


DM

b
;

L0

B
!

(
�L0 mb

mL0


DM

b
; mB0 � mL0

��0�L0
�L
B + �

�
; mB0 � mL0

(2.13)

´ æºó÷àå æå ðàâíßı ìàææ �B0

�L0
� 1 âíå çàâŁæŁìîæòŁ îò æòàòŁæòŁŒŁ,

ıàðàŒòåðíîØ äºÿ ÷àæòŁö. ˇðŁ îäíîŁì…ííßı çíàŒàı íîâßı ïºîòíîæòåØ, îò-
íîłåíŁÿ B0=B Ł L0=L íå îïðåäåºåíß. ˜åØæòâŁòåºüíî, Æºàªîäàðÿ ðàçíßì
æòàòŁæòŁŒàì ïðŁm . mŒðŁò âåæîâßå ôóíŒöŁŁ îòºŁ÷àþòæÿ äîæòàòî÷íî, ÷òî-
Æß æ÷Łòàòü Œîíå÷íßì âßðàæåíŁå â æŒîÆŒàı â ºåâîØ ÷àæòŁ ðàâåíæòâà.

2.1 Ò¯Õ˝¨Ö´¯Ò˛´Àß Ì˛˜¯¸Ü

ˇðŁìåíŁì ïîºó÷åííßØ ðåçóºüòàò Œ ïðîÆíîØ ìîäåºŁ. ´ ïåðâóþ î÷åðåäü ðàæ-
æìîòðŁì òåıíŁöâåòîâóþ ìîäåºü (WTC) [4�9]. ´ òàŒîì æºó÷àå æŁæòåìà óðàâ-
íåíŁØ Łìååò âŁä:

� ïºîòíîæòŁ òåıíŁÆàðŁîííîªî Ł òåıíŁºåïòîííîªî ÷Łæåº

TB =
2
3

(�UU�UU + �UD�UD + �DD�DD) =

=
2
3

(�UU + �UD + �DD)�UU +
2
3

(�UD + 2�DD)�W ;
(2.14)

TL = 2(�E + �N)�NL + 2�E�W ; (2.15)

� æîıðàíåíŁå ýºåŒòðŁ÷åæŒîªî çàðÿäà

Q = 0 =((yWTC + 1)�UU + yWTC�UD + (yWTC � 1)�DD)�UU�
� ((3yWTC � 1)�N + (3yWTC + 1)�E)�NL+
+ 2(2�t + 1)�uL � 2�+
+ (yWTC�UD + 2(y � 1)�DD � (3yWTC + 1)�E � 18)�W ;

(2.16)
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� æôàºåðîííîå óðàâíåíŁå

3(�uL + 2�dL) + �+
1
2
�UU + �DD + �NL = 0; (2.17)

9�uL + �+
3
2
�UU + �NL + 8�W = 0: (2.18)

˛ÆøŁØ ìàæłòàÆ ìàææ òåıíŁ÷àæòŁö Ł âîçìîæíîæòü ìåíÿòü çíà÷åíŁå
çàðÿäîâîªî ïàðàìåòðà yWTC ïðŁâîäÿò Œ ìíîªîŒîìïîíåíòíîìó æöåíàðŁþ
æŒðßòîØ ìàææß. ÒàŒŁì îÆðàçîì, íàŁÆîºåå óïðîø…ííßØ âŁä æŁæòåìß:

(
TB
B + 
(�i)TLB = ��(�i)

�L
B + �(�i)

�

mUU
��TB
B

��+mN
��TL
B

�� = mb

DM


b
;

(2.19)

ªäå Łæïîºüçîâàíî ïðåäïîºîæåíŁå, ÷òî Łç äâóı òåıíŁºåïòîíîâ ŁìåííîN æòà-
ÆŁºåí (îÆðàòíßØ æºó÷àØ íŁ÷åì æóøåæòâåííî íå îòºŁ÷àåòæÿ Ł ìîæåò Æßòü
îïŁæàí â òåı æå òåðìŁíàı). ÔóíŒöŁŁ �(�i), �(�i) Ł 
(�i) îïðåäåºåíß ïî-
ºîæŁòåºüíî. ×åðåäîâàíŁå çíàŒîâ yWTC îŒàçßâàåòæÿ íå æóøåæòâåííî: âæå
æºàªàåìßå, ªäå âîçíŁŒàåò ýòîò ïàðàìåòð ýŒæïîíåíöŁàºüíî ïîäàâºåíß âåæîì
�UU ïî æðàâíåíŁþ æ îæòàºüíßìŁ.

˜àºåå, ðàææìîòðŁì îòíîłåíŁÿ TB=B Ł TL=B, à òàŒæå TB=TL. ˇðŁ
îïðåäåº…ííßı çíàŒàı çàðÿäîâ ýòî, ïîòåíöŁàºüíî, ïîçâîºÿåò îòÆðîæŁòü ÷àæòü
äîïóæòŁìîØ îÆºàæòŁ.

ÒàŒŁì îÆðàçîì, ïðŁ ðåłåíŁŁ æŁæòåìß óðàâíåíŁØ (2.19) îòíîæŁòåºüíî
L=B çíàŒŁ æîªºàæîâàíß íà îòðåçŒàı, ªäå


b


DM
�(�i)

�
L
B

+ �(�i)
�
2

8
>>>>>><

>>>>>>:

h
� 1
mUU

;�
(�i)
mN

i
: (+;+)

h
� 1
mUU

; 
(�i)
mN

i
; (+;�)

h
�
(�i)

mN
; 1
mUU

i
; (�;+)

h

(�i)
mN

; 1
mUU

i
: (�;�)

(2.20)

´ æŒîÆŒàı äàíß çíàŒŁ îòíîłåíŁØ
�TB
B ; TLB

�
. ¯æºŁ îíŁ îòºŁ÷àþòæÿ äðóª îò

äðóªà, òî L=B äîºæíî Łìåòü çíà÷åíŁÿ, âÆºŁçŁ òî÷ŒŁ L=B = ��(�i). ´
ïðŁÆºŁæåíŁŁ ðàâíßı ìàææ mUU = mUD = mDD, mN = mE Ł �UU = �N
ŁºŁ, ÷òî ïî÷òŁ òî æå ïðŁ çàäàííßı ìàæłòàÆàı àðªóìåíòà, mUU = mN :
�(�i) = �UU=3, �(�i) � 3, 
(�i) � 1=3, Łç ÷åªî æºåäóåò, ÷òî ýòŁ îÆºàæòŁ
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ýŒæïîíåíöŁàºüíî Æßæòðî ðàæłŁðÿþòæÿ æ óâåºŁ÷åíŁåì ìàææß ÷àæòŁö çà æ÷…ò
ïàäåíŁÿ âåºŁ÷Łíß �(�i). ˇðŁ mŒðŁò

UU � 3:6Òý´ (�0:1Òý´ â çàâŁæŁìîæòŁ îò
ðàææìàòðŁâàåìîªî Œðàÿ îòðåçŒà) âæå ðàçðåł…ííßå íàÆºþäåíŁÿìŁ çíà÷åíŁÿ
(
��L
B

�� � 6:6 �106) îŒàçßâàþòæÿ âŒºþ÷åíß â íå…. ´ æºó÷àå îäŁíàŒîâßı çíàŒîâ,
ðåłåíŁå æóøåæòâóåò ïðŁ 
(�i)� mE

mUU
< 0, ÷òî âßïîºíÿåòæÿ â ïðŁÆºŁæåíŁŁ

ðàâíßı ìàææ. ˇðŁ ýòîì îÆºàæòü, âìåæòî ðàæłŁðåíŁÿ, æäâŁªàåòæÿ âäîºü îæŁ
L=B îò òî÷ŒŁ L=B = ��(�i) â îòðŁöàòåºüíîì íàïðàâºåíŁŁ äºÿ (+;+) Ł
ïîºîæŁòåºüíîì äºÿ (�;�). Ìàææà mŒðŁò

UU îòðàæàåò ìîìåíò, Œîªäà îÆºàæòŁ
ïåðåæòàþò ïåðåæåŒàòüæÿ.

˛òíîłåíŁå TB=TL äºÿ æî÷åòàíŁÿ çíàŒîâ (�1;�2) Łìååò âŁä

TB
TL

= �
mN�(�i) (LB + �(�i))�2 
(�i)
DM


b

�1 �2 mUU�(�i) (LB + �(�i))�2

DM


b

(2.21)

Ł ïðîÆåªàåò Łíòåðâàº [0;�1) íà îòðåçŒàı (2.20). ´ ðàìŒàı ìîäåºŁ ýòî îçíà-
÷àåò, ÷òî â æºó÷àå îäŁíàŒîâßı çíàŒîâ ïåðåïðîŁçâîäæòâà àíîìàºüíßı Łçî-
òîïîâ íå ïðîŁæıîäŁò ºŁłü åæºŁ ìàææß ÷àæòŁö ÆºŁçŒŁ Œ mŒðŁò

UU . Òîªäà, âßÆî-
ðîì çíàŒà yWTC ìîæíî ïîäàâŁòü ÷Łæºî ÷àæòŁö æ ïîºîæŁòåºüíßì çàðÿäîì.
´ æºó÷àå æå ðàçºŁ÷íßı çíàŒîâ, ïðŁ mUU < mŒðŁò

UU , îòíîłåíŁå TB=TL, äåØ-
æòâŁòåºüíî, ìîæåò ïðŁíŁìàòü ºþÆßå çíà÷åíŁÿ, òîªäà ŒàŒ ïðŁmUU > mŒðŁò

UU
îíî ýŒæïîíåíöŁàºüíî Æßæòðî æıîäŁòæÿ Œ æâîåìó çíà÷åíŁþ ïðŁ L=B = 0, ò.å.
Œ TB=TL = 1=3.

ÒàŒŁì îÆðàçîì, ıîòÿ îÆøŁı îªðàíŁ÷åíŁØ óæòàíîâŁòü íåºüçÿ, æºó÷àŁ
(+;+) Ł (�;�) ïî÷òŁ ïîºíîæòüþ ŁæŒºþ÷àþòæÿ (çà ŁæŒºþ÷åíŁåì ÆºŁæàØ-
łåØ îŒðåæòíîæòŁ mUU = mŒðŁò

UU � 3:6Òý´). ˜ºÿ (+;�) Ł (�;+) æå óäà…òæÿ
îöåíŁòü îòíîłåíŁå ŒîíöåíòðàöŁØ Œîìïîíåíò æŒðßòîØ ìàææß äºÿ æºó÷àÿ
mUU > mŒðŁò

UU .

2.2 Ì˛˜¯¸Ü Ñ Òß˘�¸ÛÌ ×¯Ò´�—ÒÛÌ
ˇ˛˚˛¸¯˝¨¯Ì

´ æºó÷àå ìîäåºŁ æ òÿæ…ºßì ÷åòâ…ðòßì ïîŒîºåíŁåì [10�13] æŁæòåìà óðàâ-
íåíŁØ Łìååò âŁä [14]:
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� ïºîòíîæòŁ ÆàðŁîííîªî Ł ºåïòîííîªî ÷Łæåº íîâßı ÷àæòŁö

FB = 2(�U + �D)�UL + 2�D�W ; (2.22)

FL = 2(�N + �E)�NL + 2�E�W : (2.23)

� óæºîâŁÿ æîıðàíåíŁÿ çàðÿäîâ

Q = 0 = 2(2�UL � �DL)�UL + 2(2�t + 1)�uL�
�2�E�NL � 2�� 2(�D + �E � 10)�W ;

(2.24)

Y = 0 = 2(�N + �E)�NL � 2(�U + �D)�UL + 2(�E � �D)�W (2.25)

Ñâÿçü ıŁìŁ÷åæŒŁı ïîòåíöŁàºîâ, æºåäóþøàÿ Łç æâîØæòâ æôàºåðîííîªî ïå-
ðåıîäà:

9�uL + �+ 3�UL + �NL + 8�W = 0: (2.26)

—åłåíŁå ìîæåò Æßòü ïðåäæòàâºåíî â âŁäå æâÿçŁ îòíîłåíŁØ ïºîòíî-
æòåØ ÷Łæåº:

FB
B

= ��(�i)

 
L
B

+ �(�i)

!

; (2.27)

ªäå ôóíŒöŁŁ � Ł � çàâŁæÿò ïðŁ ôŁŒæŁðîâàííîØ T� òîºüŒî îò ìàææ ÷àæòŁö:

� �
�U(3 �2

U + 26 �U + 19)
16 �2

U + 116 �U + 60
; � �

9 �2
U + 74 �U + 61

3 �2
U + 26 �U + 19

: (2.28)

˙äåæü Æßºî Łæïîºüçîâàíî ïðŁÆºŁæåíŁå ðàâíßı ìàææ �E = �D = �U Ł óïðî-
øåíŁå �N = 1; �t = 1 äºÿ íàªºÿäíîæòŁ.

¯æºŁ f �100% ïºîòíîæòŁ æŒðßòîØ ìàææß îÆåæïå÷åíà ŒºàæòåðàìŁ �U �U �U ,
òî


DM


b
� f

3mU

mb

�����
FB
B

�����
: (2.29)

˝à ðŁæóíŒå 2.1 ïðåäæòàâºåíî ªðàôŁ÷åæŒîå ðåłåíŁå óðàâíåíŁÿ (2.29)
äºÿ ðàçíßı çíà÷åíŁØ L=B. ÌŁíŁìàºüíîå çíà÷åíŁå äàííîªî ïàðàìåòðà, ïî-
äîÆðàíî òàŒ, ÷òî ïðŁìåðíî æîîòâåòæòâóåò 3mU � 1060ˆý´: L=B � �3.
˚ðàØíÿÿ ïðàâàÿ ºŁíŁÿ, æîîòâåòæòâóþøàÿ ìàŒæŁìàºüíîìó çíà÷åíŁþ ºåï-
òîííîØ àæŁììåòðŁŁ, äà…ò îöåíŒó ìàŒæŁìàºüíîØ ìàææß ò…ìíîªî àòîìà:mANO-He �
10:5Òý´. ˆðàôŁŒŁ íà ïðàâîØ ïàíåºŁ ïîæòðîåíß â ºîªàðŁôìŁ÷åæŒîì ìàæ-
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—ŁæóíîŒ 2.1 � ˆðàôŁ÷åæŒîå ðåłåíŁå óðàâíåíŁÿ (2.29), çàäàþøŁå ïðåäåºß
ìàææ ANO-ªåºŁÿ.

łòàÆå Ł îòîÆðàæàþò îªðàíŁ÷åíŁÿ äºÿ æºó÷àÿ, åæºŁ ANO-ªåºŁØ îÆåæïå÷Ł-
âàåò ºŁłü äîºþ îò ïîºíîØ ïºîòíîæòŁ æŒðßòîØ ìàææß. ˙íà÷åíŁå mANO-He

æìåøàåòæÿ â Æîºüłóþ æòîðîíó ïðŁìåðíî íà 1Òý´ çà ïîðÿäîŒ.
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3 Ñ¯×¯˝¨ß ˙ÀÕ´ÀÒÀ ¸�ˆ˚¨Õ ß˜¯—

˛ïŁæàíŁå ïîæºåäîâàòåºüíîªî çàıâàòà º…ªŒŁı ÿäåð ìíîªîçàðÿäíßìŁ ÷àæòŁ-
öàìŁ òðåÆóåò ðàææìîòðåíŁÿ íåæŒîºüŒŁı òŁïîâ ðåàŒöŁØ:

X +N1 ! XN1 + 
; (3.1)
XN1 +N2 ! XN3 + 
=N4; (3.2)
XN1 +XN2 ! XN3X + 
=N4; (3.3)

ªäå Ni � íåŒîòîðîå º…ªŒîå ÿäðî.

3.1 ˇ¯—´ÛÉ ÝÒÀˇ

3.1.1 ´¨˜ Ñ¯×¯˝¨É ˇ¯—´˛ˆ˛ ÝÒÀˇÀ

Ñå÷åíŁÿ ôîòîðàçðółåíŁÿ �
 Ł ðàäŁàöŁîííîØ ðåŒîìÆŁíàöŁŁ íà îæíîâíîå
æîæòîÿíŁå �rr äºÿ ÷àæòŁö â ïðîŁçâîºüíîì ïîòåíöŁàºå:

�
 =
4�
3
ZN
ZX

rB
mN

�3

1 + �2

����

Z
�2R{1(�)@�R10(�)d�

����
2

; (3.4)

�rr =
2�
3
ZN
ZX

1
m3
NrB

�(1 + �2)
����

Z
�2R{1(�)@�R10(�)d�

����
2

=

=
4�
3
ZN
ZX

E


m2
Nr2

Bk3

����

Z
�2R{1(�)@�R10(�)d�

����
2

;
(3.5)

ªäå, ŒàŒ Ł ðàíåå, � = Z1Z2�
p�12

2E = 1
krB

� ïàðàìåòð ˙îììåðôåºüäà, äºÿ
Œîòîðîªî ïîºîæåíî �12 = mNmX

mN +mX
� mN , ðàäŁàºüíßå ÷àæòŁ âîºíîâßı ôóíŒ-

öŁØ R{1(�) Ł R10(�) îïðåäåºåíß â òåðìŁíàı Æåçðàçìåðíßı ïàðàìåòðîâ
� = r=rB, { = krB Ł íîðìŁðîâàíß ŒàŒ

�
R
jRn0l(r)j2r2dr =

R
jRn0l(�)j2r3

B�2d� = 1 ) Rn0l(r) = 1
r3=2

B
Rn0l(�) �
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äºÿ äŁæŒðåòíîªî æïåŒòðà;
�
R
jRkl(r)j2r2dr =

R
jR{l(�)j2r3

B�2d� = 2��(k0 � k) = 2�rB�({0 � {))
Rn0l(r) = 1

rB
Rn0l(�) � äºÿ íåïðåðßâíîªî æïåŒòðà.

ÒàŒŁì îÆðàçîì, æŒîðîæòü ðàäŁàöŁîííîªî çàıâàòà º…ªŒîªî ÿäðà íà îæ-
íîâíîå æîæòîÿíŁå ìîæåò Æßòü îïðåäåºåíà ŒàŒ äâîØíîØ Łíòåªðàº:

h�rrvi =
2
p

2�
3

ZN
ZX

1
m4
Nr5

B

1
(mNT )3=2 �

�
Z

1 + �2

�4 exp
�
�

1
2mNr2

BT
1
�2

� ����

Z
�2R{1(�)@�R10(�)d�

����
2

d�:

(3.6)

3.1.2 Ó—À´˝¯˝¨¯ Ø—�˜¨˝ˆ¯—À

˛òíîæŁòåºüíàÿ âíóòðåííÿÿ ïðîæòîòà Łçîòîïîâ âîäîðîäà (p, d, t) Ł ªåºŁÿ
(3He, 4He) ïîçâîºÿåò ðàææìàòðŁâàòü Łı ŒàŒ îäíîðîäíî çàðÿæåííßå æôåðß,
÷òî ïðŁâîäŁò Œ æôåðŁ÷åæŒŁ-æŁììåòðŁ÷íîìó ïîòåíöŁàºó âŁäà

V (�) = 2mNr2
BU(�) =

8
<

:
�1
a

�
3� �2

a2

�
; � < a;

�2
� ; � > a:

(3.7)

ÓðàâíåíŁå Øð…äŁíªåðà â åæòåæòâåííßı åäŁíŁöàı (~ = 1)
�

1
2mN

r2 � U(r)
�

	 = �E	 (3.8)

ìîæåò Æßòü ïðåîÆðàçîâàíî Œ Æîºåå óäîÆíîØ äºÿ ŁæïîºüçîâàíŁÿ ôîðìå:

@2
�P (�) +

�
V (�)�

l(l + 1)
�2

�
P (�) + "P (�) = 0; (3.9)

ªäå âßäåºåíà ðàäŁàºüíàÿ ÷àæòü âîºíîâîØ ôóíŒöŁŁ 	(r) = R(r)Y (�; �) =
P (r)
r Y (�; �), ââåäåíî îÆîçíà÷åíŁå " = 2mNr2

BE, ðàäŁàºüíàÿ ïåðåìåííàÿ � Ł
Łìïóºüæ { Æåçðàçìåðíß.
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—ŁæóíîŒ 3.1 � ÑîÆæòâåííßå ôóíŒöŁŁ óðàâíåíŁÿ (3.9) äºÿ ò…ìíßı Łîíîâ
X�4He (æºåâà) Ł ò…ìíßı àòîìîâ (XN)0 (æïðàâà).

3.1.2.1 ˜ŁæŒðåòíßØ æïåŒòð

ˇðŁìåðß âîºíîâßı ôóíŒöŁØ äŁæŒðåòíîªî æïåŒòðà, ïîºó÷åííßı ÷Łæºåííßì
ðåłåíŁåì ýòîªî óðàâíåíŁÿ ïðŁ ðàçíßı çàðÿäàı ÿäðà æ ªðàíŁ÷íßìŁ óæºî-
âŁÿìŁ

P (0) = 0; P (�max) = 0; (3.10)

ªäå �max ïîäÆŁðàåòæÿ äºÿ äîæòŁæåíŁÿ òðåÆóåìîØ òî÷íîæòŁ â Œàæäîì îò-
äåºüíîì æºó÷àŁ, ïðåäæòàâºåíß íà —ŁæóíŒå 3.1. ˝à ºåâîØ ïàíåºŁ ŁçîÆðàæå-
íß âîºíîâßå ôóíŒöŁŁ æâÿçàííßı æîæòîÿíŁØ âŁäà X�4He.

´ òàÆºŁöàı 3.1�3.5 ïðŁâåäåíß ıàðàŒòåðíßå ðàçìåðß äºÿ ðàçºŁ÷íßı
æŁæòåì XN , à òàŒæå Łı ýíåðªŁŁ æâÿçŁ, ïîºó÷åííßå ïðŁ ðåłåíŁŁ óðàâíåíŁÿ
(3.9) E˛˙Ñ

XN . ˜ºÿ æðàâíåíŁÿ â òàÆºŁöå òàŒæå óŒàçàíß ýíåðªŁŁ æâÿçŁ äºÿ
ŒóºîíîâæŒîªî Ł ÷Łæòî îæöŁººÿòîðíîªî ïîòåíöŁàºîâ.
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p

2n 2 4 6 8 10

—à
äŁ

óæ
ß R, Ôì 0.841 [15]

rB; Ìý´�1 0.073 0.037 0.024 0.018 0.015

a 0.058 0.115 0.173 0.230 0.288
E
X
N E˚óºîí

XN ; Ìý´ 0.100 0.400 0.900 1.599 2.500

E˛˙Ñ
XN ; Ìý´ 0.100 0.396 0.883 1.550 2.388

ÒàÆºŁöà 3.1 � ÕàðàŒòåðíßå ðàäŁóæß Ł ýíåðªŁŁ æâÿçŁ äºÿ Xp.

d

2n 2 4 6 8 10

—à
äŁ

óæ
ß R, Ôì 2.127 [15]

rB; Ìý´�1 0.037 0.018 0.012 0.009 0.007

a 0.291 0.583 0.873 1.165 1.456

E
X
N
;Ì

ý´ E˚óºîí
XN 0.200 0.799 1.798 3.196 4.994

E˛æöŁººÿòîð
XN � � � 0.604 1.762

E˛˙Ñ
XN 0.191 0.701 1.439 2.343 3.371

ÒàÆºŁöà 3.2 � ÕàðàŒòåðíßå ðàäŁóæß Ł ýíåðªŁŁ æâÿçŁ äºÿ Xd.

t

2n 2 4 6 8 10

—à
äŁ

óæ
ß R, Ôì 1.7591 [16]

rB; Ìý´�1 0.0244 0.0122 0.008 0.006 0.005

a 0.361 0.721 1.082 1.443 1.803

E
X
N
;Ì

ý´ E˚óºîí
XN 0.299 1.197 2.692 4.787 7.479

E˛æöŁººÿòîð
XN � � 0.288 1.666 3.176

E˛˙Ñ
XN 0.280 1.005 2.023 3.243 4.609

ÒàÆºŁöà 3.3 � ÕàðàŒòåðíßå ðàäŁóæß Ł ýíåðªŁŁ æâÿçŁ äºÿ Xt.
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3He

2n 2 4 6 8 10

—à
äŁ

óæ
ß R, Ôì 1.970 [17]

rB; 10�3 Ìý´�1 12.20 6.10 4.07 3.05 2.44

a 0.808 1.615 2.423 3.230 4.037

E
X
N
;Ì

ý´ E˚óºîí
XN 1.196 4.786 10.768 19.142 29.910

E˛æöŁººÿòîð
XN � 1.894 4.767 7.888 11.164

E˛˙Ñ
XN 0.978 3.095 5.742 8.692 11.841

ÒàÆºŁöà 3.4 � ÕàðàŒòåðíßå ðàäŁóæß Ł ýíåðªŁŁ æâÿçŁ äºÿ X3He.

4He

2n 2 4 6 8 10

—à
äŁ

óæ
ß R, Ôì 1.678 [15; 18]

rB; 10�3 Ìý´�1 9.19 4.60 3.06 2.30 1.84

a 0.913 1.826 2.739 3.652 4.566

E
X
N
;Ì

ý´ E˚óºîí
XN 1.588 6.352 14.291 25.406 39.698

E˛æöŁººÿòîð
XN � 2.713 6.195 9.950 13.878

E˛˙Ñ
XN 1.256 3.892 7.130 10.712 14.510

ÒàÆºŁöà 3.5 � ÕàðàŒòåðíßå ðàäŁóæß Ł ýíåðªŁŁ æâÿçŁ äºÿ X4He.

´ òàÆºŁöå 3.6 ïðŁâåäåíß ýíåðªŁŁ æâÿçŁ, íàØäåííßå äºÿ Łçîòîïà 56Fe,
ðàææ÷Łòàííßå äºÿ îæöŁººÿòîðíîªî ïîòåíöŁàºà Ł ïîòåíöŁàºà, ïîºó÷åííîªî
Łç ðàæïðåäåºåíŁÿ ÔåðìŁ (2pF) äºÿ çàðÿäà:

V (�) =
2

a3r2
B

0

@ 1
rB�

rB�Z

0

r2

1 + exp((r � rN)=b)
dr +

1Z

rB�

r
1 + exp((r � rN)=b)

dr

1

A ;

(3.11)
ªäå b � ïàðàìåòð äŁôôóçíîæòŁ. ˜ºÿ ðàæ÷…òà Łæïîºüçîâàíß çíà÷åíŁÿ ïàðà-
ìåòðîâ rN = 4:111ôì Ł b = 0:558 [19] (âåðıíŁØ ðÿä). —àæ÷…ò äºÿ âòîðîªî
íàÆîðà ïàðàìåòðîâ, ïðåäæòàâºåííßı â [19] (rN = 4:106ôì Ł b = 0:519)
ïðŁâîäŁò Œ îòºŁ÷Łþ ýíåðªŁØ äî íåæŒîºüŒŁı äåæÿòŒîâ Ìý´ (æì. íŁæíŁØ
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ðÿä ÒàÆºŁöß 3.6).

56Fe

2n 2 4 6 8 10

E˛æöŁººÿòîð
XN , Ìý´ 23.638 47.958 72.391 96.881 121.409

E2pF
XN , Ìý´

59.116 122.934 187.681 252.918 318.471

63.251 131.708 201.197 271.232 341.617

ÒàÆºŁöà 3.6 � ÝíåðªŁŁ æâÿçŁ äºÿ X�56Fe.

´ æºó÷àå º…ªŒŁı ÿäåð, ââåäó ìåíüłŁı ìàæłòàÆîâ æŁæòåìß, îòºŁ÷Łÿ
ìåíåå æóøåæòâåííß: íåîïðåäåº…ííîæòü äîæòŁªàåò ºŁłü æîòåí Œý´.

˝à ðŁæóíŒå 3.2 ïîŒàçàíß îòºŁ÷Łÿ ìîäóºåØ ðàäŁàºüíßı ÷àæòåØ âîº-
íîâßı ôóíŒöŁØ âîçÆóæä…ííßı æîæòîÿíŁØ (l = 0, æºåâà: n0 = 2, æïðàâà:
n0 = 3) æŁæòåìß X�4He ïðŁ n = 1 (âåðıíŁØ ðÿä) Ł n = 5 (íŁæíŁØ ðÿä).
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—ŁæóíîŒ 3.2 � ´îºíîâßå ôóíŒöŁŁ âîçÆóæä…ííßı æîæòîÿíŁØ (l = 0, æºåâà:
n0 = 2, æïðàâà: n0 = 3) æŁæòåìß X�4He ïðŁ n = 1 (âåðıíŁØ ðÿä) Ł n = 5
(íŁæíŁØ ðÿä)

ÑîîòâåòæòâóþøŁå ýíåðªŁŁ æâÿçŁ E(n0;n)
XN :

n = 1: E(2;1)
XN = 0:357Ìý´, E(3;1)

XN = 0:164Ìý´;
n = 5: E(2;5)

XN = 6:063Ìý´, E(3;5)
XN = 3:156Ìý´.

3.1.2.2 ˝åïðåðßâíßØ æïåŒòð

˜ºÿ íåïðåðßâíîªî æïåŒòðà óðàâíåíŁå (3.9) íåîÆıîäŁìî ðåłŁòü äºÿ íàÆî-
ðà çàðàíåå çàäàííßı ýíåðªŁØ, äîæòàòî÷íîªî äºÿ ïîæºåäóþøåªî ÷Łæºåííîªî
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ŁíòåªðŁðîâàíŁÿ. ˇðåäïîºàªàÿ ìàŒæâåººîâæŒîå ðàæïðåäåºåíŁå ïî ýíåðªŁÿì,
òàŒîâßì Łíòåðâàºîì ìîæíî æ÷Łòàòü [0:01T ; 10T ], ªäå äºÿ íóŒºåîæŁíòåçà
T = 5� 100 Œý´. ¨æïîºüçîâàíß íà÷àºüíßå óæºîâŁÿ

P (�min) = �l+1
min; @�P (�min) = (l + 1)�lmin; (3.12)

ïðŁ l = 1, �min = 10�3 a. ˇîºó÷åííßå âîºíîâßå ôóíŒöŁŁ íîðìŁðîâàºŁæü
óæºîâŁåì, ïîäðàçóìåâàþøŁì ŒóºîíîâæŒîå àæŁìïòîòŁ÷åæŒîå ïîâåäåíŁå:

P
�
��

2
{2

�
! 2 sin

�
{�+

1
{

ln(2{�)�
�
2
l + �l

�
; (3.13)

ªäå ôàçà �l îïðåäåºÿåòæÿ ôŁòŁðîâàíŁåì ðåłåíŁÿ íà ÆîºüłŁı çíà÷åíŁÿı �.

˝à —ŁæóíŒå 3.3 ïðåäæòàâºåíî æðàâíåíŁå ŒóºîíîâæŒŁı Ł ˛˙Ñ ðàäŁàºü-
íßı âîºíîâßı ôóíŒöŁØ íåïðåðßâíîªî æïåŒòðà æŁæòåìß X4He äºÿ çàðÿäîâ
n = 1 (æâåðıó) Ł n = 5 (æíŁçó) ïðŁ ìŁíŁìàºüíîØ E = 5 � 10�5 Ìý´ (æºåâà)
Ł ìàŒæŁìàºüíîØ E = 1Ìý´ (æïðàâà) ðàææìàòðŁâàåìßı ýíåðªŁÿı.

˝à ðŁæóíŒå 3.4 ïðŁâåäåíß íàŁÆîºåå îòºŁ÷íßå îò ŒóºîíîâæŒŁı âîºíî-
âßå ôóíŒöŁŁ íåïðåðßâíîªî æïåŒòðà æŁæòåìå X�2n�t. Õîòÿ ðàçíŁöà âæ… åø…
çàìåòíà, îíà çíà÷Łòåºüíî óæòóïàåò â æâîåØ âßðàæåííîæòŁ òîØ, ÷òî íàÆºþ-
äàåòæÿ äºÿ ÿäåð ªåºŁÿ.
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—ŁæóíîŒ 3.3 � ´îºíîâßå ôóíŒöŁŁ íåïðåðßâíîªî æïåŒòðà æŁæòåìß X�2n�
4He äºÿ n = 1 (æâåðıó) Ł n = 5 (æíŁçó) ïðŁ E = 10�5 Ìý´ (æºåâà) Ł
E = 1Ìý´ (æïðàâà)

—ŁæóíîŒ 3.4 � ´îºíîâßå ôóíŒöŁŁ íåïðåðßâíîªî æïåŒòðà æŁæòåìß X�2n�t
äºÿ n = 5 ïðŁ E = 10�5 Ìý´ (æºåâà) Ł E = 1Ìý´ (æïðàâà)
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3.1.3 —¯˙Ó¸ÜÒÀÒÛ ´Û×¨Ñ¸¯˝¨É Ñ˚˛—˛ÑÒ¯É

3.1.3.1 ˛æíîâíîå æîæòîÿíŁå

˝à ðŁæóíŒå 3.5 ïðåäæòàâºåíß ªðàôŁŒŁ æŒîðîæòåØ ðàææìàòðŁâàåìßı ïðî-
öåææîâ ŒàŒ ôóíŒöŁŁ îò òåìïåðàòóðß äºÿ ðàçíßı çíà÷åíŁØ çàðÿäîâîªî ïà-
ðàìåòðà. ˝à ðŁæóíŒå 3.6 ïîŒàçàíß òå æå æå÷åíŁÿ, íî ïðŁ ôŁŒæŁðîâàííßı
çíà÷åíŁÿı çàðÿäà òÿæ…ºîØ ÷àæòŁöß. ˝à ïîæºåäíŁı äâóı ªðàôŁŒàı òàŒæå
ìîæíî óâŁäåòü ðàçíŁöó â ìàæłòàÆàı ìåæäó æŒîðîæòÿìŁ, ðàææ÷ŁòàííßìŁ
äºÿ ŒóºîíîâæŒîªî Ł ˛˙Ñ ïîòåíöŁàºà. ˜åØæòâŁòåºüíî, Łç-çà ìàºßı ðàçìå-
ðîâ ïðîòîíà ýòŁ ôóíŒöŁŁ äîæòàòî÷íî ÆºŁçŒŁ äðóª Œ äðóªó. ˝à ðŁæóíŒå
3.7 íàÆºþäàåìîå îòŒºîíåíŁå îıàðàŒòåðŁçîâàíî ŒîºŁ÷åæòâåííî. ¨çîÆðàæå-

íß ªðàôŁŒŁ ôóíŒöŁŁ R(T ) =
h�vi˚óºîí

àíàºŁò. � h�vi
˛˙Ñ
÷Łæº.

h�vi˚óºîí
àíàºŁò.

� 100%.

—ŁæóíîŒ 3.5 � ÑŒîðîæòåØ îÆðàçîâàíŁÿ XN ïðŁ ðàçíßı çíà÷åíŁÿı çàðÿäî-
âîªî ïàðàìåòðà n
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—ŁæóíîŒ 3.6 � ÑŒîðîæòåØ îÆðàçîâàíŁÿ XN ïðŁ ôŁŒæŁðîâàííßı çíà÷åíŁÿı
çàðÿäîâîªî ïàðàìåòðà n

—ŁæóíîŒ 3.7 � ˛òŒºîíåíŁå îò ïðŁÆºŁæåíŁÿ òî÷å÷íßı ÷àæòŁö
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—ŁæóíîŒ 3.8 � ÑðàâíåíŁå æå÷åíŁØ çàıâàòà íà îæíîâíîå æîæòîÿíŁå ŒàŒ ôóíŒ-
öŁØ òåìïåðàòóðß

3.1.3.2 Ó÷…ò âîçÆóæä…ííßı æîæòîÿíŁØ

ÑòðîªŁØ ó÷…ò âîçÆóæä…ííßı æîæòîÿíŁØ æŁæòåìß XN òðåÆóåò æóììŁðîâà-
íŁÿ âæåı æîîòâåòæòâóþøŁı æå÷åíŁØ çàıâàòà. ˝à ðŁæóíŒå 3.8 æðàâíŁâàþòæÿ
h�vi˚óºîí

àíàºŁò. Ł h�vi
˛˙Ñ
÷Łæº. äºÿ X�4He. ¨ı, çíà÷åíŁÿ ïðŁ T = 5 Œý´ ïðŁíÿòß çà

åäŁíŁöó. ´ íŁæíåì ðÿäó 3.8 ïîŒàçàíß àíàºîªŁ÷íßå æå÷åíŁÿ äºÿ ïåðåıîäîâ
íà âîçÆóæä…ííßå óðîâíŁ 2s (æºåâà) Ł 3s (æïðàâà).

Ñºåäóåò òàŒæå îÆðàòŁòü âíŁìàíŁå ŁçìåíåíŁå àÆæîºþòíîØ âåºŁ÷Łíß.
˛òíîłåíŁå h�vi˛˙Ñ

h�vi˚óºîí (T = 5 Œý´) ïðŁ n = 5 äºÿ ïåðåıîäîâ íà óðîâíŁ (1s, 2s,
3s) ïðŁíŁìàåò çíà÷åíŁÿ, æîîòâåòæòâåííî, � (0:0183; 0:2393; 0:2789).
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3.2 ˇ—˛Ö¯ÑÑÛ, ¨Ì¯ÞÙ¨¯ À˝À¸˛ˆ¨

´ äàííîì ðàçäåºå ðàææìîòðåí âîïðîæ î ïîºó÷åíŁŁ æŒîðîæòŁ ðåàŒöŁØ òŁïà
(3.2) ŁºŁ (3.3) íà îæíîâå ýŒæïåðŁìåíòàºüíßı äàííßı äºÿ Łı æòàíäàðòíîªî
àíàºîªà

N1 +N2 ! N3 + 
=N4: (3.14)

˛æíîâíàÿ Łäåÿ çàŒºþ÷àåòæÿ â òîì, ÷òî æå÷åíŁÿ ïðîöåææîâ æ ó÷àæòŁåì æŒà-
ºÿðíîªî X�2n îòºŁ÷àþòæÿ ºŁłü ìàææàìŁ Ł çàðÿäàìŁ ó÷àæòâóþøŁı ÷àæòŁö.
´ òàŒîì æºó÷àå, íåŁçâåæòíîå æå÷åíŁå ìîæåò Æßòü îöåíåíî Łç ÿâíîªî âŁäà
îòíîłåíŁÿ �X(E)=�o(E).

˜àííîå ïðŁÆºŁæåíŁå ïðŁìåíŁìî â æºó÷àå, åæºŁ æïŁí òÿæ…ºîØ ÷àæòŁ-
öß ðàâåí sX = 0. Òîªäà, î÷åâŁäíî, æïŁí-çàâŁæŁìßå æºàªàåìßå ïîòåíöŁàºîâ
îæòàþòæÿ íåŁçìåííßìŁ. `îºåå òîªî, ïðåäºàªàåìàÿ îöåíŒà äîºæíà ðàÆîòàòü
ºó÷łå â ðåàŒöŁÿı æ òÿæ…ºßìŁ ÿäðàìŁ, äºÿ Œîòîðßı ıàðàŒòåðíî ÿäåðíîå
íàæßøåíŁå, ïðŁâîäÿøàÿ Œ ìåíüłåØ âßðàæåííîæòŁ ŒóºîíîâæŒŁı äåôîðìà-
öŁØ. Ýòî ïîäòâåðæäàåòæÿ îöåíŒàìŁ æ ŁæïîºüçîâàíŁåì ìåòîäà ÕàðòðŁ-ÔîŒà
äºÿ Æîçîíîâ.

˜àííàÿ çàäà÷à, ıîòÿ Ł ïîäðàçóìåâàåò îòíîæŁòåºüíî íŁçŒŁå ýíåðªŁŁ,
ìîæåò Æßòü ðåłåíà òîºüŒî â ðàìŒàı ðåºÿòŁâŁæòæŒîØ ŒâàíòîâîØ ìåıàíŁŒŁ.
Ñå÷åíŁå ðåàŒöŁŁ (2 ! 2) â ÑÖ¨ â îÆøåì âŁäå ìîæåò Æßòü íàØäåíî ŒàŒ
([20], �64)

�2!2 =
Z

(2�)4 �(4)(Pi � Pf) jMfij2
1

4pi("1 + "2)

Y

f

d3pf
(2�)32"f

=

=
Z
�("i � "f)

��M �
fi
��2 1

16�
1

pi("1 + "2)"3"4
p2
fdpf ;

(3.15)

ªäå Pi, Pf � 4-Łìïóºüæß íà÷àºüíîªî Ł Œîíå÷íîªî æîæòîÿíŁØ, pi, pf � ìîäóºŁ
æîîòâåòæòâóþøŁı 3-Łìïóºüæîâ, "j � ðåºÿòŁâŁæòæŒŁå ýíåðªŁŁ. ´î âòîðîØ
æòðîŒå ïðŁíÿòî îÆîçíà÷åíŁå

��M �
fi

��2 =
R
jMfij2 d�fd(cos �f).

´îçìîæíß äâà æºó÷àÿ: âîçíŁŒíîâåíŁå ìàææŁâíîØ ÷àæòŁöß N4, äàºåå
îÆîçíà÷àåìßØ ŒàŒ 4N Ł ðàäŁàöŁîííßØ çàıâàò, îÆîçíà÷àåìßØ 3N
.

(4N) : ˇåðåıîäÿ Œ ŁíòåªðŁðîâàíŁþ ïî ýíåðªŁŁ Ł, çàòåì Œ íåðåºÿòŁâŁæòæŒî-
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ìó ïðåäåºó:

"2
f � �2

f + p2
f ) pfdpf = "fd"f � (�f + Ef)dEf ;

ªäå Ef � ŒŁíåòŁ÷åæŒàÿ ýíåðªŁÿ Œîíå÷íîªî æîæòîÿíŁÿ. Òîªäà, Łìåÿ
ââåäó, ÷òî �("i � "f) = �(Ei + Q � Ef), Q � âßäåºÿåìàÿ â ðåàŒöŁŁ
ýíåðªŁÿ,

�4N =
1

16�
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(3.16)

ˇîæºåäíåå ðàâåíæòâî ïîºó÷åíî ¾â íóºåâîì ïðŁÆºŁæåíŁŁ¿: âåçäå, ªäå
ýòî âîçìîæíî, ïðåíåÆðåªàåòæÿ ŒŁíåòŁ÷åæŒîØ ýíåðªŁåØ Ł ýíåðªîâßäå-
ºåíŁåì ïî æðàâíåíŁþ æ ìàææàìŁ ÷àæòŁö.

(3N
) : ´âåäó îòæóòæòâŁÿ ó ôîòîíà ìàææß, àŒŒóðàòíîå ŁíòåªðŁðîâàíŁå òðå-
Æóåò ðàÆîòß æ àðªóìåíòîì �-ôóíŒöŁŁ:

�("i � "f) = �

 

Q+ Ei �
p2
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2m3
� pf
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=

=
1

q
1 + 2Ei+Q

m3
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�1 +
r

1 + 2
Ei +Q
m3

!!

:

ˇðŁ ïåðåıîäå Œ íåðåºÿòŁâŁæòæŒîìó ïðåäåºó ŒîðíŁ æºåäóåò ðàçºàªàòü
ŒàŒ ìŁíŁìóì äî æºàªàåìßı âòîðîªî ïîðÿäŒà. ´ òàŒîì æºó÷àå pf �
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´åðîÿòíîæòü ïðîöåææà, à çíà÷Łò Ł M �
fi, äîºæíà ôàŒòîðŁçîâßâàòüæÿ

íà ÷àæòü, îïŁæßâàþøóþ ÿäåðíóþ ðåàŒöŁþ M �;nuclear
fi Ł ÷àæòü, æâÿçàííóþ

æ ŒóºîíîâæŒŁì âçàŁìîäåØæòâŁåì Ł (3.19) âåðîÿòíîæòüþ îŒàçàòüæÿ â çîíå
ðåàŒöŁŁ:

��M �
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��2 =

���M �;nuclear
fi

���
2
� j (0)j2; (3.18)

ªäå

j (0)j2 =

8
>><

>>:

2��
exp(2��)�1 ; äºÿ ïîºÿ îòòàºŒŁâàíŁÿ;

2��
1�exp(�2��) ; äºÿ ïîºÿ ïðŁòÿæåíŁÿ;

1; ïðŁ îòæóòæòâŁŁ ŒóºîíîâæŒîªî âçàŁìîäåØæòâŁÿ.
(3.19)
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(3.20)

¨æïîºüçóÿ åªî, æŒîðîæòü ðåàŒöŁŁ ìîæåò Æßòü íàØäåíà ŒàŒ

h�viX =
r

8
�T 3

Z
�X
�
�(E) exp

�
�
E
T

�
EdE: (3.21)
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Ñå÷åíŁå æòàíäàðòíîªî àíàºîªà �(E) ìîæåò Æßòü íàØäåíî Łç ýŒæïåðŁìåí-
òàºüíßı äàííßı àïïðîŒæŁìàöŁåØ àíàºîªŁ÷íßì Łíòåªðàºîì æ ïîäæòàíîâŒîØ
�(E) = S(E)

E exp(2��), Ł S(E) = a0 + a1E + a2E2, æî æâîÆîäíßìŁ ïàðàìåò-
ðàìŁ ai.
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Abstract

This paper extensively explores the concept of dark atoms, hypothetical stable lepton-like
particles with a charge of �2n (where n is any natural number) that form neutral bound
states with n primordial helium nuclei. The discussion begins with the introduction of
multiply charged stable particles. Next, the formation and evolution of dark atoms are
examined, followed by a review of related constraints. The capture of dark atoms by the
Earth and implications for direct dark matter search are subsequently discussed. Then, the
quantum-mechanical description of bound states between dark atoms and ordinary nuclei
is addressed. Moreover, procedures for systematic comparisons with this model, which
have general interest, are presented considering the DAMA published results on the dark
matter annual and diurnal modulation signatures as a benchmark.

Keywords: composite dark matter; stable charged particles; dark atoms; low-energy
bound state; annual modulations; diurnal modulations; DAMA/LIBRA experiment;
anomalous isotopes

1. Introduction
The cosmological paradigm requires dark matter (DM) as dominant matter component

in the Universe; this is further supported, e.g., by investigations on large-scale structures
formation, on behavior of galaxies, on gravitational lensing, and on anisotropy of cosmic
microwave background. A large DM candidate particle zoology beyond the standard
models of fundamental interactions has been made available for investigations on their
nature, dynamic characteristics and observability. When candidates arisen by extension of
the Standard Model (SM) of electroweak and strong interactions of elementary particles
are considered, the non-baryonic nature of DM implies the existence of new stable forms
of nonrelativistic matter, whose stability assumes that they have new conserved charges,
which SM particles do not have, re�ecting a new strict symmetry that extends the SM
symmetry. In this article, the dark atom scenario for dark matter is discussed in some
detail, outlining its peculiarities. A dark atom consists of the new heavy particle X�2n

(without or with strongly suppressed QCD interaction) with even negative charge and
nuclei of 4He, bound by ordinary electromagnetic Coulomb force. This scenario does not
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involve new physics, with the exception of X�2n, and reduces the effects of dark atoms
on the nuclear interaction of their nuclear shells. Multiple charged stable particles arise in
several possible extensions of the Standard Model as, e.g., the model of a minimal walking
technicolor (WTC) [1�6], considered here. In the latter model, the existence of additional
heavy fermions with new gauge interaction is assumed, and the Higgs boson physics is
formulated in terms of a single scalar doublet describing the Higgs boson as a composite
particle. This similarly leads to a new approach revealing the composite nature dark matter.
This WTC approach becomes of special interest since, if the SUSY energy scale corresponds
to much higher energies than the electroweak scale, the problems of the Standard Model
(divergence of the Higgs boson mass and the origin of the electroweak energy scale) may
need a non-supersymmetric solution, which may be provided by models of a composite
Higgs boson. The basic description of the dark atom model is given in [7] and references
therein. In this paper, the dark atom model is discussed in detail, focusing in particular on
the relevant parameters in light of the annual and diurnal DM modulation signatures. As a
benchmark, we consider the already published results from the ultra-low-background (ULB)
experimental setups DAMA/NaI, DAMA/LIBRA�phase1, and DAMA/LIBRA�phase2.
Notably, these experiments, spanning over 22 independent annual cycles and different
detector con�gurations, con�rm an annual modulation effect, satisfying all the requirements
of this signature, at more than 13 s C.L.; see [8�10] and references therein. A wide
literature (see, e.g., in publications list of [10]) is available discussing the realization
and features of these setups, the possible sources of systematic uncertainties, and, to
some extent, comparisons with other experiments employing different target materials
and/or other approaches (e.g., those relying on background subtraction based on inherently
uncertain background models). The published results on the investigation of the diurnal
modulation signature [11], as well as the measured energy spectrum reported in [12], are
also considered.

For completeness, we brie�y comment on the recent results of ANAIS-112 and
COSINE-100 [13] (see also [8]). Although these collaborations state that their setups
are the same as DAMA/LIBRA because they use NaI(Tl) crystals, the experiments
differ substantially in detector characteristics, setup con�gurations and operational
procedures, exposure, background conditions, and data-analysis methods [8]. Among
other differences, their total accumulated exposures are signi�cantly smaller than that
accumulated by DAMA/LIBRA, implying lower statistical sensitivity and less precise
control of uncertainties. Moreover, in the few-keV region relevant for the DAMA signal,
their counting rates (’2�5 counts/day/kg/keV) are considerably higher than those of
DAMA/LIBRA (’0.5�1.0 counts/day/kg/keV) and exhibit a strong time dependence,
making the extraction of a small annual modulation signal more challenging. Additional
differences arise from the experimental sites: COSINE-100 and ANAIS-112 operate
with a smaller overburden than Gran Sasso National Laboratory, resulting in different
residual cosmic-ray �uxes and background levels. Furthermore, the determination of
ef�ciencies associated with event-selection cuts in COSINE-100 and ANAIS-112 introduces
non-negligible systematic uncertainties that can affect sensitivity to a small modulation
effect. In view of these differences, the DAMA results used in this paper, covering both the
annual and diurnal modulation signatures, as well as additional analyses, can be regarded
as a benchmark for studies of the dark atom model across its possible detection strategies.
On the other hand, the procedures discussed here are of general relevance and applicability
to the �eld. In particular, in regards to the DAMA benchmark, their application shows that
the dark atom framework consistently accounts for the observed DAMA annual modulation
while remaining compatible with the absence of modulation signals in experiments based
on heavy nuclei.
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Furthermore, we also recall that other signi�cant activities employing different target
materials and experimental strategies are ongoing, such as XENON-nT [14] and CDMS [15],
while for NaI-based detectors the SABRE experiment [16] is currently in preparation.
Finally, it should be emphasized that the DAMA effect remains compatible with a wide
range of theoretical models, particularly in view of the substantial uncertainties that persist
in astrophysical, nuclear, and particle-physics aspects [10].

This paper provides a detailed description of the dark atom scenario, including
model-independent signatures and their possible interconnected analyses. The resulting
methodology and framework can be of even broader interest than the speci�c applications
discussed here. With the above-described aim, this paper is organized as follows:

1. Section 2 is dedicated to aspects and properties of Multiple charged stable particles,
discussing: (i) New stable quarks; (ii) Multiple charged leptons; (iii) Charged
constituents of composite Higgs boson.

2. Section 3 is dedicated to dark atom formation and evolution, discussing: (i) Balance of
baryon asymmetry and electroweak charged particle excess; (ii) Capture by primordial
helium�formation of dark atoms and problem of anomalous isotopes overproduction.

3. Section 4 is dedicated to experimental constraints on the properties of multiply
charged heavy particles and generally the dark atom model.

4. Section 5 is dedicated to dark atom capture by Earth and Direct dark matter search,
discussing (i) Monte Carlo Simulations; (ii) Annual and diurnal modulations of
the signal.

5. Section 6 is dedicated to the quantum mechanical description of the bound states of
dark atom with the nuclei of matter, discussing (i) Binding of the nucleus of substance
to a dark atom in the total effective interaction potential of the OHe�nucleus system;
(ii) Calculation of the radiative capture cross-section in the OHe�nucleus system.

6. Section 7 is dedicated, as a benchmark, to a comparison with the published
experimental results of DAMA: (i) Annual modulation; (ii) Diurnal modulation;
(iii) High-energy gamma rays.

7. Section 8 addresses the constraints of the dark atom model parameters derived by
applying the DAMA results as a benchmark.

8. Section 9 is dedicated to conclusions.

2. Multiple Charged Stable Particles
2.1. New Stable Quarks

Elementary (at a certain level) particles of matter, fermions, are either neutral (with zero
electric charge) or have electric charges q = �1. However, when forming bound systems
(atoms, molecules, clusters), composite (not necessarily stable) objects with electric charges
jqj > 1 are possible�these are ionized atoms or molecules. More precisely, within the
Standard Model (SM) only fundamental neutrinos are absolutely neutral. Objects which
participate in strong interaction are composite and fractionally charged quarks are those
initial �building blocks� from which neutral and charged complexes can be built including
multi-particle states with charges jqj >> 1. However, these obvious statements should be
overcome when considering extensions of the SM which is inevitable bearing in mind the
SM generic problems mentioned in the Introduction.

Let us note right away that the understanding and studying of the existence of
fundamental objects with large charges have led to experimental searches for hypothetical
(multi- or milli-charged) particles (see [17�24] and references within) with charges jqj >> 1.
The main goal of searching for these objects is to study the traces of their interaction with
matter, which are distinctive due to the high ionizing ability of these particles. They can be
observed in speci�c astrophysical events in our Galaxy and found in cosmic rays generating
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unusual extensive air showers (EAS) in the Earth atmosphere; manifestations of such
particles can be detected by ground-based observatories such as LHAASO, Augier, IceCube,
Baksan and Baikal observatories, and others [25�28]. Besides the ATLAS detector, special
experimental setup, MoEDAL, was used also at LHC to search signals of multi-charged
particles (experiment MoEDAL [17,20,29]). Note, however, that the results of these searches
did not demonstrate any obvious traces of multi-charged particles establishing only some
limitations on their masses for various charges.

New heavy (vector-like) quarks, mQ > mt, can result from various BSM scenarios-
grand uni�ed, little Higgs or hypercolor [30�34]. In the models with a fourth family of
quarks [35�37] or with an additional heavy singlet quark [38,39], probable problems with
the Higgs boson parameters can be substantially decreased if the mixing of the SM quarks
with the new ones is small. Stability or decay channels of new heavy mesons and baryons,
i.e., charged bound states like Q flQ or QQQ, would be analyzed in more detail. However,
this study is not yet completed.

In any case, such new fundamental or composite objects from the SM extensions could
be stable or long lived to avoid unwanted signals in the well-studied energy regions and
be interpreted as possible hidden mass carriers. As of recent, there are no clear signals
generated by heavy (at O( TeV) scale) multi-charged states from colliders, ground-based
experimental setups or from space telescopes.

Additional vector-like quarks arise in hypercolor models and their masses should
be lighter than the scale of hypercolor con�nement if an analogy with the QCD is used.
Further, formation and manifestations of H-mesons and H-baryons can be considered in
the framework of linear s� model predicting some interesting phenomena at colliders
and in astrophysics due to special type of multi-component dark matter [33]. However,
an emerging of heavy unstable states with jqj > 1 in the H-color scheme is not considered.
Note that stable exotic H-mesons with jqj = �1/2 arise in SU(6)! Sp(6) generalization
of hypercolor [34]; their bound (stable?) multi-charged or neutral states can be produced at
early stages of evolution, but this question was not studied in detail. Nevertheless, some
interest in the SM extension of such type is maintained, for example, in the consideration
of the 2HDM model with additional heavy vector-like quarks [33,40�44].

There is also an interesting scenario with the fourth family of new leptons where
the Higgs should be composite (this construction emerges from walking technicolor [1�6]
considered with different possibilities to mix standard fermions with the new one). In this
way, meta-stable heavy charged leptons can be introducedm and possible signals of such
objects have been described [45,46].

Now, we can refer to the modi�ed gauge group SU(3) � SU(2) � SU(2)0 � U(1)
where the SM fermions can be converted to the so called terafermions by operation of
the CP transformation. This left�right symmetric model (it is referred also as the sinister
model [47]) where the numbers of ordinary and tera-fermions are equal contains heavy
gauge W, Z bosons due to the CP breaking which is naturally introduced in the Higgs
SU(2)� SU(2) doublets. Additional (tera)fermions are also massive. Dirac neutrinos are
provided by small mass resulting from seesaw, and so, as a result of this doubling of the
number of fermions, we obtain some set of new heavy objects�the lightest fundamental
terafermions which are stable (teraelectron and teraquark, U, with electric charge qU = 2/3
and mass mU � (1�3) TeV) and new massive composite states, like terahelium; it is formed
by electromagnetic interaction.

We remind that the search of heavy (multi-)charged new states, fundamental or
bounded, is based on the analysis of ionization losses (and corresponding radiation) of a
charged particle which is moved in some media. The quantitative characteristics of such
signals strongly depend on the value of electric charge, mass, velocity and structure of such
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object which can be neutral but is formed by bounded charged components. In this way,
the candidates for the dark matter can be built as well: they can be made from terafermions
in the sinister models, for example. However, the most elaborated, detailed, and interesting
in terms of the link to results of the DAMA experiments, considered here as a benchmark,
is the dark atom model based on the Walking Technicolor extension of the SM [5�7].

2.2. Multiple Charged Leptons

So, new heavy quarks emerging from various scenarios not only participate in strong
and EW interactions but can form charged bound states with jqj > 1. At the same
time, in the SM extensions, other new fermions can appear, namely charged leptons.
For example, almost-commutative geometry generates two heavy fermions with jqj = 2
which do not change the SM characteristics because the mixing of them with the SM
light fermions can be made very small. The new leptons should be (nearly) stable with
large masses which are generated without using the Higgs mechanism. If the additional
(electromagnetic) U(1) symmetry is exact, such leptons will be absolutely stable, and then
some manifestations of such particles can be seen in experiments [17,48]. New fermions
with opposite charges can bound forming speci�c neutral �atoms� which can be considered
as the hidden mass candidates.

A lot of interesting possibilities follow from the technicolor model, especially if we
consider its extended variant, more exactly the so-called Walking Technicolor. Here,
the gauge technicolor couplings vary slowly (�walk�) in some energy ranges; as a result,
dangerous FCNC are absent at leading order and the model can be used for the ordinary
mesons and techni-meson description. Moreover, the light (in a comparison with the
techni-scale) Higgs boson �nd one’s niche in this SM extension. The minimal WTC [49,50]
operates with U, D techniquarks transforming under SU(2) technicolor gauge group,
global SU(4) symmetry breaks to SO(4), so the EW symmetry breaks down by the chiral
condensate of techni-quarks. Heavy techni-mesons are bound states UU, UD, DD with
non-zero techni-baryon numbers [51] and the lightest techni-baryon can be stable (see also
the akin hypercolor model with the stable lightest hyperpion [52]). Importantly, the WTC
model allows for techni-baryon-speci�c values of electric charges: n, n� 1 where n is an
arbitrary real number.

In addition, the minimal WTC model contains an additional generation of leptons,
techni-electron and techni-neutrino, which have the following hypercharges: 3y/2,
((3y � 1)/2. So, in the special case y = 1, the UU state and the new lepton have
q = 2 and the minimal WTC predicts an existence of two stable doubly-charged particles,
the technibaryon and the technilepton with masses signi�cantly exceeding the EW
scale. Stability of new mesons and leptons is determined by possibility of mixing these
techni-particles with the SM generations. For example, the mixing between new heavy
neutrino and light standard neutrinos can be strongly forbidden; nevertheless, heavy new
leptons can mix with standard leptons. Then, for the case of large mass of new neutrino,
new charged lepton is nearly stable. So, new fermions from the additional fourth generation
can possess large charges and be nearly stable at the same time. Note that possible problems
with Higgs boson can be diminished considering the Higgs boson as composite particle
made from these new objects.

2.3. Charged Constituents of Composite Higgs Boson

It is an old idea to introduce the Higgs boson as some composite state instead of an
elementary scalar using dynamical symmetry at a scale higher than the EW symmetry
breaking one. In fact, models of the composite Higgs (CHM) originate from the various
SM extensions where new fermions and/or bosons arise as a consequence of additional
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symmetry at some high energy scale (�(1�10) TeV) [53]. Some of these new degrees of
freedom can be the Higgs boson components bounded by new (strong) interactions. Then,
known quadratic ultra-violet divergences in the Higgs boson mass should be eliminated by
contributions of the new strong interactions at some high energy scale.

New (heavy) particles not only work as strongly bounded parts of the Higgs scalar
but can form new mesons and baryons. Some traces (direct or not) of such particles
(techni-quarks, -leptons and their bound states, new mesons and baryons), in principle,
can be observed at colliders, other grounded or underground setups, or manifested in
astrophysical events which can be seen at space telescopes as some direct or indirect
�ngerprints of new particles [5,6,49,51,54].

Signals from possible events generated by such objects of BSM physics depend on the
way of the Higgs composite state arising: as a bound state produced, for instance, in the
Technicolor framework, or resulted from the extended symmetry breaking (as a Goldstone
boson) [55�59]. Certainly, the Technicolor scheme is suf�ciently different from its initial
variant having known problems with the top-quark mass and unobserved signals from
�avor-changing neutral currents (FCNC); the path to the modern TC passes through the
extended technicolor to the walking TC model which is free from these old defects and
has somewhat other strong dynamics at high energy scale. These new strong interactions
operate on a scale higher than that of the EW and QCD condensates, v = 246 GeV; then the
model symmetry is close to the conformal one.

As estimated, new TC states can be manifested starting at the scale � (1�10) TeV. An
important feature of the presence of heavy charged techni-fermions is their ability to form
some (possibly neutral and stable) bound states with ions and/or nucleus of matter [60] (see
also Section 1). Another way to have the light Higgs boson in the theory with additional
high scale is to consider the vacuum state which is misaligned with the EW vacuum,
so the new energy scale is suf�ciently higher that the EW one [57]. Here, a composite
sector consists of hyperquarks which are charged under an asymptotically free hypercolour
gauge group. Further, at a high scale of compositeness, bilinear hyperquark condensates
emerge and the global symmetry breaks to some subgroups. It means that to obtain light
(in comparison with the new energy scale) Higgs boson, the global symmetry breaking
results in a number of Nambu�Goldstone bosons produced. So, the Higgs boson is one
of these states which should obtain nonzero mass when the Higgs state is transformed to
pseudo-Nambu�Goldstone after the EW symmetry breaking. Note that in the extended
TC, we also tried to keep both heavy top-quark and light Higgs boson using the so-called
�ne-tuning of the model parameters. So, in this scheme, the Higgs boson can also be
considered as the composite object appearing in the framework of the new strong dynamics
with the techniparticles participation.

Summarizing, in various scenarios to replace the elementary Higgs scalar with
some compound state, the SM extensions should operate with the extended symmetry
groups, global and/or gauged, where the symmetry breaking can result in the (pseudo-)
Nambu�Goldstone boson emerging which can be interpreted as the light Higgs. Or,
considering other ways, this scalar can be formed by new charged components from
various modi�cations of the TC.

Importantly, all possible schemes of the Higgs boson compositeness simultaneously
add to the EW scale standard particles some new objects at higher scale, for example, heavy
charged techni-quarks and techni-leptons in the WTC. These new objects, which are used
for the Higgs boson construction, should be manifested in some processes at colliders or in
astrophysics events and taken into account for the EW Peskin�Tackeuchi parameters. They
can form unique neutral stable states. Such objects, so-called dark atoms, can be considered
as the hidden mass candidates [60].
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3. Dark Atom Formation and Evolution
3.1. Balance of Baryon Asymmetry and Electroweak Charged Particle Excess

A necessary condition for dark atom formation is an excess of negatively charged
particles over the corresponding antiparticles. In this context, the process of sphaleron
transitions may be considered as the main way to produce the required density of new
heavy particles. While it is well known that sphaleron transitions cannot be the only source
of the baryon asymmetry, this non-perturbative process may nevertheless play a signi�cant
role in related mechanisms. Indeed, new heavy families described in the previous section
have weak charges, and consequently they should participate in sphaleron processes.
After the formation of particle excess over the antiparticle at very high temperatures (the
mechanism is not important), sphaleron transitions, as the last baryon number violating
process, should provide the observed ratio of densities of light and heavy species. This
scenario has been described for the case of the SM [61] and WTC model [5,6,62]. In [62], the
model with a successive fourth generation was also considered.

Number densities can be expressed in the form of linear combinations of chemical
potentials, which depend on the masses of the particles and the temperature. For instance,
the baryon number density is de�ned as

B =
6

gT2(nb � nflb) =
6

gT2 å
i

1
6

g T3 mi

T
s

 
mi

T

!

=

=
1
3
� 3 � (2 + st)(muL + muR) +

1
3
� 3 � 3 � (mdL + mdR),

(1)

where in the �rst line the summation is carried out over all �avors of quarks. Their masses
are included in equations as the argument z = m

T of the weight functions
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8
><

>:
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0 dx x2

�
cosh

�
1
2
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x2 + z2

���2
, for fermions;

6
4p2

R ¥
0 dx x2

�
sinh

�
1
2

p
x2 + z2

���2
, for bosons

(2)

showing the particular species of particles in equilibrium. However, in the SM sphaleron,
transitions freeze out at T� � 131 GeV [63], which is suf�ciently high to neglect all
SM particle masses except only the t- quark [5]. The resulting system of equations is
complemented by the electric charge neutrality conditions and the relations among the
chemical potentials obtained from electroweak processes (decays and sphaleron transitions).
The exact kind and number of these conditions depend not only on the model but also
on the temperature. For instance, the temperature of the standard electroweak phase
transition (EWPT) is Tc = 159 GeV [63], which is quite close to T�. The modi�cations of the
electroweak sector assumed by composite Higgs models should change both temperatures.
Therefore, it may be useful to consider both cases (standard Tc > T� and modi�ed Tc < T�).
Also, a new charge conservation law adds an equation to the system.

In this paper, only the system of equations for the standard Tc > T� case is written out
to demonstrate the described idea. The standard baryon and lepton number densities can
be found as [5,6,61]

B = (10 + 2st)muL + 6mW , (3)

L = å
i

(mniL + mniR + miL + miR) =

= 4m + 6mW ,
(4)
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where miR/L are the chemical potentials of right/left particles of i �avor, mW corresponds
to the W� boson and m = å mniL. The additional conditions are miR = miL � m0 and
mi = mj + mW , where m0 = 0 in the SU(2)-broken phase. Similar conditions can be found for
new particle families if the new number densities (forth/techni baryon and lepton numbers)
are introduced. Conditions of neutrality assume zero density of charges: Q = åi simi = 0,
Y = åi simi = 0 for electric and new U(1) (if it is included in the model) charges. Sums are
over all charged particles. The last equation describes the sphaleron transitions:

3(muL + 2mdL) + m + (mUL + 2mDL) + mNL = 0. (5)

In WTC model, it is more convenient to use another form of this condition, where
mUL + 2mDL ! 1

2 mUU + mDD. In the case of the model with additional generation, one
should consider heavy quarks to write down a correct Y-neutrality condition. However,
there is no new U(1) symmetry in the technicolor model, and, consequently, the chemical
potentials of bound states of techniquarks could be found.

The solution to the resulting system of equations is a ratio of number densities as
a function of masses, temperature, ratios of other numbers and some model parameters.
For instance, the model with the fourth generation gives

FB
B

= �a(si)

 
L
B

+ b(si)

!

, (6)

where a and b are functions of all weight functions. In the simplest approximation (sE =
sD = sU , sN = 1, st = 1), they look like

a =
sU(3 s2

U + 26 sU + 19)
16 s2

U + 116 sU + 60
, b =

9 s2
U + 74 sU + 61

3 s2
U + 26 sU + 19

. (7)

Because the �rst of them decreases exponentially, the masses of new particles cannot be too
high to describe the observed ratio of dark and baryonic matter densities, which could be
found as

WDM

Wb
=

3mU

mb

�����
FB
B

�����
, (8)

where mb � 0.931 GeV is a baryon mass. This is shown in Figure 1. The approximation
sE = sD = sU , mN = 50 GeV was used. The observed ratio WDM

Wb
is denoted by the red line,

whereas the right-hand side of (8) is plotted for different values of the L
B ratio. The lowest

value L
B = �3 is set based on the experimental limits on the masses of new charged particles

mUUU > 1060 GeV [64]. The highest value L
B = nb�nflb

nl�nfll
� 6.6 � 106 follows from the modern

restrictions on lepton asymmetry [65]. Therefore, the approximate upper limit on the ANO-
helium mass could be set:

mANO-He . 11 TeV. (9)

Similar calculations for the WTC model are complicated due to the lack of an
Y-neutrality equation and multi-component nature of dark matter (technibaryones and
technileptones). Therefore, the system of equations reduces only to

TB
B

+ g(si)
TL
B

= �a(si)

 
L
B

+ b(si)

!

,

mUU

mb

�����
TB
B

�����
+

mN/E

mb

�����
TL
B

�����
=

WDM

Wb
.

(10)
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Since the charges of the new particles depend on model parameters, several cases can be
considered. First of all, it is possible to �nd the allowed L/B ratio values for different
combinations of density signs. So

L
B

= �b(si)�
d

a(si)
mb

mN/E

WDM
Wb

, (11)

where for signs (TB,TL):

(+�) d 2 [�mN/E
mUU

, g(si)];
(�+) d 2 [�g(si), mN/E

mUU
];

(��) d is in region with borders f�g(si),�mN/E
mUU
g.

If the signs of the densities differ, these regions include the experimentally allowed
one jL/Bj < 6.6 � 107 at high masses. Furthermore, the allowed values of the ratio TB

TL
reduce to �g(si) exponentially fast, which means that the left side of the �rst equation
in (10) vanishes. However, this does not give any constraints on masses.

Figure 1. Dependence of number densities on mass of new heavy quark.

If the signs of the densities are the same, the allowed regions become non-overlapping
at high masses. Therefore, the restrictions can be found. In the simplest assumption
(sUU = sUD = sDD = sN = sE) the particles cannot be heavier than mcrit � 3.6 TeV.
Moreover, the positively charged component should be strongly suppressed, which is
possible only at the boundary of the allowed parameter region.

In summary, the mass constraints obtained from the sphaleron transitions depend
strongly on the model. If the number of equations in the system is enough, the upper limit
can be set using the modern lepton asymmetry data. Because of the exponential suppression
(or growth [62]) of the density ratio caused by particles falling out of thermodynamic
equilibrium, the maximal mass value cannot be arbitrarily large.

3.2. Capture by Primordial Helium�Formation of Dark Atoms and Problem of Anomalous
Isotopes Overproduction

After the generation of an excess of negatively charged particles X�2n, the dark atom’s
nuclear shell should be formed. The description of such dark recombination is complicated,
on the one hand, by the multi-stage nature of the process at high charges and on the other
by the necessity of accounting for the �nite nuclear size. Unfortunately, these two features
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cannot be considered separately. Therefore, the interaction of heavy X�2n with light nuclei
produced at the nucleosynthesis stage should be considered �rst.

There are four types of 2! 2 reactions possible:

N1 + N2 ! N3 + g/N4, (12)

X + N ! XN + g, (13)

XN1 + N2 ! XN3 + g/N4, (14)

XN1 + XN2 ! X2N3 + g/N4. (15)

Here, Ni denotes an ordinary light nucleus. Reactions of the �rst type are standard
and therefore their properties are well established experimentally. The evolution of
concentrations is described by standard Big Bang nucleosynthesis theory (SBBN) (see
the book [66] for example). Reactions (13) are the �rst stage of dark atom recombination.
The type of nucleus captured at the beginning should determine the further chain of
reactions (14). The interaction (15) of two bound states of heavy core X�2n should be rare
due to the low expected concentration of such particles. In all three types (13)�(15) one can
see the possibility of charged bound state overproduction. There should be distinguished
negatively charged states (dark ions), neutral particles (dark atoms) and anomalous isotopes
with a positive electric charge.

The reactions should affect the primordial concentrations of ordinary nuclei. A similar
effect is well described in the case of singly negatively charged particles [67�69]. The results
were extrapolated on doubly charged states [70]. In both cases, the overproduction
of primordial metals and anomalous isotopes is expected. The processes in the
nuclear shell of the OHe dark atom leading to the catalytic formation of helium from
deuterium were considered in [71]. However, the result of modi�ed nucleosynthesis
may signi�cantly depend on the value of the X�2n electric charge. It could be shown
with the qualitative estimation of the temperatures of dark atom recombination. Let us
assume that all DM density of the Universe is provided by heavy multicharged particles.
The second assumption is that the �rst stage of dark recombination (13) with one of
N 2 fp, d, t,3 He,4 Heg becomes possible due to the high-energy photon density drops
suf�ciently. Only the XNi dark ions are produced because all other reactions are neglected.
Then the analogue of the Saha equation could be written:

nN(T) =
gXgN

gXN

 
mNT

2pEXN

!3/2

exp

 

�
EXN

T

!

, (16)

where gi are the number of spin degrees of freedom of particles, EXN is the dark ion binding
energy. The solution to this equation

Trec � EXN �

0

@ln

0

@ gXgN

gXN

 
mN

2pEXN

!3/2
mb T3

0
rc Wb

1
YN

1

A

1

A
�1

(17)

depends on the usual constants like the baryonic density of the Universe Wb and N nucleus
mass mN , parameters that can be calculated with SBBN theory (concentration YN = nN

nb
at temperature T0) and unknown values gX, EXN . However, spin coef�cients are not
signi�cant, as they are under the logarithm.

Binding energies of dark ions should be estimated numerically. In the general case, it
is necessary to solve the eigenvalue problem for the Schrodinger equation, which describes

https://doi.org/10.3390/universe12040116

https://doi.org/10.3390/universe12040116


Universe 2026, 12, 116 11 of 48

the atom with a �nite-sized nucleus. For the �rst estimation, the oscillator potential [72]
can be used:

V(r) =

8
>>><

>>>:

�
ZXZNa

2RN

 

3�
r2

RN
2

!

, r < RN

�
ZXZNa

r
, r > RN

(18)

Therefore, the nucleus in a shell of the dark atom is modeled as a uniformly charged sphere
of radius RN , whose value for light elements is well known experimentally [73�76]. Such a
system can be characterized by the ratio of radii a = RN

rB
= ZXZN a mN RN . Two parameter

regions are usually distinguished [60,72]: 0 < a < 1�Bohr-like dark atoms and a > 1
when the system is more like a quantum spherical oscillator (or Thomson’s plum pudding).
However, in practice, signi�cant deviations from the Bohr pattern occur already at a � 0.3.
The tables with the particular ground state energies of the �ve isotopes under consideration
are presented in Tables 1�5.

Table 1. Properties of X�2n�p bound states.

p

q 2 4 6 8 10

R
ad

ii RN , Fm 0.841 [73]
rB, MeV�1 0.073 0.037 0.024 0.018 0.015

a 0.058 0.115 0.173 0.230 0.288

E X
N ECoulomb

XN , MeV 0.100 0.400 0.900 1.599 2.500

ESphere
XN , MeV 0.100 0.396 0.883 1.550 2.388

Table 2. Properties of X�2n�d bound states.

d

q 2 4 6 8 10

R
ad

ii RN , Fm 2.127 [73]
rB, MeV�1 0.037 0.018 0.012 0.009 0.007

a 0.291 0.583 0.873 1.165 1.456

E X
N

,M
eV ECoulomb

XN 0.200 0.799 1.798 3.196 4.994

EOscillator
XN � � � 0.604 1.762

ESphere
XN 0.191 0.701 1.439 2.343 3.370

Table 3. Properties of X�2n�t bound states.

t

q 2 4 6 8 10

R
ad

ii RN , Fm 1.7591 [74]
rB, MeV�1 0.0244 0.0122 0.008 0.006 0.005

a 0.361 0.721 1.082 1.443 1.803

E X
N

,M
eV ECoulomb

XN 0.299 1.197 2.692 4.787 7.479

EOscillator
XN � � 0.288 1.666 3.176

ESphere
XN 0.280 1.005 2.023 3.242 4.608
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Table 4. Properties of X�2n�3He bound states.

3He

q 2 4 6 8 10

R
ad

ii RN , Fm 1.970 [75]
rB, 10�3 MeV�1 12.20 6.10 4.07 3.05 2.44

a 0.808 1.615 2.423 3.230 4.037

E X
N

,M
eV ECoulomb

XN 1.196 4.786 10.768 19.142 29.910

EOscillator
XN � 1.894 4.767 7.888 11.164

ESphere
XN 0.978 3.094 5.740 8.690 11.837

Table 5. Properties of X�2n�4He bound states.

4He

q 2 4 6 8 10

R
ad

ii RN , Fm 1.678 [73,76]
rB, 10�3 MeV�1 9.19 4.60 3.06 2.30 1.84

a 0.913 1.826 2.739 3.652 4.566

E X
N

,M
eV ECoulomb

XN 1.588 6.352 14.291 25.406 39.698

EOscillator
XN � 2.713 6.195 9.950 13.878

ESphere
XN 1.256 3.891 7.130 10.708 14.506

Using any simple nuclear potential to describe the X�N system, one does not take
into account changes in the internal structure of the nucleus. Indeed, at high values of
the a-parameter the Coulomb repulsion should be suppressed due to charge screening.
Changes in the structure of the nucleus have not been considered earlier. The modern
methods of nuclear physics allow for the simulation of ordinary light nuclei with good
agreement with experiment (see [77�81]). However, such a study is beyond the scope of this
paper, and therefore it is reasonable to make the simplest assessment. It could be suggested
that the screening effect leads to an increase in the binding energy EXN ! EXN + Q,
where Q is the energy difference between the ground state of the free and bound nucleus.
Simultaneously, the mass of the nucleus in the shell of the dark atom should decrease:
mN ! mN � Q. Assuming that all Coulomb repulsion is compensated, it can be set
Q � 0.711 Z(Z�1)

A1/3 .
The calculated dark ion recombination temperatures are shown in Table 6. There

are both charge screening assumptions used for helium. The �rst number corresponds
to the state with ordinary structure (EXN and mN) and the second one is found in the
case of full Coulomb compensation. The difference between these two values is about
30 keV. For most charges of heavy core X�2n, there is no signi�cant difference (colored
gray). Since the bound state with a modi�ed structure is harder to destroy, OHe begins to
form earlier (colored blue), which can lead to changes in the �nal concentrations of particles.
At low values of the charge parameter n � 3, capturing of hydrogen becomes possible
after helium formation and therefore should be suppressed due to low concentration of
unbound X-particles. However, if n = 4, two processes (X + H! . . . and X + He! . . . )
start to compete (colored orange). Finally, at high values of the charge parameter n � 5,
hydrogen capturing as the �rst stage of dark atom recombination dominates (colored red)
because it starts before helium formation. This may be an indication of the overproduction
of oddly charged bound states, which is a signi�cant problem. The interpretation of this
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effect is dif�cult due to the multi-stage dark recombination at high charges. The accurate
consideration of all reactions with dark ions is required.

Table 6. Temperatures of the �rst stage of dark atom recombination calculated with Saha formula.
The color shows different scenarios (see the description in text).

n Trec, keV
p d t 3He 4He

1 3 4 6 22�46 36�64

2 12 16 21 73�98 119�147

3 29 34 42 139�164 223�253

4 51 56 69 214�239 342�372

5 81 83 99 294�320 470�501

A rigorous calculation of dark matter particles implies solving the system of kinetic
equations for an expanding Universe. Consequently, the problem is reduced to the
estimation of the cross-sections of radiative recombination srr and photoionization sg

reactions. They should be averaged over the maxwellian distribution by the energy of the
incident nucleus.

However, different reaction types require distinct approaches. For instance, the �rst
steps (13) are similar to the ordinary hydrogen atom recombination with scaled masses and
charges. The analytical Stobbe formula ([82] and references within) can be used for ground
state photoionization:

sg =
29p2

3
ZN

ZX

rB

mN

h8

(1 + h2)4

exp
�
�4h arctan(h�1)

�

1� exp (�2ph)
, (19)

where h = (rB pN)�1, pN is a moment of the nucleus, and rB = (ZXZNamN)�1.
The cross-section of recombination may be obtained by detailed balance

srr =
2E2

g

p2
N

sg =
1

2m2
Nr2

B

(1 + h2)2

h2 sg. (20)

Moreover, the transitions to excited states can be taken into account using the rescaled
semiclassical Kramer’s formula [82]:

hsrrvi =
25

3

s
p
3

ZN

ZX

1
m4

Nr2
B

s
ECoulomb

XN
T

 

ln

 
ECoulomb

XN
T

!

+ g

!

, (21)

where g = 0.5772 is an Euler constant. Unfortunately, this approximation is valid only for
Bohr-like dark atoms. If the charge values are high, a �nite-size nucleus signi�cantly
affects the cross-section. Then, for the recombination in the ground state, it can be
calculated numerically:

hsrrvi =
2
p

2p
3

ZN

ZX

1
m4

Nr5
B

1
(mT)3/2

Z 1 + h2

h4 exp

 

�
1

2mNr2
BT

1
h2

!����
Z

r2RpN1(r)¶rR10(r)dr
����
2
dh, (22)

where r = r/rB, Rkl(r) and Rnstl(r) are the radial wave parts of the functions.
The Schrödinger equation with a spherically symmetric potential should describe the
system with suf�cient accuracy.

The treatment of third-type reactions (14) is complicated by the presence of nuclear
interaction. Accounting for the structure of nuclei and spins requires computationally
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intensive numerical calculations. However, for most processes, the �rst estimation of the
reaction rate may be made with an approximation of the scalar X�2n and the unchanged
form of nuclei. Then, it is necessary to consider only the vanishing (or suppressed) Coulomb
barrier. Experimental values of cross-sections scaled by an inverted exponential factor
would provide a qualitative understanding of BBN outcomes. Nevertheless, there remains
a small subset of reactions that lack standard analogues. First of all, it is the process
of bound state formation with the 8Be nucleus. There are two stages of helium capture.
The additional reaction with 4He may lead to the catalyzed production of XC bound states
or free carbon via a process analogous to the stellar triple-a reaction. A similar situation may
arise for the proton-rich isotopes of beryllium, boron and carbon. Such reactions should be
especially important at high values of the charge parameter n and demonstrate that reaction
networks for different charge values may differ not only due to additional recombination
stages but also through the opening of new intermediate reactions and changes in the rates
of all other processes. The formation of 5Li nucleus in the shell dark atom is suppressed.
The simple estimation of the nuclear binding energy shows that even full compensation of
Coulomb repulsion is not enough to make this isotope stable. Only the ion-like bound state
without nuclear fusion (XHe)p is possible if n � 4. The calculation of the corresponding
cross-sections is nontrivial. As has already been mentioned, the analogical three-body
problems were considered for singly charged stable particles [69]. The obtained rates were
rescaled for the doubly charged state (n = 1) by stripping off the Coulomb barrier [70].
The overproduction of both anomalous isotopes and primordial metals was predicted.

The interaction of two dark ions (15) may be signi�cant only for low values of heavy
core mass and high temperatures. Indeed, it is possible if at least

nXNhsvit �
3

4p

s
5

pg�

rc Wnow
DM mPl

T3
now

�
T

mX
hsvi > 1, (23)

where mPl is the Planck mass and g� is the number of ultrarelativistic degrees of freedom
at the considered temperature. Otherwise, such processes freeze out. For a typical
nuclear cross-section

s � 10�25 cm2, (24)

it occurs earlier than a suf�cient number of dark ions are formed.

3.3. Dark Atom Scenario of Large-Scale Structure Formation

At the Radiation Dominance (RD) stage momentum and energy exchange between
dark atoms and cosmic plasma, the dark atom component should be kept in thermal
equilibrium with plasma and radiation. In this period, radiation pressure converts dark
atom density �uctuations in acoustic waves. It leads to slight suppression of the small-scale
�uctuations. This suppression is not as effective as strong power-law suppression due to
free streaming of few keV mass particles in ordinary Warm Dark Matter (WDM) scenarios.
At temperatures T < 1 keV, energy transfer in the interaction of dark atoms with plasma
becomes ineffective, since nbs(mp/mo)vt < 1, where nb is baryon density, mp and mo are
correspondingly masses of proton and dark atom, and s is given by Equation (24). Then,
decoupling of dark atom gas from plasma and radiation takes place, making dark atoms
Warmer than Cold dark matter [83].

The dark atom gas does not follow baryonic matter in formation of astrophysical
objects, since, e.g., in the Galaxy averaged baryonic matter density makes it transparent
for dark atoms. However, any baryonic density nonhomogeneity with size R and number
density nm satisfying the condition nmsR > 1, where s is given by Equation (24), is opaque
for dark atoms. Dark atoms behave as collisionless gas at the galactic scales [83] but
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they can be captured by any dense baryonic nonhomogeneity, in which the condition
nms(mp/mo)R > 1 is satis�ed. This condition is evidently satis�ed for stars and planets
and all the dark atoms from halo, which enter them, are captured.

During stellar evolution, all the dark atoms captured by star can merge with nuclei
and after SN explosion ordinary nuclei can be accompanied by anomalous component,
in which nuclei are merged with dark atoms. If over 107 years, the star passes a stage of the
red giant with a radius of surface of about 1013 cm, it captures at this stage the dark atom
�ux about 104/(cm2s), which gives the total amount of dark atoms of about 1045. In the
star, together, there are present about 1055 ordinary nuclei before a Supernova explosion.
After explosion, these anomalous nuclei are accelerated together with ordinary nuclei and
the ratio of anomalous to ordinary nuclear component should be of order 10�10, which
may be within the reach of the AMS02 experiment.

4. Experimental Constraints on Dark Atoms
The key assumption of the dark atom model is the existence of a heavy multi-charged

composite particle X�2n. Such states can be produced in electroweak processes at
high-energy colliders. Therefore, it is possible to set direct constraints on the particle’s
mass and charge values. For instance, the results of the LHC searches for heavy, long-lived
multi-charged particles are summarized in Table 7. The minimal X�2n masses depend
on the charge, but it can generally be assumed that mX � 2�3 TeV. The ATLAS [64]
signal ef�ciency does not allow for setting constraints in the case n � 4. For this reason,
the results on R-hadron searches [19,21] cannot be directly applied to the dark atom scenario.
In the case of small charges, the restrictions are not much stricter (m > 2.27 TeV gluino
R-hadrons). However, the analysis of the Full MoEDAL Detector provides mass limits
for particles with electric charge in the range 10e to 400e [17]. For X�10, which was
considered in the previous section, it is only mX > 300�790 GeV. The proper analysis
accounting for the positronium-like annihilation of heavy particles sets constraints on such
charges that can be signi�cantly strengthened [20]. For instance, depending on the spin
of X mX > 2000�2800 GeV for n = 4. Similar analysis was not carried out for n � 5 in the
literature. Therefore, it can only be assumed that, in this case, the mass of the multiply
charged particle should be greater than 3 TeV.

Table 7. The minimal X�2n masses allowed by the LHC data [18,20,64].

2n 2 4 6 8 10

mX , GeV 1060 [64] 1520 [64] 1600 [64] �2800 [20] 790 [18]

The neutral bound state X�2n(4He++)n is a �nite-size composite object that interacts
with ordinary matter through both nuclear forces and an induced electromagnetic dipole
moment. Consequently, the results of the Strongly Interacting Massive Particle (SIMP)
search can be applied to dark atoms [84,85]. In particular, the expected dark atom masses
and the cross-sections of elastic interaction with ordinary matter fall within the sensitivity
reach of the XQC experiment. This X-ray calorimeter collected about 100 s of data [86] that
were analyzed in terms of the elastic coherent scattering of point-like particles. However, it
was pointed out [87] that dark atoms should be incoherent, and these particles may give
rise to less than 0.1 of the expected background events. Moreover, the XQC sensitivity
decreases at high masses. Further research con�rms that such analysis is inapplicable to
�nite-size particles [88,89]. Nevertheless, changes should not be signi�cant if there is a
light nucleus in the shell of a dark atom [90]. For high values of heavy core X�2n charge,
and in the case of anomalous isotope scattering, the resonant suppression of the elastic
cross-section is possible. A more accurate estimate is needed for the probability that a dark
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atom produces a discernible signal in the XQC detector. However, it cannot be high because
of the short duration of that experiment.

In regards to the direct dark matter particle searches, the results of most experiments
are interpreted within the framework of recoil nuclei. However, this approach is not
applicable to the dark atom model. Indeed, due to the high (nuclear) elastic cross-section
value, such bound state would lose energy rapidly; therefore, the production of recoil nuclei
in underground detectors is extremely unlikely. Moreover, at atomic scales, dark atoms look
like neutral particles. The Van der Waals interactions are expected to be strongly suppressed
due to the small size of the object. Only in nuclear-scale processes may the dipole character
of this bound state become signi�cant. For a similar reason, constraints on millicharged
particles [91] cannot be applied directly. The interaction of dark atoms with the atomic
electron shell and crystal lattice was not rigorously considered. Therefore, constraining
this model using recoil electron search results (in particular [92] or [93]) remains a task for
future research.

The strongest experimental constraints may be obtained from searches for anomalous
isotopes [94�97] and primordial metals [65]. Samples of seawater, atmospheric gases,
and terrestrial metals were examined for the presence of such particles using various
methods. These searches have not yielded any candidates for superheavy isotopes of
light elements (H, He, Li, Be, B, C, O, F, Na). Constraints on concentrations in relation to
ordinary nuclei at the level of 10�10�10�23 depending on the mass and charge were set.
In light of the ongoing discussion, it is particularly interesting that the concentration of
anomalous sodium (both types of bound states: (XN)+11 and (XN)0-Na) is limited to less
than 10�12 of the total particle number [94]. However, the correct theoretical prediction
of the abundance of such particles requires a treatment of the reactions of nuclear fusion
in cosmological nucleosynthesis, astrophysical processes and terrestrial matter that is
currently lacking.

The modi�ed Big Bang nucleosynthesis has already been partially discussed in
the previous section. The interaction of dark atoms with light nuclei may lead to the
overproduction of heavy particles with non-compensated electric charge. Nevertheless,
the formation of such states is a multi-stage process for all values of the charge parameter n.
The large number of stages leads to the prolongation of the overall dark atom recombination
timescale. Accordingly, anomalous isotope production may be suppressed if the heavy
core has a high charge. Additionally, the formation of positively charged states should be
partially compensated by exchange reactions and processes involving shell fragmentation
XN1 + N2 ! XN3 + N4 + . . .. Although this mechanism leads to another problem: an
excess of primordial metals. The case of doubly charged particles O�� has been extensively
studied in the literature [70]. The huge enhancement of lithium and beryllium isotope
concentrations, arising due to nuclear fusion of the dark atom shell with deuterium and
helium-3, represents a major challenge to the model. However, if n > 1, the energy release
in these reactions may be insuf�cient to produce free nuclei.

Generally, dark atoms act as a sink for light nuclei during Big Bang nucleosynthesis.
In the simplest case of the bound state of a doubly charged particle OHe, the concentration
of free primordial helium should decrease by at least DYp = 4 mb

mX

WDM
Wb
� 10�2�10�3. Such

a deviation could be detected. Indeed, this cosmological parameter is known from the
spectra of ordinary atomic recombination with high accuracy: Yp = 0.2448� 0.0033 [98].
The similar estimation for helium-3 yields the same result. Combined with uncertainties
from fragmentation processes, this indicates that reproducing the observed primordial
elemental abundances in the dark atom model may require �ne-tuning of parameters. Not
only mass and charge, but also the baryon-to-photon ratio should be varied. Moreover,
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careful consideration of all reactions is necessary to set the correct constraints. The
theoretical predictions required for this remain a task for future work.

Dark atoms may be ionized in high-energy astrophysical processes (accretion onto
black holes, blazars, supernovae). It leads not only to a speci�c spectrum but also to the �ow
of anomalous isotopes. Indeed, a temperature of a few tens MeV (�1011�1012 K) should
be enough to initiate photodetachment and further re-recombination with heavy nuclei
produced in stellar nucleosynthesis for any type of bound state. However, the temperature
inside the stars is usually lower, which may lead only to nuclear fusion processes in the
shells of dark atoms.

Due to the strong interaction, dark atoms lose their energy and drift towards the center
of the planet/star. Therefore, the maximum concentration of such particles in the Earth
should be located somewhere in the core.

5. Dark Atoms Captured by Earth and Direct Dark Matter Search
In this section, we describe the phenomenology associated with dark atom interactions

in an underground detector environment. In particular, with this aim, we consider here as
benchmark the results already published by the highly radiopure NaI(Tl) DAMA set-ups,
sensitive to both DM candidates giving rise to nuclear recoils or, as in the present case of
dark atoms, to electromagnetic signals. The availability of published experimental results
on dark matter annual and diurnal modulation signatures as well as some information on
energy spectrum allow us to introduce a complete strategy for such kind of analyses.

The highly radiopure NaI(Tl) DAMA set-ups [10], located at the Gran Sasso
underground laboratory (LNGS) in Italy, latitude 42°2501600 N (42.42111° N) and longitudes
13°3005900 E (13.51639° E)), were shielded from cosmic rays by about 3600 meters water
equivalent (m.w.e.) of rock. The location, as well as the technological and operative
procedures, provides a very low-background environment, which is crucial for rare event
investigations. The sensitive target material of the second-generation DAMA/LIBRA
consists of highly radiopure sodium iodide crystals doped with thallium (NaI(Tl)). The total
target mass is about 250 kg, arranged in a 5 × 5 matrix of 25 detectors, each weighing 9.7 kg.
Each crystal is coupled to two low-background photomultiplier tubes (PMTs) operating
in coincidence at the single photoelectron level. The crystals are encapsulated in copper
housing and placed within a multi-layer shield consisting of low-radioactivity copper, lead,
cadmium foils, polyethylene, and paraf�n, along with an external concrete shield from
local rock; moreover, a three-level system for exclusion of radon present in trace in the
laboratory environmental air is operative. This complex shielding drastically reduces the
contribution from environmental background due to neutrons and gamma rays [10].

In the following subsection, the effect of the rock surrounding the DAMA NaI(Tl)
set-up(s) is parametrized through dedicated modeling and Monte Carlo simulations. Then,
the time dependence of a dark matter signal in the highly radiopure NaI(Tl) detectors is
described, focusing on the model-independent signatures provided by annual and diurnal
modulation effects.

5.1. Monte Carlo Simulations

We assume that the dark matter particles are dark atoms propagating from the solar
neighborhood and penetrating the Earth during rotation of the solar system around the
center of the Galaxy. The dark matter particles propagating inside the Earth slow down to
the thermal velocity of the Earth’s crust and diffuse towards its center. During this process,
the bound states of the dark matter particles may occur so the particles can be detected by
underground detectors such as that used in the DAMA/LIBRA experiment.
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The particle propagation inside the Earth can be modeled using stochastic Monte
Carlo method combined with several empirical assumptions. We assume that beam’s
propagation obeys an ideal exponential extinction law similar to optical analogy known
as the Beer�Bouguer�Lambert absorption. According to this law, the beam intensity I
decreases exponentially depending on the mean free path l. In our case, each beam is
characterized by a directional vector ~dbeam in the spherical coordinate system with the
origin at the detector. To keep the reference to the real coordinates, we use a geodetic
coordinate system with the azimuthal angle j measured counterclockwise from the East
direction. The polar angle q is measured relative to the normal vector to the Earth’s surface.
For convenience, the beams are indexed starting at the azimuthal axis, so the angle between
the azimuthal axis and each beam direction is given by the expression qbeam = p

2 � q. In a
spherical coordinate system with regular angular beaming, the solid angle is formed by
four adjacent beams and varies depending on the proximity to the poles. The �ux of dark
matter through a �nite surface element (polygon) also varies depending on the direction of
the arrival of the particles. The surface area of the solid angle formed by four neighboring
beams can be calculated as follows:

Si,j = R2 �
2p
nj

�
sin

(i + 1)p
2nq

� sin
ip
2nq

�
, (25)

where i = 0, 1, . . . , nq � 1 and j = 0, 1, . . . , nj � 1 are the elevation and azimuth division
indices, respectively. Since all polygons of the same elevation have the same surface area,
the j index, which describes azimuthal divisions, can be omitted.

The propagation of particles within each beam can be described as random processes.
The Brownian motion of the dark matter particles can be modeled using modi�cation of
the Wiener random process W(t), which is a continuous-time random process with the
following set of properties: W(0) = 0, W(t)�W(s) and W(m)�W(t) are independent
increments, the process is almost surely continuous, W(t) �W(s) for 0 � s � t have
normal distribution N (0, t� s).

We consider a three-dimensional case with the directions of arrival of the beam linked
to the orientation and velocity of the Earth, determined through ephemerides. Since the
direction of particle propagation changes during the thermalization process, after which the
particles start to move towards the center of the Earth, we employ a combined Brownian
motion with drift model, in which the particles move with thermal velocities given by a
Maxwell�Boltzmann distribution with mean � Vdri f t. The mean value is estimated using
Equation (3) from [60]:

V =
g

nsv
� 80S3A1/2

med cm/s (26)

where g is the standard acceleration of gravity, Amed � 30 is the average atomic weight
in terrestrial surface matter, n = 2.4 � 1024/A is the number density of terrestrial atomic
nuclei, sv is the rate of nuclear collisions, S3 is the mass of the dark atom. The probability
density function of the Maxwell�Boltzmann distribution is as follows:

f (x) =
r

2
p

x2

a3 e�
x2
2a2 . (27)

The histogram for the simulated drift velocity distribution is shown in Figure 2.
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Figure 2. Simulated drift velocity distribution.

At the thermalization depth dth � 100 m, the �ow of particles is thermalized, and the
process of diffusion towards the center of the Earth begins; thus, the direction of the �ow
changes, and the directional vector of the beam is pointed towards the center of the Earth.
The average estimated drift timescale, based on [60], is expected to be tdr = 2.5 � 102S�1

3 s,
while the exact time depends on the direction of arrival of the particle, entrance point into
the surface, and the trajectory. The points of intersection of the beams with the Earth’s
surface are used to determine the starting points of the diffusion process.

For a set of Np particles, the equations of motion can be de�ned using Brownian
motion with drift:

BP(x, y, z, t) = s2
BMBM(x, y, z, t) + ~VT

p � ~Vdri f t � t, (28)

where BM(x, y, z, t) represents the standard Brownian motion processes, described in terms
of Wiener processes, x, y, z are the beam-speci�c coordinates of the particles; s2

BM = 1 is the
Brownian motion scale, ~Vp is a row vector of size Np sampled from Maxwell�Boltzmann
distribution, ~Vdri f t = (0, 0,�1) is the drift direction vector. The beam intensity is associated
with the number of simulated particles within the Brownian motion model and can be
calculated as follows:

I(j, qbeam, d, t) = I0(j, qbeam, t) � e
� d
l , (29)

I0(j, qbeam, t) = nbeam �Vbeam(t) � Sqbeam ,j, (30)

Vbeam(t) =
���~Vf ull(t)

��� � cos
�

~dbeam, ~Vf ull(t)
�

, (31)

where I is the beam intensity, I0 is the initial beam intensity, d is the distance traveled by
beam, and l is the mean free path, Vbeam is the projection of system’s velocity vector ~Vf ull(t)
onto the beam, nbeam is the initial concentration.
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The resulting dark atom concentration n at time t can be estimated as the number of
particles inside the detector, divided by the volume of the detector:

n(t) =
Np(t)
Vol

. (32)

The detector geometry is modeled as the 5� 5 set of 10.2 cm� 10.2 cm� 25.4 cm blocks
uni�ed into a single parallelepiped with the widest and highest facet facing geodetic north.

The detection process is in�uenced by many factors, such as topography, detector
depth, detector geometry, position and velocity of the Earth, as well as the relative velocities
of the Earth and the detector with respect to the moving particles (Figure 3). Local effects
on the signal may occur due to the direction of the detector velocity vector and possible
blocking of the beams by the terrain. These effects should be calculated using precise
estimates of the coordinates and the velocities of all involved objects, and taking into
account the reference frame of a speci�c epoch using ephemeris data.

Figure 3. Schematic representation of the in�uence of the directions of relative velocities and of
Earth’s shadowing on the detection of dark matter particles.

5.2. Annual and Diurnal Modulations of the Signal

The concept of annual modulation as a dark matter signature arises from the motion
of the Earth relative to the galactic dark matter halo. As the Earth orbits the Sun, its velocity
relative to the dark matter halo changes, leading to a periodic modulation in the �ux and
velocity distribution of incoming dark matter particles.

The detector moves through the presumably non-rotating dark matter halo of the
Milky Way. The velocity distribution of the Milky Way halo stars is close to gaussian with
the velocity variance about 110 km/s (Brown et al., 2010) [99]. We can assume that the dark
matter particles have the same velocity distribution as the observed halo objects; therefore,
particles bombard a detector moving through the dark matter halo with the velocity of
�240 km/s from all directions. During rotation of the Earth around the Sun and the rotation
of the Earth around its axis, the velocity vector of the detector changes its value and the
direction relative to the non-rotating dark matter halo. As the detector moves through the
sea of the dark matter halo, the particles penetrate into the detector through all its faces.
Therefore, neither the yearly velocity modulations of a detector caused by the rotation of the
Earth around the Sun nor changing of orientation of the detector due to the diurnal rotation
of the Earth can directly lead to oscillations of the signal. In the �rst case, a decrease in the
�ow of the dark matter particles through the leading face of a detector is compensated by
an increase in the �ow via the detector’s back face and vice versa. Changing in orientation

https://doi.org/10.3390/universe12040116

https://doi.org/10.3390/universe12040116


Universe 2026, 12, 116 21 of 48

of the vector of a detector due to the Earth’s rotation which causes a decrease in the �ow of
the dark matter particles through the leading detector’s face simultaneously increases the
�ow through other faces of the detector so the total �ow of the particles into the detector
remains constant. However, the situation changes if the beam entering the Earth’s surface
at different points on the surface can be affected by the geological details of the relief,
leading to shadowing or even to a complete blocking of the �ow, if the beams come from
the opposite side of the planet in relation to the detector. This effect leads to annual and
diurnal oscillations of the detected signal.

In order to take into account all possible velocity variations, we calculate the total
velocity vector of the system. The laboratory velocity with respect to the galactic halo can
be expressed as:

~vlab(t) = ~vLSR +~v� +~vrev(t) +~vrot(t), (33)

where ~vLSR is the Local Standard of Rest (LSR) velocity due to galactic rotation, ~v� is the
peculiar solar velocity with respect to the LSR, ~vrev(t) is the Earth’s orbital velocity around
the Sun, and ~vrot(t) is the rotational velocity of the detector associated to the Earth’s rotation
about its axis [100].

The annual velocity modulation arises primarily from the ~vrev(t) term, which changes
sign relative to the Sun’s velocity in June (maximum �ux) and December (minimum �ux),
while the diurnal modulation is given by the ~vrot(t) velocity, as shown in Figure 4.

Figure 4. Velocity components and expected phase locations as a function of sidereal time (from
Ref. [11]). (Left): velocity of the Earth in the galactic frame with starting point March 21 (around
spring equinox). The contribution of diurnal rotation (the fourth term in Equation (33)) is dropped off.
The maximum of the velocity (vertical line) is about 73 days after the spring equinox. (Right): sum of
the Sun velocity in the galactic frame and of the rotation velocity of a detector at LNGS as a function
of the sidereal time. The maximum of the velocity is about at 14 h (vertical line). For details, see
ref. [11].

Beam directional vectors are converted to the Geocentric Celestial Reference System
(GCRS). The time-dependent velocity vector of the lab ~vlab(t) is calculated in GCRS at time
t using ephemeris data. Then, the total velocity vector of the system ~Vf ull(t) can be written
as follows:

~Vf ull(t) = ~vlab(t) +~vDM, (34)

where ~vDM is the velocity of the dark matter particles according to [99].
Another factor directly related to Earth’s topography that can have a signi�cant impact

on the particle detection process and lead to the observation of diurnal modulation is the
length of the path that particles travel within the Earth’s surface. During the day, as the
detector rotates around the Earth’s rotation axis, the potential arrival area of particles with
the highest relative velocities also changes, driven by the Earth’s velocity vector. At the same
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time, terrain features rotate with the detector, causing particles to enter the Earth’s crust at
different points, angles, and velocities, consequently leading to time-dependent changes in
their propagation paths. To account for these phenomena and the potential in�uence of
terrain, a topographic map of the Earth can be used. In this work, we use a topographic map
of the earth provided by NASA (https://visibleearth.nasa.gov/images/73934/topography,
accessed on 15 August 2024). This map represents a pixel-by-pixel approximation of
altitude as a function of latitude and longitude. A fragment of the topographic map
covering the area of interest is shown in Figure 5. Using these data, we can reconstruct a
three-dimensional map of the Earth’s surface in the vicinity of the detector and apply a
simpli�ed ray tracing procedure to determine the entry points of the rays into the Earth’s
crust. The three-dimensional approximation is shown in Figure 6 in two projections.

Figure 5. Satellite photography and topographic representation of the area around the Laboratori
Nazionali del Gran Sasso: Google Maps image and satellite photography of the area (left);
Black-and-white elevation map showing the height above sea level, where completely black indicates
sea level (right).

Figure 6. A three-dimensional reconstruction of the area around the detector. The color scale indicates
altitude above sea level: top view (left); close-up view of the region around the detector (not to
scale) (right).

For each azimuthal angle j, there is a half-plane passing through the normal vector to
the Earth’s surface and the direction vector of each beam with the same j; this half-plane is
perpendicular to the azimuthal plane. For each such half-plane, we calculate the intersection
points between the two-dimensional interpolated topographic approximation of the Earth’s
surface and the linear segments de�ned by the directional vectors dbeam, representing beams
(Figure 7). The �rst point of each segment is at the detector, and the second point lies on
the surface of a semi-sphere of radius R = 288 km, which covers the entire area of interest.
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Figure 7. Schematic representation of beams passing through the Earth’s surface: each colored line
denotes the trajectory of beam propagation along its directional vector without taking into account
thermalization: red dots denote the points of beam entry into the Earth’s surface, black dot represents
the detector; the thick black line denotes the relief of the Earth’s surface.

Within the framework of the beam approximation approach, we determine the
coordinates of dark matter particles as they propagate through the Earth’s surface and
record changes in concentration inside the detector, taking into account the direction of
arrival of the particles, the distances traveled in the Earth’s crust, and variations in �ux
caused by changes in the Earth’s velocity and orientation, with reference to real coordinates
and time.

6. Quantum Mechanical Description of the Bound States of Dark Atom
with the Nuclei of Matter
6.1. Binding of the Nucleus of Substance to Dark Atom in the Total Effective Interaction Potential
of the OHe-Nucleus System

The varied results from direct dark matter detection experiments highlight the
complexities in interactions between dark matter particles and materials in underground
detectors. The X-helium hypothesis offers�together with the existing experimental
and theoretical astrophysical, nuclear, and particle physics differences and uncertainties,
and the targets�one of the possible explanations of the different experimental results
among various experiments on the direct search for dark matter particles. Here, it mainly
arises because of the peculiarities of the interaction of dark atoms with the matter of
underground detectors.

The deceleration of cosmic XHe in the Earth’s soil does not allow direct methods
of detecting dark matter particles based on the search for the recoil effects of nuclei in
collisions of WIMPs with the nuclei of ordinary matter. However, the interaction of slow
X-helium atoms with nuclei can lead to their low-energy binding, which is explained by
the following reaction:

A + (4He++X��)! [A(4He++X��)] + g. (35)

It is assumed that within the uncertainty limits of the parameters of nuclear physics,
there is a range in which the binding energy in the XHe-Na system is in the range of
2�4 keV [83], which is a rather subtle effect. The capture of dark atoms in this bound state
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leads to a corresponding release of energy, which is observed as an ionization signal in the
DAMA detector. The concentration of XHe in the substance of underground detectors is
determined by the equilibrium between the incoming cosmic �ux of dark atoms and their
diffusion to the center of the Earth. The presence of X-helium in the Earth’s soil is rapidly
regulated due to the kinematics of the interaction of dark atoms with matter, taking into
account the incoming cosmic XHe, and follows a change in this �ow. Therefore, the rate
of capture of dark atoms should experience annual modulations re�ected in the annual
modulations of the ionization signal from these reactions.

An inevitable consequence of the proposed interpretation is the appearance of
anomalous superheavy sodium isotopes in the substance of the DAMA/NaI or DAMA/LIBRA
detectors, the mass of which is approximately the mass of the X particle more than that of
ordinary isotopes of these elements [60]. And the appearance of anomalous superheavy
isotopes of iodine and thallium is unlikely, because it is disadvantageous for dark atoms
to form low-energy bound states with these nuclei [60]. If the atoms of these anomalous
sodium isotopes are not fully ionized, their mobility is determined by atomic cross-sections
and becomes about nine orders of magnitude smaller than for OHe (a special case of dark
atoms when the charge of the particle X is �2) [60]. This ensures that they are stored in the
detector. Therefore, mass spectroscopic analysis of this substance can provide additional
veri�cation for the possible presence of the X-helium nature of the DAMA result. Methods
of such analysis should take into account the fragile nature of the bound states XHe-Na,
since their binding energy is only a few keV [60].

The ionization signal expected in detectors with a composition other than NaI can
be in the energy range, mainly exceeding 2�6 keV [60]. It was shown in [60] that the rate
of radiative capture su of OHe by a nucleus with atomic number A and charge number
Z to the energy level E in the medium with temperature T, obtained by analogy with the
neutron capture cross-section by a proton, is proportional to su µ Z2T

A5/2
p

E
. Therefore, all

other things being equal, at cryogenic temperatures and when OHe interacts with heavy
nuclei, the cross-section of such interaction will be suppressed. In addition, article [60]
noted the high sensitivity of the results of numerical simulation of the interaction of OHe
with the nucleus to the values of uncertain nuclear parameters, taking into account that,
for the selected range of nuclear parameters reproducing the results of DAMA/NaI and
DAMA/LIBRA, it was shown that in OHe-nucleus systems there are no bound levels for
heavy nuclei, and therefore there is no ionization signal in detectors containing heavy
nuclei (for example, xenon). The results of the interaction of OHe with the iodine nucleus,
presented below in this subsection and in Section 8 of this article, do not contradict the
statements of article [60], since it follows that the energy levels of bound states of OHe with
the iodine nucleus are in the energy range signi�cantly exceeding the energy of 2�6 keV
modulo. At the same time, for certain parameters of the OHe dark atom model, it is shown
that the cross-section of the OHe radiative capture by the Na nucleus into a bound state
is orders of magnitude higher than the cross-section of the OHe radiative capture into a
bound state by the Iodine nucleus, which is consistent with the limitation for detecting
high-energy gamma quanta in the DAMA experiment and naturally explains the selectivity
of the signal from the material targets in underground experiments of direct search for dark
matter particles.

Due to the unshielded nuclear charge of dark atom, there is a possibility of a strong
nuclear interaction between XHe atoms and the nuclei of matter, which can disrupt the
bound state of dark atoms, potentially leading to the formation of anomalous isotopes,
the distribution of which in the environment is strictly limited by experimental limits [101].
To solve this problem, the XHe model assumes the presence of a shallow potential well
and potential barrier within the effective interaction potential between the dark atom and
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the nucleus (as shown in the Figure 8), which prevents the fusion of the components of the
dark atom, i.e., the n�He nucleus and the X particle with nuclei of ordinary matter. This
condition is crucial for the viability of the X-helium hypothesis.

Figure 8. Hypothetical qualitative image of the shape of the effective interaction potential of XHe
dark atom with the nucleus of atom of matter [60].

This form of effective potential (see Figure 8) is mainly due to the competition between
electromagnetic repulsion and the strong nuclear attraction of the nuclear shell of the dark
atom and the nucleus of matter.

The total effective interaction potential of the XHe�nucleus system can be interpreted
as the total potential of the nucleus of matter when exposed to various forces from a dark
atom, in the center of which is the origin of the coordinate system, when the nucleus of
matter is slowly moving towards the dark atom, initially being at a large relative particle
size distance from it.

Ultimately, the nucleus of matter moving at a slow thermal velocity (which is actually
the relative velocity between the nucleus of matter and the dark atom in the detector), as a
result of an inelastic capture reaction when interacting with a polarized dark atom, that is,
dipole of XHe, polarized due to the Stark effect in an external electric �eld created by the
nucleus of matter itself, transitions to a low-energy bound state in a shallow potential well
of the effective interaction potential of the XHe-nucleus system. This leads to the release of
energy in the form of an emitted photon, the energy of which is equal to the sum of the
kinetic energy of the nucleus of matter and the binding energy in shallow well, which is
observed as an ionization signal in the DAMA detector.

Modeling the interaction between dark atoms and the nuclei of ordinary matter is a
three-body problem that does not have an exact analytical solution. Therefore, in order
to understand the physical consequences of this scenario, determined by the effective
interaction potential, an accurate quantum mechanical numerical model was developed
for a three-body XHe-nucleus system. The quantum mechanical numerical model of
the interaction of the dark atom of OHe with the nucleus of the substance, presented in
article [102], models a system of three particles interacting through electrical, nuclear and
centrifugal interactions. The methodology includes solving the Schrodinger equation
for helium in the OHe- nucleus system, at various �xed positions of the nucleus of
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substance, ~ROA, relative to the dark atom. By taking into account the characteristics
of both nuclear and electromagnetic interactions, this model makes it possible to accurately
calculate the polarization of dark atom by calculating the dipole moment of a polarized
OHe atom for each �xed position of the nucleus of matter. In turn, dipole moments,
depending on the distance between the nucleus and the dark atom, make it possible to
restore the Stark potential, which describes the interaction of a polarized dark atom with
the nucleus of matter, which plays a key role in forming the total effective interaction
potential of the OHe-nucleus system. This potential is equal to the sum of the following
potentials: the Stark, centrifugal, nuclear, and electric interaction potential of an unpolarized
dark atom with the nucleus Ue

XHe (see Equation (23) in [102]), the last two potentials
manifest themselves only at close distances between interacting particles, as they decrease
exponentially with distance. Thus, in article [102], steps were taken towards a consistent
quantum mechanical description of the interaction of dark atoms with unshielded nuclear
attraction with the nucleus of an atom of matter.

Using the results of article [102], let us restore the total effective interaction potentials
of the OHe-Na and OHe-I systems to �nd the energy levels and wave functions of the
bound states of the OHe dark atom with the nuclei of sodium and iodine in order to
calculate the radiative capture cross-sections the nuclei of sodium and iodine into these
bound states.

When solving the one-dimensional Schrodinger equation for the helium nucleus in
the OHe-nucleus system (see [102]) in order to calculate the wave functions of helium
in the ground state of a polarized OHe dark atom and to further use them to calculate
the dipole moments of a polarized dark atom depending on the radius vector of the
nucleus-substances, it is necessary to set the range of values of the radius vector of helium
~r with a �xed radius vector of the nucleus of the substance ~ROA. It is important for us to
know the maximum negative value of the dipole moment, since the maximum depth of
the Stark potential depends on it, which in turn determines the value of the energy level of
the bound state of the nucleus of a substance with a dark atom in the potential well of the
total effective interaction potential of the OHe-nucleus system.~r is a free parameter that
determines the shape of the total helium interaction potential in the OHe-nucleus system,
UHe, in which for each given �xed radius vector of the nucleus of matter ~ROA it is necessary
solve the corresponding Schrodinger equation for helium. To solve this set of Schrodinger
equations for each �xed position of the outer nucleus of matter slowly approaching the
dark atom, it is also necessary to determine the interval for the radius vector of the nucleus
~ROA. This must be achieved taking into account the fact that before the interaction of the
dark atom with the nucleus of matter begins, OHe is already a bound quantum mechanical
system. That is, the helium nucleus is initially bound to the particle O�� in a neutral
OHe atom, and when solving the Schrodinger equation for He in the OHe-nucleus system,
the initial condition for the helium wave function must be taken into account.

If we select the intervals of numerical values of the vectors~r and ~ROA such that they
coincide or overlap with each other, then the solution of the stationary one-dimensional
Schrodinger equation for helium in the OHe-nucleus system in such ~r interval, with a
�xed value of ~ROA, will always lead to a more likely occurrence of helium inside a deep
potential well created by the nucleus of matter. However, the helium nucleus is initially
located in the OHe dark atom, which forms a bound quantum mechanical system before its
interaction with the heavy nucleus begins. Therefore, it is necessary to take this condition
into account and calculate the gradual increase in the polarization of the dark atom as the
nucleus of matter approaches it, starting from some large distance. Therefore, the ranges of
values of~r and ~ROA should be chosen so that for a certain value of r� = R�OA � Rnuc � RHe,
corresponding to a certain position of the nucleus of matter R�OA, where Rnuc and RHe
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are the radii of the nuclei of matter and helium, respectively, which is the right boundary
of the interval of the radius vector~r, a repolarization of the dark atom occurs when the
dipole moment tends from the maximum negative value to the maximum positive value.
In classical terms, this corresponds to the movement of helium from the position to the
left of the particle O�� (maximum negative polarization OHe), when O�� is located
between helium and the nucleus of matter, to the position to the right of O�� (maximum
positive polarization OHe) due to the strong nuclear attraction of helium from the nucleus
of matter. This ensures that helium, which is initially part of the dark atom, is gradually
in�uenced by the approaching nucleus, as it approaches the dark atom, the probability of
helium tunneling through the Coulomb barrier into the nucleus of matter increases and
repolarization occurs.

We estimate the value of the radius vector of the nucleus of matter R�OA at which the
dark atom is repolarized. That is, when the dipole moment of the polarized dark atom
d, caused by the Stark effect due to the alternating external electric �eld of the nucleus of
matter, changes sign, tending from the maximum negative value to the maximum positive,
it is possible to calculate the approximate dependence of the magnitude of the dipole
moment d on the distance between helium and the nucleus of matter.

The appearance of d is the result of the action of the nuclear attractive force and
the centrifugal and Coulomb repulsive forces from the nucleus of matter on helium in
O-helium, while these forces are balanced by the Coulomb force of interaction between the
particles of the dark atom, that is, between He, which is considered as a uniformly charged
ball with a radius of RHe, and the particle O�� when the helium nucleus is displaced
relative to the center of the dark atom by d. Based on this, we can derive a semiclassical
expression for evaluating d:

~d =

 
~FCoulomb + ~FRot + ~FNuc

!
R3

He
ZHeZO��aflhc

, (36)

where ~FCoulomb, ~FRot and ~FNuc are the Coulomb, centrifugal and nuclear (Woods�Saxon
type) forces of interaction between helium and the nucleus of matter, which are calculated
through the action of the nabla operator on the corresponding potentials (see [102]), ZHe
and ZO�� are the charge numbers of helium and the O�� particle, respectively, a is a �ne
structure constant (the expression used here is for the square of the elementary electric
charge e2 = aflhc). The values of d calculated using Formula (36) strongly depend on the
radii of the nucleus of matter and helium, and on the diffuseness parameter of the nucleus
of matter. For the values of the radius of the sodium nucleus, RNa = 1.15 � A1/3

Na fm, its
diffuseness parameter aNa = 0.54 fm, and the radius of helium RHe = 1.02 � A1/3

He fm [103],
estimating R�OA as ~R�OA = ~d + ~RHeA for the maximum negative and positive values of d,
where RHeA are the corresponding distances between the nuclei of helium and matter. This
gives an approximate change of 8.5 fm . R�OA . 18.5 fm. Since nuclear forces begin to act
on approximately the same distance scale for different nuclei, the estimates for iodine are
similar, although due to the larger radius, iodine begins to attract helium a little earlier,
but also repels it more strongly due to the larger electric charge.

The shape of the total effective interaction potential of the OHe�nucleus system also
depends on the spin of the O�� particle, since the centrifugal potential of the interaction of
a dark atom with the nucleus depends on the magnitude of this spin [102]. At the same
time, the value of the spin of the O�� particle is determined by the nature of the particle
itself and is a model parameter [83].

In Section 8, using the derived formulas for the cross-sections of the radiative capture
of the nuclei of substance by dark atom, the results of numerical analysis are presented,
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showing at what values r� (which is the boundary point of the interval of the radius vector
of helium~r = [�r�, r�] and is related to the position of the nucleus of matter, at which the
dark atom is repolarized, as R�OA = r�+ Rnuc + RHe) and at what values of the O�� particle
spin a low-energy bound state of dark atom with sodium nucleus is formed, the energy
of which lies in the range from 2 keV to 6 keV and satis�es the limitations of the DAMA
experiment for the count rate (see Equation (66)). It is also shown that the radiative capture
cross-section of iodine nucleus into the bound state with OHe is suppressed compared
to that of sodium nucleus. The current section further shows examples of reconstructed
total effective interaction potentials in the OHe-Na and OHe-I systems and the bound
states of nuclei with a dark atom with certain energies and wave functions of these states
corresponding to these effective interaction potentials.

Figures 9 and 10 show the restored total effective interaction potentials of the OHe-Na
and OHe-I systems, respectively, at~r = [�13, 13] fm for OHe-Na and at~r = [�11, 11] fm
for OHe-I. When restoring the potentials shown in Figures 9 and 10, the spin of the particle
O�� was taken to be equal to IO�� = 1. It can be seen from the �gures that the shape of
the total effective interaction potential of a dark atom with a nucleus is consistent with
the expected theoretical shape of this potential. The total effective interaction potentials
have potential wells with a depth of approximately 136 keV for the OHe-Na system and
1620 keV for the OHe-I system, and positive potential barriers in front of these wells with a
height of more than 10 keV exceeding the thermal kinetic energy of the nucleus of matter
at room temperature, which is estimated at about 4 � 10�2 eV. The presence of this positive
potential barrier makes it possible to preserve the integrity and stability of the dark atom,
playing a key role in preventing direct fusion of helium or the O�� particle with the nucleus
of matter.

Figure 9. Various interaction potentials within the OHe�Na system, presented as functions of the
distance between the OHe dark atom and nucleus of Na, ROA: the Stark interaction potential (red
dotted line), the centrifugal interaction potential (green dotted line), nuclear potential (black dotted
line), the electric interaction potential Ue

XHe of unpolarized dark atom with the nucleus (yellow
dotted line) and the total effective interaction potential (blue dotted line). The case corresponds to
the total angular momentum for the interaction between OHe and the sodium nucleus, equal to
~JOHe�Na = 5/2. The results of paper [102] were used in the calculations.
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Figure 10. Various interaction potentials within the OHe�I system, presented as functions of the
distance between the OHe dark atom and nucleus of Iodine, ROA: the Stark interaction potential (red
dotted line), the centrifugal interaction potential (green dotted line), nuclear potential (black dotted
line), the electric interaction potential Ue

XHe of unpolarized dark atom with the nucleus (yellow dotted
line) and the total effective interaction potential (blue dotted line). The case corresponds to the total
angular momentum for the interaction between OHe and the iodine nucleus, equal to ~JOHe�I = 7/2.
The results of paper [102] were used in the calculations.

By solving the one-dimensional stationary Schrodinger equation for the free nuclei
of sodium and iodine in the total effective interaction potentials of the systems OHe-Na
and OHe-I, shown by blue dotted lines in Figures 9 and 10, respectively, we can obtain a
discrete spectrum of the energies of the bound states of sodium and iodine in the potential
well of the total effective potential, as well as the normalized wave functions of sodium
and iodine in these bound states corresponding to these energies.

The result of this solution for the sodium nucleus is shown in Figure 11. It can be
seen from the �gure that in the potential well of the total effective interaction potential
of the OHe-Na system, there is only one bound state, which is the ground bound state
in this potential with energy E1Na � �2.4 keV. In Figure 11, the blue solid line shows the
total effective interaction potential of the OHe dark atom with the sodium nucleus, and the
red solid line shows the graph of the square of the modulus of the sodium wave function
corresponding to the energy level of the ground and only bound state of sodium in this
total effective interaction potential of the OHe-Na system.

The result of solving the Schrodinger equation for the iodine nucleus in the effective
interaction potential of the OHe-I system is shown in Figure 12. It can be seen from the
�gure that there are several bound states in the potential well of the total effective interaction
potential of the OHe-I system. The �gure shows the �rst �ve energy levels of the bound
states (ground and four excited): E1I � �1.07 MeV, E2I � �762 keV, E3I � �556 keV,
E4I � �367 keV and E5I � �231 keV. Thus, in Figure 12, the blue solid line shows the total
effective interaction potential of the OHe dark atom with the iodine nucleus, and the red
solid lines show graphs of the square of the modulus of the wave functions of the �rst �ve
bound states of iodine in this total effective interaction potential of the OHe-I system.
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Figure 11. Graphs of the dependence of the total effective interaction potential of the OHe dark atom
with the sodium nucleus (blue solid line) and the square of the modulus of the sodium wave function
(red solid line), corresponding to the energy level of the ground state of sodium in this total effective
interaction potential of the OHe-Na system, equal to E1Na � �2.4 keV, from the radius vector of
sodium nucleus.

Figure 12. Graphs of the dependence of the total effective interaction potential of the OHe dark atom
with the iodine nucleus (blue solid line) and the square of the modulus of the wave functions of the
�rst �ve bound states of iodine (red solid lines) corresponding to energy levels: E1I � �1.07 MeV,
E2I � �762 keV, E3I � �556 keV, E4I � �367 keV and E5I � �231 keV in this total effective
interaction potential of the OHe-I system, from the radius of the iodine nucleus vector.

6.2. Calculation of the Radiative Capture Cross-Section in the OHe-Nucleus System

Let us use the obtained material, normalized by one wave function of sodium in the
ground bound state of the OHe-Na system, Y(1)

fNa
, which we consider as the �nal state of

sodium, along with the normalized by one wave functions of iodine in the ground bound
state, Y(1)

f I
, and the �rst excited state, Y(2)

f I
, to calculate the capture cross-sections of sodium

and iodine nuclei into these bound states.
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In the initial state, the nucleus of matter represents a free particle described by the
wave function Yinuc (r) (for sodium YiNa (r) and for iodine YiI (r)), which is a solution to
the Schrödinger equation for the nucleus of substance with relative thermal motion in the
effective interaction potential Ve f f (r) of the OHe-nucleus system:

"

�
flh2

2m
r2 + Ve f f (r)� E

#

Yinuc (r) = 0, (37)

where m is the reduced mass of the system OHe-nucleus, E =
3
2
kbT is the energy of relative

thermal motion in the center of mass system.
Since the potential Ve f f (r) is spherically symmetric, the wave function Yinuc (r)

modi�ed by this potential in�uence can be decomposed into partial waves (spherical
harmonics) [104]:

Yinuc (r) =
¥

å
l=0

l

å
m=�l

ul(r)
r

Ylm(q, j), (38)

where ul(r) is the radial wave function and Ylm(q, j) is spherical function.
Substituting (38) into Equation (37) and using the properties of orthogonality of

spherical harmonics, we obtain the radial Schrodinger equation for each partial wave:
"

�
flh2

2m
d2

dr2 + Ve f f (r) +
flh2l(l + 1)

2mr2 � E

#

ul(r) = 0, (39)

where flh2l(l+1)
2mr2 is a centrifugal potential that occurs naturally when variables are separated

in spherical coordinates.
Thus, in the entire region of space where the effective interaction potential is not zero,

the wave function of the initial state can be written as:

Yinuc (r) =
¥

å
l=0

(2l + 1)ilRnorm
l (r)Pl(cos q), (40)

where Rnorm
l (r) = Nl � ul(r)/r = Nl � Rl(r) is the normalized radial component of the wave

function, Nl is the normalization factor, Rl(r) = ul(r)/r is an unnormalized radial wave
function, and Pl(cos q) is the Legendre polynomials.

The radial wave function Rnorm
l (r) is normalized in such a way that the condition is

satis�ed in the asymptotic domain (r ! ¥) [104]:

Rnorm
l (r) = eidl [cos dl jl(knucr)� sin dl nl(knucr)], (41)

where knuc =
pnuc

flh
=

mnucu
flh

is the wave vector of the nucleus of substance, pnuc and mnuc

are the momentum and mass of the nucleus of substance, respectively, and u is the relative
velocity of interacting particles in the OHe-nucleus system. jl(knucr) are spherical Bessel
functions, nl(knucr) are spherical Neumann functions, and dl are the scattering phases,
determined by the potential Ve f f (r) and containing all the information about scattering
behavior for each partial wave with orbital angular momentum l.

For the numerical solution of Equation (39), the Numerov method is used, which
ensures high accuracy of integration of second-order equations. Equation (39) is written as:

d2ul
dr2 =

2m
flh2

"

Ve f f (r) +
flh2l(l + 1)

2mr2 � E

#

ul(r) = F(r)ul(r). (42)
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The Numerov method is implemented using the recurrent formula:

ul,i+1 =
2ul,i � ul,i�1 + Dr2

12 (Fi�1ul,i�1 + 10Fiul,i)
1� Dr2

12 Fi+1
, (43)

where Dr is the grid step, ul,i = ul(ri), Fi = F(ri).
The initial conditions for l = 0 and l = 1 are chosen as follows:

1. For l = 0: u0(rmin) � rmin, u0(rmin + Dr) � rmin + Dr.
2. For l = 1: u1(rmin) � r2

min, u1(rmin + Dr) � (rmin + Dr)2.

The phase shifts of dl are calculated by solving the radial Schrodinger Equation (39)
and obtaining a numerical solution of Rl(r) followed by comparing the numerical solution
with the asymptotic form (41). Speci�cally, the phase shift is determined by calculating the
logarithmic derivative L of the radial wave function at the point r0, where the potential
Ve f f (r) becomes negligible:

tan dl =
knuc j0l(knucr0)� jl(knucr0) � L
knucn0l(knucr0)� nl(knucr0) � L

, (44)

where L = R0l(r0)/Rl(r0) is the logarithmic derivative, j0l and n0l are the derivatives of
spherical Bessel and Neumann functions.

Thus, normalization is performed by comparing the numerical solution of Rl(r) in the
asymptotic domain with the analytical expression (41) at the point r0, where the potential
of Ve f f (r) becomes negligible. Then the normalization factor is Nl :

Nl =
eidl � [cos dl jl(knucr0)� sin dl nl(knucr0)]

Rl(r0)
. (45)

For the sodium nucleus, there is a single energy level in the range of 1�6 keV in the
total effective interaction potential, which allows only an E1 transition from the initial state
of sodium with li = 1 to the �nal bound state with l f = 0. At thermal energies, the orbital
moment of the free nucleus is practically zero, the wave function of the initial state is mainly
an s-wave, but there is also a small admixture of a p-wave in the initial state of the free
nucleus. Therefore, we decompose the wave function of the free nucleus into partial waves,
that is, into radial wave functions that depend on the orbital moment and are the solution
of the Schrodinger equation in the effective interaction potential for the energy of relative

thermal motion E =
3
2
kbT in the center of mass OHe-Na system. After that, we take the

second term of the decomposition of the wave function of the free sodium nucleus into
partial waves, that is, a p-wave with li = 1. Thus, there is a possibility that the sodium
nucleus will transition from the initial state of the p-wave to the �nal bound state. This
transition is suppressed due to the fact that the p-wave is only a small addition to the
s-wave of the free nucleus at thermal energies.

On the other hand, for the iodine nucleus, there are several deeply bound states in
the effective interaction potential with the dark atom (including the ground state with an
energy of �1.07 MeV and the �rst excited state with an energy of �762 keV), which allow
for two distinct most probable E1 transitions:

1. From the initial state of iodine with li = 1 to the ground bound state with l f = 0
(energy �1.07 MeV).

2. From the initial state of iodine with li = 0 to the �rst excited bound state with l f = 1
(energy �762 keV).
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According to Fermi’s Golden Rule, the probability of transition per unit of time from
the initial state jii to the set of �nal states j f i is determined by the following expression:

Gi! f =
2p
flh
��h f j �Hintjii

��2g(E f ), (46)

where h f j �Hintjii is the matrix element of the interaction operator, �Hint, for the electrical
transition between the �nal and initial states, and g(E f ) is the density of �nal states at
energy E f .

Fermi’s Golden Rule relates the probability of a transition to the density of the �nal
states. In the process of nucleus capture by a dark atom with photon emission, the density of
the �nal states is determined by the emitted photon. In the process we consider, the nucleus
of matter passes from a free state to a bound state with dark atom, while a photon with
energy is emitted:

Eg = Tnuc + IOHe�nuc � IOHe�nuc, (47)

where Tnuc =
p2

nuc

2mnuc
� 4 � 10�2 eV is the kinetic thermal energy of the nucleus in the free

state and IOHe�nuc is the energy of the bound state of the nucleus of matter with the OHe
dark atom.

Since the system initially consists of free nucleus and OHe dark atom, while the
�nal state comprises the bound OHe-nucleus system and a photon, the �nal states are
determined by the photon parameters. This is because the initial state of the nucleus
exists in the continuum (as a free particle), whereas the �nal state is a discrete bound
state. However, the transition is physically possible only through photon emission, whose
parameters form a continuum of states. Thus, the total density of �nal states is governed
precisely by the photon, since the OHe-nucleus bound state is �xed (discrete), whereas the
photon can occupy various momentum and directional states.

The bound OHe-nucleus system possesses discrete energy after nucleus capture, thus
its contribution to g(E f ) corresponds to a single state (Dirac delta function). In contrast,
the emitted photon, with energy virtually identical to the binding energy of the nucleus
with the OHe dark atom, IOHe�nuc, can be emitted in any direction with �xed energy (when
neglecting the recoil of the OHe-nucleus system). This determines the angular dependence
of the �nal state density. Consequently, the number of �nal states per unit energy interval
per unit volume for photon emission into solid angle dW, accounting for the two possible
spin projections of the photon due to the transverse nature of electromagnetic waves, is
given by the following expression in three-dimensional space:

g(Eg) = 2
d

dEg

 Z d3~qg

(2p)3

!

=
E2

g

4p3c3flh3 dW, (48)

where j~qgj =
Eg

cflh
is the wave vector of the photon.

The cross-section of the radiative capture of the nucleus of matter into the OHe-nucleus
bound state is expressed by the following formula:

sOHe�nuc =
Gi! f

j
, (49)

where j is the falling �ux of nuclei of matter.
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For the radiative capture process, the initial state is described by the scattering wave
function, which must be normalized to a single �ux so that the �ux density in the incident
wave is:

j =
flhkNA

m
= u, (50)

where u is the relative velocity of the interacting particles. It is equal to the thermal velocity
of the nucleus of substance towards the dark atom in the center of mass system since in the
process under consideration, due to the large mass of the dark atom compared to the mass
of nucleus, the center of mass system coincides with the laboratory system in which the
dark atom rests.

Substituting Gi! f into the formula for the cross-sections, we get:

sOHe�nuc =
2p
flh

1
u
��h f j �Hintjii

��2g(Eg) =
2p
flh

1
u
��h f j �Hintjii

��2 E2
g

4p3c3flh3 dW. (51)

The transition of the nucleus of substance to a bound state with dark atom occurs
when the nucleus interacts with electromagnetic radiation. The Hamilton operator, which
de�nes the electric multipole transition of the order J of the nucleus to a bound state,
�Hint, in the dipole approximation, is determined by decomposing the vector potential of

the electromagnetic �eld into functions with a certain moment and parity. And for the
long-wavelength approximation, which is typical for the process of radiation capture of the
nucleus of matter into a low-energy bound state with dark atom with photon emission that
we consider, since (qg � r) � 10�4 << 1, the electric multipole transition operator of the
order J is given by the expression [105]:

�Hint = �A0

s
2p(J + 1)

J[(2J + 1)!!]2
qJ

g �QJm, (52)

where �QJm = eZnucr JYJm(q, f) is the operator of the static electric multipole moment, Znuc

is the charge number of the nucleus of a substance (ZNa = 11 for sodium and ZI = 53 for

iodine), and A0 =

s
2pcflh

qg
is the amplitude of the vector potential of the electromagnetic

wave, which is usually selected such that it corresponds to the presence of one quantum
per unit volume.

We take into account the use of Expression (40) and considering the wave function of
the initial state as a partial wave with an orbital moment li. Therefore, the matrix element
of the transition operator between the �nal and initial states, h f j �Hintjii, is given by the
following expression, where the matrix element splits into radial and angular parts:

h f j �Hintjii = �A0

s
2p(J + 1)

J[(2J + 1)!!]2
qJ

geZnuchl f jYJm(q, f)jlii � Iradial, (53)

where Iradial =
R ¥

0 Y�(n)
fnuc

(r) � r J+2 � (2li + 1)ili � Rnorm
li

(r)dr is the radial part of the matrix
element and hl f jYJm(q, f)jlii is the angular part of the matrix element.

The angular part of the matrix element for the transition li = J ! l f = 0 is de�ned
as follows:

h0jYJm(q, f)jJi =
Z

Y00(q, f) �YJm(q, f) � PJ(cos(q))dW =
1

p
(2J + 1)

. (54)
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On the other hand, the angular part of the matrix element for the transition li = 0!
l f = J is equal to:

hJjYJm(q, f)j0i =
Z

YJ0(q, f) �YJm(q, f) � P0(cos(q))dW = 1. (55)

Then, the square of the modulus of the matrix element of the static electric multipole
moment operator �QJm for transitions li = J ! l f = 0 and li = 0 ! l f = J is
equal, respectively:

jh0jj �QJmjjJij2 =
e2Z2

nuc
(2J + 1)

����
Z ¥

0
Y�(1)

fnuc
(r) � r J+2 � (2J + 1)iJ � Rnorm

J (r)dr
����
2
, (56)

jhJjj �QJmjj0ij2 = e2Z2
nuc

����
Z ¥

0
Y�(2)

fnuc
(r) � r J+2 � Rnorm

0 (r)dr
����
2
. (57)

Substituting expressions of the perturbation matrix element h f j �Hintjii for transitions
to the ground bound state OHe-nucleus li = J ! l f = 0 and to the excited bound state
OHe-nucleus li = 0! l f = J in Formula (51) for the cross-section of the radiative capture
of the nucleus, taking into account the fact that e2 = aflhc, where a is a �ne structure constant,
we obtain:

sJ!0
OHe�nuc =

8pq2J+1
g acZ2

nuc
u

(J + 1)(2J + 1)
J[(2J + 1)!!]2

����
Z ¥

0
Y�(1)

fnuc
(r) � r J+2 � iJ � Rnorm

J (r)dr
����
2
, (58)

s0!J
OHe�nuc =

8pq2J+1
g acZ2

nuc
u

(J + 1)
J[(2J + 1)!!]2

����
Z ¥

0
Y�(2)

fnuc
(r) � r J+2 � Rnorm

0 (r)dr
����
2
. (59)

Eventually, the �nal expressions for the rates of radiative capture of the nucleus of
matter from the initial state of a free particle with an orbital moment of li = 1 to the �nal
ground bound state in the potential well of the total effective interaction potential of the
OHe-nucleus system with an orbital moment of l f = 0 and from the initial state with an
orbital moment of li = 0 to a �nite excited bound state with an orbital moment of l f = 1
are given by the following expressions:

(s1!0
OHe�nuc � u) =

16p
3

ac
E3

g

c3flh3Z2
nuc

����
Z ¥

0
Y�(1)

fnuc
(r) � r3 � i � Rnorm

1 (r)dr
����
2
, (60)

(s0!1
OHe�nuc � u) =

16p
9

ac
E3

g

c3flh3Z2
nuc

����
Z ¥

0
Y�(2)

fnuc
(r) � r3 � Rnorm

0 (r)dr
����
2
. (61)

7. Dark Atoms and Experimental DAMA Results as Benchmark for
Procedure Developing

Over the years, the use of NaI(Tl) detectors in DAMA has undergone two main phases:
DAMA/NaI (seven annual cycles) and DAMA/LIBRA (2003�2024). After the �rst stage,
dubbed DAMA/LIBRA�phase1, with a 2 keV energy threshold, in 2010 DAMA/LIBRA
underwent a major upgrade, replacing the PMTs with high-quantum-ef�ciency Hamamatsu
R6233MOD tubes, reducing the software energy threshold to 1 keV. This second
phase is known as DAMA/LIBRA�phase2 [9]. In late 2021, a further upgrade of
DAMA/LIBRA�phase2 con�guration, termed phase2-empowered, began with the speci�c
aim of lowering the software energy threshold below 1 keV while sustaining high
acceptance ef�ciency. All PMTs were provided with miniaturized low-background
preampli�ers and new high-voltage dividers; the front-end electronics chain was enhanced
by employing 14-bit digitizers with improved vertical resolution. These changes improve
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energy resolution, reduce electronic noise, and enhance discrimination of single-hit
scintillation events (i.e., those events in which just one detector of many actually ��res�)
near the software energy threshold.

The DAMA/NaI and DAMA/LIBRA experiments have reported over two decades
of evidence for a model-independent annual modulation signal that respects all the
requirements of presence of dark matter particles in the galactic halo. The residual counting
rates of the two phases of DAMA/LIBRA are reported in Figure 13.

Figure 13. Experimental residual rate of the single-hit scintillation events measured by
DAMA/LIBRA�phase1 and DAMA/LIBRA�phase2 in the (2�6) keV energy intervals as a function of
the time. The superimposed curve is the co-sinusoidal functional form Acosw(t� t0) with a period
T = 2p/w = 1 year, a phase t0 = 152.5 day (2 June), and a modulation amplitude, A, equal to the
central value of the best �t. The dashed vertical lines correspond to the maximum expected for the
DM signal (2 June), while the dotted vertical lines correspond to the expected minimum. For details,
see Ref. [9].

Within the framework of the dark atom model, the presence of such an annual
modulation is also expected; therefore, to validate the model on the one hand, and to
assess the similarity with the experiment on the other hand, a simulation was carried out
using the stochastic Monte Carlo method. For 11 years, corresponding to the second phase
of the DAMA/LIBRA experiment, numerical modeling was performed using the procedure
described in Section 5. The results are presented in Figure 14.

Figure 14. Results of Monte Carlo simulation for the annual modulation of the residual count rate
as a function of the day of the year (DOY), averaged over 11 years for the period from 2011 to 2022.
Error bars represent the variance.

Importantly, DAMA has extensively checked for possible systematic effects or
background sources that could mimic the annual modulation. No such effects, correlated
with temperature, radon levels, cosmic muons, or other environmental variables, have been
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able to explain the observed modulation within the required phase and energy range [8].
It should be noted that the hardware con�guration, the speci�c hardware and software
procedures employed, and overall design features of DAMA signi�cantly differ from those
of COSINE-100 and ANAIS-112. Given these differences and the arguments reported in
Section 1, the DAMA results, covering both the annual and diurnal modulation signatures,
as well as additional analyses, are used in this paper for studies of the dark atom model
across its possible detection strategies.

While the DAMA collaboration reports a highly signi�cant annual modulation effect,
the search for a diurnal modulation remains consistent with null results within the present
sensitivity [11]; see also later. In the following, both annual and diurnal results are
quanti�ed in terms of dark atoms.

7.1. Annual Modulation

The DAMA/NaI and DAMA/LIBRA experiments have reported consistent evidence
for an annual modulation signal satisfying all the requirements of the model-independent
dark matter signature [8,9,100].

The expected counting rate for dark matter interactions in a detector should have a
cosine-like modulation:

S(t) = S0 + Sm cos w(t� t0), (62)

where S0 is the constant component, Sm is the modulation amplitude, w = 2p/T with
T = 1 year, and t0 ’ 2 June is the expected phase.

Let us consider the process in which a DM particle constituted by dark atom (O) is
captured either by Na or Iodine nucleus in a NaI(Tl) detector:

O +23 Na!23 Na + g’s

O +127 I!127 I + g’s (63)

The O particles become thermalized as they traverse the layers of rock above
an underground experiment, such as DAMA/LIBRA. As a result, their velocity is
approximately equal to the thermal velocity of the rock. If the g-rays produced in the
reactions of Equation (63) have energies around �1�6 keV, these dark matter particles
could account for the groundbreaking annual modulation result observed in DAMA/NaI
and DAMA/LIBRA.

The capture rate of Equation (63) can be written as:

S = e
rO
MO

(hv1s1i+ hv2s2i)NT (64)

where rO is the density of O particles, with mass MO, in proximity of the detectors, vi is the
relative velocity between O particle and ith nucleus (i = 1, 2 for Na and Iodine, respectively),
and si is the capture cross section of the process of Equation (63). As mentioned above, vi are
of the order of thermal velocities. However, since MO is much higher than the nuclei masses,
vi are mainly the thermal velocities of the Na and Iodine nuclei. The number of target NT
is the same for Na and Iodine nuclei: NT = 4.015� 1024 nuclei per kg of NaI(Tl); �nally, e
is the ef�ciency to detect the g-rays produced in the reactions of Equation (63). Due to the
large mass of the DAMA/LIBRA detectors (approximately 9.7 kg each), we can assume
that low-energy g-rays are fully absorbed within the detector. Therefore, the only factor
that could play a role is the energy threshold, which is 1 keV for DAMA/LIBRA�phase2.
For instance, if the g-ray energy is 3 keV, considering the energy resolution of the detectors,
we lose 1.7% of events due to the 1 keV threshold. However, for the purposes of this paper,
we assume that e = 1.
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As already discussed, the velocity of the O particles striking the top of the mountain
varies throughout the year because of Earth’s revolution around the Sun. This variation
leads to a different accumulation of O particles near the NaI(Tl) detectors in the
underground laboratory. We can parameterize this effect as follows:

rO(t) = r0
O + DrOcosw(t� t0) (65)

where r0
O is the time-independent density, DrO is its modulation amplitude, w = 2p

T with
T = 1 year and t0 is the phase of the annual modulation approximately equal to 2 June.
This justi�es Equation (62).

The experimental modulation amplitudes, Sm, can be extracted by the data of
DAMA/NaI and DAMA/LIBRA; they are summarized in Figure 15. A clear modulation
is present in the lowest energy region, while Sm values compatible with zero are present
just above. See ref. [9]. Speci�cally, considering the energy range between 1 keV and 6 keV,
one obtains:

Sm = (6.95� 0.45)� 10�2 counts/(day � kg)

S0 < 0.5 counts/(day � kg) (66)

where the �rst value is obtained by integrating the modulation amplitudes of Figure 15
over the energy range from the energy threshold to 6 keV.

Figure 15. Modulation amplitudes, Sm, for the whole data sets: DAMA/NaI, DAMA/LIBRA�phase1
and DAMA/LIBRA�phase2 (total exposure: 2.86 ton � yr) above 2 keV; below 2 keV only the
DAMA/LIBRA�phase2 exposure (1.53 t � yr) is available and used. The energy bin DE is 0.5 keV.
A clear modulation is present in the lowest energy region, while Sm values compatible with zero are
present just above. See ref. [9].

The upper limit is instead derived from the unmodulated signal constraints provided
in ref. [106,107], where the following upper limits on the unmodulated signal are given:
<0.8 counts/(day � kg � keV) in 1�2 keV range, <0.24 counts/(day � kg � keV) in 2�3 keV
range, <0.12 counts/(day � kg � keV) in 3�4 keV range. Thus, assuming a g-ray energy of
2.5 keV and including the energy resolution of the detectors, the most conservative limit is
obtained from the third energy range.

Finally, considering that the time dependence of the rate is given only by the density
parameter for the dark atoms model considered here, we can write:

Sm
S0

=
DrO

r0
O

> 0.139. (67)

This lower limit must be taken into account when selecting the range of the possible free
parameters of the model.
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In conclusion, the annual modulation results of DAMA/NaI and DAMA/LIBRA point
out the following value of the capture rate in the dark atoms model considered here:

DrO
MO

(hv1s1i+ hv2s2i) = (2.00� 0.13)� 10�31 s�1. (68)

7.2. Diurnal Modulation

While the annual modulation is driven by the Earth’s revolution, the Earth’s daily
rotation introduces a smaller diurnal modulation. The expected amplitude of this effect is
suppressed relative to the annual modulation by approximately a factor of ’0.016 at the
Gran Sasso latitude [11,100].

The DAMA collaboration has released an analysis where the DAMA/LIBRA�phase1
data set, corresponding to 1.04 ton � years of exposure, was analyzed in therms of diurnal
modulation in both solar and sidereal time [11]. The analysis searched for time-dependent
residuals in the counting rate of single-hit low-energy events. No signi�cant diurnal
modulation was observed at the present sensitivity.

This null result is consistent with expectations, since the amplitude of the diurnal
modulation predicted from the observed annual modulation is below the sensitivity
of DAMA/LIBRA�phase1. Thus, while the diurnal analysis provides an important
cross-check, the non-observation is not in con�ict with the annual modulation result.

The laboratory velocity with respect to the Galactic frame ~vlab(t) is the sum of
several contributions as detailed in Equation (33). Typical speeds are the Sun’s velocity
vs = j~vLSR +~v�j � 232 km s�1, the Earth revolution velocity vrev = j~vrevj � 29.8 km s�1

and the rotational speed at the detector latitude vrot = j~vrotj, that is, the rotational speed at
the equator (0.47 km s�1) reduced by cos j at latitude j.

The event rates expected in many models depend mainly on the magnitude of ~vlab(t),
vlab(t) = j~vlab(t)j. Expanding to �rst order in the small time-dependent velocities yields a
time-dependent modulation of the counting rate in a given energy bin k [11,100]:

Sk(t) ’ S0,k +
¶Sk

¶vlab

����
vs

[vrevAm cos w(t� t0) + vrotAd cos wrot(t� td)], (69)

where S0,k is the constant component, Am and Ad are geometry-dependent coef�cients
(of order unity; Am � 0.489, Ad � 0.671 for typical Galactic parameters), w is the annual
angular frequency, wrot the sidereal daily frequency, and t0 and td are the corresponding
phases. As shown in Figure 4, the annual term produces the familiar 2 June maximum,
while the diurnal term has a sidereal-phase maximum near local sidereal time � 14 h for
detectors at LNGS longitude (depending weakly on Galactic rotation speed v0).

Because both annual and diurnal amplitudes arise from the same velocity-derivative
term, their ratio is largely model-independent and depends chie�y on the ratio of vrot to
vrev and on geometry factors:

Rdy �
Sd
Sm
’

vrotAd
vrevAm

� 0.0214 cos j , (70)

where j is the laboratory latitude. For LNGS (j ’ 42.45�), this yields Rdy � 0.016. Thus,
if an annual modulation amplitude Sm is observed, the expected diurnal amplitude Sd
can be estimated model-independently by multiplying by Rdy. Considering the full data
set DAMA/NaI, DAMA/LIBRA�phase1 and phase2, the annual modulation result in the
(2�6) keV window is Sm ’ 0.00996 cpd/kg/keV [9], and the expected diurnal amplitude is
�1.6�10�4 cpd/kg/keV.
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To probe the diurnal variation, the data of DAMA/LIBRA considered in ref. [11]
(1.04 ton � years) were grouped in one-hour bins of either solar and sidereal time.
The residual rate for each hour bin is computed by subtracting the 24 h average rate
for that day (i.e., removing the daily mean) and then averaging over detectors, energy bins,
and annual cycles. These residuals are reported in Figure 16. By construction, the annual
modulation (with a period of one year) is largely washed out in this averaging, since
data collection is approximately uniform over the diurnal hours throughout the year; its
systematic contribution to the 24 h average is negligible (�10�4 of the daily mean).

Figure 16. Experimental model-independent diurnal residual rate of the single-hit scintillation events
in the (2�6) keV energy interval for the data set considered in ref. [11] (1.04 ton � years) as a function
of the solar (left) and sidereal (right) hour.

The used data set of DAMA/LIBRA�phase1 found no statistically signi�cant diurnal
variation in single-hit low-energy events in sidereal time. The achieved result can be
summarized as follows:

� In the (2�6) keV energy interval binned with 1 h bins, the c2 test returned a value
(c2/d.o.f. = 21.2/24) compatible with random �uctuations, and the run test likewise
did not reject randomness.

� A direct cosine �t for sidereal time with �xed phase at 14 h yielded Aexp
d = �(1.0�

1.3)� 10�3 cpd/kg/keV, consistent with zero. Using the Feldman�Cousins approach,
an upper limit of Aexp

d � 1.2� 10�3 cpd/kg/keV (90% C.L.) was quoted.
� The experimental uncertainty s(Ad) derived from the data is�1.3� 10�3 cpd/kg/keV,

consistent with theoretical sensitivity estimates given typical background rates and
exposure [100].

These results imply that the diurnal amplitude expected from the observed DAMA
annual amplitude result (�1.6 � 10�4 cpd/kg/keV) is far below the detection threshold of
the considered data set, which could exclude diurnal amplitudes at the �10�3 cpd/kg/keV
scale but not down to the �10�4 level required by the model-independent expectation.
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This fact is con�rmed by the simulation carried out using the stochastic Monte Carlo
method described in Section 5, as can be seen in Figure 17 which reports the results of
Monte Carlo simulation for the daily modulation of the residual count rate as a function of
solar time (left) and Greenwich Mean Sidereal Time (right).

Figure 17. Results of Monte Carlo simulation for the daily modulation of the residual count rate
as a function of solar time (left) and Greenwich Mean Sidereal Time (right). Error bars represent
the variance.

In conclusion, following the same procedure as in Equation (68) and considering that
the energy interval is DE = 4 keV, the results of diurnal modulation point out an upper
limit on the diurnal modulation amplitude of the counting rate in the considered model:

drO
MO

(hv1s1i+ hv2s2i) � 1.4� 10�32 s�1 (71)

where drO is the diurnal modulation amplitude expected from the dark atom candidates
considered.

7.3. High-Energy Gamma Rays

As discussed above, dark atoms can generate high-energy gamma rays within the
NaI(Tl) detectors through their interactions and subsequent bindings with Iodine nuclei.
For simplicity, we assume that the bound states formed between dark atoms and Iodine
nuclei emit gamma rays with energy Eg at a rate Rg. These gamma rays are detected by
the NaI(Tl) detectors with an ef�ciency h, resulting in S counts in the photo-peak at energy
Eg. Accordingly, the production rate of gamma rays can be expressed as:

Rg =
S

hWNI
, (72)

where W is the total exposure and NI = 4.015� 1024 is the number of Iodine nuclei per
kilogram of detector material.

No anomalous gamma-ray emissions in the hundreds-to-thousands keV range have
been observed, allowing us to place constraints on the dark atom model. In this section, we
evaluate these constraints.

Also to this end, we refer only to the material published by the DAMA collaboration in
ref. [12], which reports a search for gamma-ray emissions in the 90�450 keV range using a
subset of the DAMA/NaI data (with a total exposure of W = 34,866 kg � day). The analysis
reported there [12] was aimed at identifying possible exotic processes involving 127I and
23Na nuclei. Table 8 lists, for each peak considered in ref. [12], the excluded peak area S
and the corresponding upper limits on the gamma-emission rate from Iodine nuclei Rg.
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Table 8. Limits of Rg evaluated from a set of DAMA/NaI data [12]. The limits are given at 90% C.L.

Eg (keV) Ef�ciency Area of the Peak Rg
h S (10� 31 s� 1)

90.8 0.99 <3149 <2.63
236.1 0.89 <3418 <3.18
408.2 0.72 <3061 <3.52
441.1 0.60 <3009 <4.15
451.2 0.61 <2974 <4.03

Conservatively, therefore, one can conclude that the total gamma-emission rate in
the ’90�500 keV energy region is Rg � 4� 10�31 s�1. It should be emphasized that this
limit remains valid in the case of monochromatic gamma-ray emission from the binding
of dark atoms to Iodine nuclei. In contrast, a wider gamma-ray energy distribution yields
substantially weaker limits, possibly reduced by orders of magnitude.

7.4. Summary on the DAMA Annual Modulation and Other Constraints

Finally, the results of DAMA/NaI and DAMA/LIBRA�phase1,2 described in
Sections 7.1�7.3, can be summarized as follows. The annual modulation results point
out the following value of the modulation amplitude of the counting rate in the dark
atom model:

DrO
MO

(hv1s1i+ hv2s2i) = (2.00� 0.13)� 10�31 s�1, (73)

with the upper limit on the unmodulated signal:

Sm
S0

=
DrO

r0
O

> 0.139. (74)

The results of diurnal modulation point out an upper limit on the diurnal modulation
amplitude of the counting rate in the dark atom model:

drO
MO

(hv1s1i+ hv2s2i) � 1.4� 10�32 s�1, (75)

and the total gamma-emission rate in the energy region of hundreds of keV to MeV is
Rg � 4� 10�31 s�1.

8. Constraints of the Dark Atom Model Parameters Derived by Applying
DAMA Published Results as a Benchmark

It is necessary to determine the values of the parameter r�, which de�nes the position
of the nucleus of the substance R�OA = r� + Rnuc + RHe at which repolarization of
the dark atom occurs and which satis�es the physically justi�ed range of values for
the position of nucleus of substance during repolarization of the dark atom of OHe:
8.5 fm . R�OA . 18.5 fm, de�ned in Section 6.1 using Formula (36), and the values of
the O�� particle spin for which low-energy bound states of OHe dark atoms with sodium
nuclei are formed in the energy range of 1 keV to 6 keV, satisfying the count rate constraints
of the DAMA experiment.

Numerical analysis using the quantum mechanical model of dark atom�nucleus
interaction, developed for the speci�c case of the XHe dark atom hypothesis (where the
electric charge of the X particle is�2), i.e., for the O-helium dark atom, including calculation
of the sodium nucleus radiative capture rate via Formula (60), demonstrates that within the
uncertainties of nuclear and atomic physics parameters, low-energy bound states of OHe
with sodium nuclei in the 1 keV to 6 keV range are formed and satisfy the DAMA/LIBRA
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count rate constraints (66) for the following parameters of the OHe-Na system and the
O�� particle:

1. For parameter r� = 12 fm and O�� particle spin IO�� = 3/2, a bound state of the
OHe dark atom with the Na nucleus is formed with energy level Eg � �1.84 keV
and sodium nucleus radiative capture rate (s1!0

OHe�Na � u) � 3 � 10�30 cm3/s.
Numerical calculation of the count rate using Formula (64) for this capture rate
yields values closely matching those required by the DAMA/NaI and DAMA/LIBRA
experimental results (66) for O�� particle mass satisfying MO � 4.2 TeV. Speci�cally,
for mass MO = 4.2 TeV, the numerical calculation gives Rnumerical � 0.498 + 3.21�
10�2 cos(w(t� t0)) counts/(day•kg).

2. For parameter r� = 13 fm and O�� particle spin IO�� = 1, a bound state of the OHe
dark atom with the Na nucleus is formed with energy level Eg � �2.38 keV and
sodium nucleus radiative capture rate (s1!0

OHe�Na � u) � 1.6� 10�30 cm3/s. Numerical
calculation of the count rate (64) for this capture rate yields values closely matching
the DAMA/NaI and DAMA/ LIBRA experimental constraints (66) for O�� particle
mass satisfying MO � 2.22 TeV. Speci�cally, for mass MO = 2.22 TeV, the numerical
calculation gives Rnumerical � 0.496 + 3.19� 10�2 cos(w(t� t0)) counts/(day•kg).

In the interaction of an iodine nucleus with an OHe dark atom for an O�� particle
spin of IO�� = 1 or 3/2, the energy of the ground bound state OHe�I is approximately
E1I � �1.07 MeV at r� = 11 fm and E1I � �950 keV at r� = 12 fm, while the energy of
the �rst excited bound state OHe�I is approximately E2I � �760 keV at r� = 11 fm and
E2I � �690 keV at r� = 12 fm. The calculation of the radiative capture rate of iodine into
the ground bound state OHe�I, li = 1 ! l f = 0 using Formula (60) at r� = 11 fm yields
(s1!0

OHe�I � u) � 1.4� 10�31 cm3/s and at r� = 12 fm yields (s1!0
OHe�I � u) � 1.5� 10�31 cm3/s.

The calculation of the radiative capture rate of iodine into the �rst excited bound state
OHe�I, li = 0 ! l f = 1, using Formula (61) at r� = 11 fm yields (s0!1

OHe�I � u) � 8�
10�32 cm3/s and at r� = 12 fm yields (s0!1

OHe�I � u) � 7� 10�32 cm3/s. It is evident that the
radiative capture cross-sections of iodine are suppressed compared to the radiative capture
of the sodium nucleus.

Numerical calculation of the count rates for the obtained iodine radiative capture rates
using Formula (64) for an O�� particle mass of MO = 2 TeV gives a time-independent
signal amplitude of R1!0

numerical � 1.5� 10�31 s�1 for the li = 1 ! l f = 0 transition and
R0!1

numerical � 7� 10�32 s�1 for the li = 0 ! l f = 1 transition. This satis�es the constraint
from the DAMA/NaI and DAMA/LIBRA experiments on the total gamma-ray emission
rate in the energy range from hundreds of keV to MeV, which is Rg � 4 � 10�31 s�1.
Consequently, if an excited bound state of OHe�I is formed, the transition of the iodine
nucleus from the excited bound state to the ground bound state, emitting a photon with
energy DEI = E2I � E1I � �310 keV at r� = 11 fm or DEI = E2I � E1I � �260 keV at
r� = 12 fm, will also be suppressed.

In the future, for the most accurate and physically consistent description of the
interaction between a dark atom and a nucleus, it will be necessary to consider dark
atom models with an electric charge of the X particle greater than �2. Therefore, to
improve the accuracy of calculating the polarization dipole moments of the dark atom and
consequently to more precisely reconstruct the total effective interaction potential of XHe
with the nucleus and calculate the radiative capture cross-section, it is planned to re�ne
the numerical quantum mechanical model by accounting for the non-point-like nature of
the interacting particles in the XHe�nucleus system. Speci�cally, it is essential to include
the distribution of electric charge and nucleons in the interacting nuclei, the deformation
of the nucleus, and its orientation relative to the dark atom when calculating nuclear and
electromagnetic potentials.

https://doi.org/10.3390/universe12040116

https://doi.org/10.3390/universe12040116


Universe 2026, 12, 116 44 of 48

9. Conclusions
This article provides a comprehensive description of the dark atom scenario as a viable

explanation for the phenomenon of dark matter and signs of its direct detection. The dark
atom model is built upon the existence of a stable, multi-charged X�2n particle that, in the
early Universe, forms neutral dark atoms by binding with n primordial 4He nuclei via the
ordinary electromagnetic Coulomb force.

We consistently reviewed the theoretical underpinnings of this framework, beginning
with the possible origins of multi-charged stable particles in extensions of the Standard
Model, such as Walking Technicolor. The cosmological evolution of dark atoms was
described, focusing on the critical balance between baryon asymmetry and the X�2n

particle excess provided by sphaleron transitions, and the subsequent capture by helium
during Big Bang nucleosynthesis. This process sets important constraints on the mass and
charge of the X�2n particle and in�uences the primordial abundances of light elements.

A central part of our analysis is dedicated to the phenomenology of dark atoms in
the context of DM direct detection experiments. A numerical Monte Carlo model was
developed to simulate the capture and propagation of dark atoms through the Earth,
accounting for terrain effects, thermalization, and diffusion toward the center of Earth. This
simulation also provides physical basis for investigating dark matter annual and diurnal
modulations signature in underground setups.

As a benchmark analysis, the model predictions were quantitatively compared with
the long-standing DAMA/NaI and DAMA/LIBRA observations. The dark atom model
naturally accommodates the robust annual modulation effect in the 1�6 keV energy range,
yielding a speci�c relationship between the modulation amplitude and the dark atom
capture rate. Furthermore, the predicted diurnal modulation amplitude, suppressed by a
factor consistent with the Earth’s rotational velocity, remains below the current sensitivity of
DAMA, which is in agreement with their null result. Constraints from the non-observation
of high-energy gamma rays associated with the binding of dark atoms to iodine nuclei were
also evaluated and found to be compatible with the model for a wide range of parameters.

To address the key challenge of how a neutral, composite dark atom can interact
to produce a low-energy signal, we developed a quantum-mechanical description of
the bound-state formation between an OHe dark atom (n = 1) and nuclei (Na and I).
By reconstructing the total effective interaction potential, which includes nuclear, Coulomb,
centrifugal, and Stark contributions, we demonstrated the existence of potential wells
capable of supporting bound states with binding energies in the keV range for sodium.
The calculated radiative capture cross-sections for sodium are larger than for iodine,
for which they are suppressed, offering a natural explanation for the target-material
dependence observed in direct detection experiments.

In summary, the dark atom model, here reviewed in various aspects and details,
provides a self-consistent and phenomenologically extensive framework able to account for
the published DAMA results on annual and diurnal modulation signatures and on some
energy spectrum behavior, as well as for absence of an annual modulation effect in detectors
based on heavy nuclei while remaining compatible with other constraints. The model’s
viability hinges on a speci�c set of parameters related to the mass, charge, and spin of the
X�2n particle, as well as the nuclear physics features of the OHe�nucleus system.

Future theoretical works should re�ne the quantum mechanical calculations for higher
charges (n > 1), incorporate more realistic description of nuclear structures, and pursue
dedicated and comprehensive study of the open issues related to the dark atom scenario.
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